GENERALIZED CRANSTON-MCCONNELL
INEQUALITIES AND MARTIN
BOUNDARIES OF UNBOUNDED DOMAINS
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1. Cranston-McConnell inequalities

Joint work with M. Murata.
D c R?, Green function: G(X,y),
Area of D: |D|.

Theorem (Cranston—McConnell(83))

@
o [ G(x. y)h(y)dy < ciD]

h > 0: harmonic

D: No assumption on smoothness

Generalized Cranston—McConnell inequalities
O(ty,...,t)) >0, t;>0,j=1,...,n
n>1

l{]('[1 ..... tn) = sup (D(Cltl ~~~~~ Cntn).

7 2<c,....Cn<n?

s Theorem ~

1
3 f GO YU)DWY). . .. Va())cly
<c f W), .. VoY) dly

U, Vi, ...,V, > 0 are superharmonic.

Let O(ty,...,tn) =ty - tn.
Corollary

) f X, Y)u(y) V. (y)dy

<Cp fD H Vi (Y)dy

Basic Estimates
D ={xeD:plt <u(x) <n*?,
={xeD:p <ux) <np*,

Lemma ~N
f>0

1
sup ~ f G(.y) f(y)dy
p UJp
1
<C ) sup- Gp. (-, y) f(y)dy,
Zj: Djpufcj o, (V) F(y)dy.

sup f G, y) f(y)dy
<chupf Gp; (-, y) f(y)dy.
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Proof of Theorem. Case: u = 1.
fD G, V)PV, .., Valy))dly
< fD WOA(y), . V().

f=®(vy,...,Vn),
l={xeD:np <v(X) <,
={xeD:p?t <v(x) < n*?
Apply Lemma to U = v;.

f G(.y) f(y)dy
D
<chup f Goz () )y,
Repeat.
f G(.y) f(y)dy

< su G 1 A..apn (0 f d :
2., sup fchm._ﬂq_ﬂ ot v-nop, (- V) F(¥V)dy

Dl n-nD}




Therefore
G(,y)f(y)d
Ut t) = sup O(Cit,..., Gt fD C.y)(y)dy

1<cy,...,Ch<n
scilf BLY). ..., Vo(y))dy
Then o

O(Vy,...,Vp) <y(@™,...,n") onCjn---nCh,
Y™, ..o <¥(Va,...,v) onDjn---NDj.

Hence
[, oy 00Xy
Chmmmc% s

<y, .. .,r]Jn)f Gpt n.npe (5 Y)dy
Cj n-nCj, 1 in
S CO(J/(IIM, ct ,]Jn)|D:]L1 N---N DTH|

<%f POA), . . ., Valy)dy.
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2. Application to Martin boundary Thegrem
Consider
Maz'ya (77): Martin boundary at 0 S
ar)
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®, ®: smooth + conditions. Then f Mdr < oo, in other
f O(t)dt =oc0 = 1 point Wordsfldrds< _
. — (x)
o (m=2P[1))%t |< c0o = S"2 o I?

Q" = (DU {c0}) x E.

loffe-Pinski (94): Martin boundary at co
Probabilistic proof. \
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A: Laplace-Beltrami operator.
By u — r(N-9/2y _Ay,1u = 0 becomes

52 52 A N-1)(N-3
pv:(_(__(___+—< ) ))v:o

Transform Ay, U = (AN + )u = 0. Write

AN =

o2 08 r? 4r2

The Green function for (—An.1, Q) is

Mg
(ﬁ) §(|x|s msj

G: the Green function of (P, D x E).

);

(-An:1, Q) & (R DXE).

Murata (Publ. RIMS 1990) deals with Skew
Product

P:_(az f)_}.&(_/\_;_w

— +
or2  9s? r2 4
1
= —Az + —2A
r

Ao < A1 < ---: eigenvalues of Aw.r.t. L%(E).
;. corresponding eigenfunctions, CONS.

H;: Green function for L; = —A; + %
GOCEY.m) = D Hi(%Y)ei(€)e ().
j
Convergence of Martin kernel.

GxEy.m) _ 2 Hi(x Y)¢i(€)ei(n)
G(xo, &0y Ysm) 2 Hj(%o, V)¢ (€o)e(m)

Hiey) ey
Ly O ot

@ =([DxE). LI O)
j\60
Hoko ) ¥ o)
—9— -10-
_ By (B1) and (B2) again
Let D*! be the Martin compact. of (L;, D). _
D' = D",
Theorem
~
Forj=12,... Therefore
3. Hj(xy) I = (DXE)* = D'°XE = D*XE = (DU{co})XE.
A lim > 0, —-VvinD
: —
(Dx E)* = D x E.
N /

Reduction of (A).

3. Hj(xy) o
B1 im——>0, — V' in D*,
(B1) Gooy > VY
B2 lim >0, — vy in D*.
(2 Hj(Xo, Y) y=y

By (B1) and (B2)

Hi(xy) _ Hij(xy) G(x.y)

HoGoy) ~ GO0y Foboy
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Proof of (B1). Resolvent equation
/l'

H;(x,Y) :G(x,y)—ij(x, z)Z—ZJG(zy)dz.
D 1

Divide by G(Xo, Y).

Hi(xy) _ o
G(%.Y) K(x,y)_fD\Dy H;(x, Z)Z—iK(Z,Y)dz

—f H;(x, z) K(Zy)dz
Drn
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First two terms converge. We know Hj(x,y) =
G(X,y). The Generalized Cranston-McConnell
inequality yields

Ai
f H;(x, z)—ZJK(z y)dZz
Ds, 1

z

: 1
<cC f G(x, 25 K(z y)dz
JDs,
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Thus (B1)
H:(x,
| l J(X, Y)

G(Xo,Y)
follows. O

>0 y—->yinD*
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