FATOU AND LITTLEWOOD THEOREMS
FOR NON-INTEGRABLE KERNELS
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1. Fatou Theorem & Littlewood Theorem

Fatou(1906) [5] proved the following:

Theorem (Fatou Theorem)

Let f be a bounded analytic function on the
unit disk U = {|7 < 1} in C. Then f has
non-tangential limit at a.e. € € oU.
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Littlewood (1927) [9, 10] proved the sharpness
of non-tangential approach.

Theorem (Littlewood Theorem)
Let v ¢ U be a tangential curve at 1 and
let y4 be the rotation. Then there exists a
bounded analytic function f on U such that
the limit of f along y, does not exists for

a.e. € e U.
gl
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Many generalizations of Fatou Theorem '

» Hardy space HP
» Harmonic functions
» Local Fatou theorem

» Invariant harmonic functions. Koranyi (1969)
(8]

» Square root of the Poisson kernel. Sjogren
(1983)

» Non non-tangential convergence. Nagel-Stein
(1984) [13]

» Harmonic functions on trees

» Symmetric spaces

\ Rather few works for Littlewood Theorem

» Zygmund (1949) [21]
Lohwater-Piranian (1957) [11]
Hakim-Sibony (1983) [6]

HA (1990) [1, 2]
Salvatori-Vignati (1997) [17]
Di Biase (1998) [4]

Hirata (2003) [7].
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Motivation
Fatou Theorem and Littlewood Theorem
should go hand in hand.

2. Fatou & Littlewood Theorems for
harmonic functions on Rt
Let ¥(X) = (1 + |x?)~™D/2 for x € R" and put
1_X
Yi(x) = t_”‘P(T) fort > 0. Then ¥; % 1 = ¢, and

Yexf(¥) 1 [ tf(y)dy

Yeoxl En f 2 (X — gy + ©2)+D2
is the Poisson integral Pf(x, t) for the half space
RM™ = {(x,1) : xe R"t > O}.
» A> 0.
r fsg &= f<Ag
» frg &= fgggst.
Define the approach region for h(t) > 0 by

(&) = {(%1) : [Xx=& < h(t)} for&eR"

If h(t) ~ t, then .o, (£) is nontangential.

. h(t)




Theorem A (Fatou Theorem)
Letl < p < oo. If f € LP(R"), then Pf(x,t)
has nontangential limit f(¢) at a.e. £ € R".

-~ Theorem B (Littlewood Theorem) —
If lim sup,_,q h(t)/t = co, then I ¢ LYRM N
L*(R™) such that
!irré Pf(x,1) fails to exist at every & € R".
(xDeh(e)
If v is a tangential curve in R™! ending at
OR™! then It ¢ LY(R™ N L*(R") such that
Itina Pf(x,t) fails to exist at every & € R".

k (xt)ey+& /

» Theorem A: Fatou(1906) [5].

» Theorem B: a.e. non-existence: Littlewood
(1927) [9, 10]; everywhere non-existence:
HA (1990) [1, 2].

» Higher integrability of f does not improve
the admissible tangency.

3. Non-integrable Kernel

Sjogren(1983) [18, 19, 20] gave extensions of
the Fatou theorem for fractional Poisson inte-
grals. Let
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C 2n|z- 4P

P(z ¢)

be the Poisson kernel for the unit disk U. Then
the classical Poisson integral

Pf(2 = f P(z, e”’)f(e”’)dé)
Jou
is, of course, harmonic, i.e., APf = 0.

Consider the fractional integral, or the A-Poisson
integral

u=P,f(2 = f P(z €))*Y2£ (%) de.
oU
Then, with the invariant or hyperbolic Laplacian

~ 1
A = =(1-12%3A,
4( 1Z1)“A,

u enjoys

Study the boundary behavior of the normaliza-
tion
P.f(2)

¢),1f(Z) - Pll(z)

If 1 > 0, then the Fatou theorem holds for P, f.

Theorem

If fe L1(6U), then P, f(2) has nontangen-
tial limit f(€9) ata.e. €/ € HU.

Sjogren(1983, 1997) [18, 19, 20], R6nning(1997)
[14, 15, 16] observed, if A = 0, then suddenly
tangential limits appear.

Theorem ~
Suppose f € LP(9U) with 1 < p < . Then
Pof(2) has limit f(€%) along .o%,(€’) at a.e.
€’ € 90U, where

P i o

h) < {tglgg 1/t) ; ?f 1< p< oo,

t7¢ for "e>0 ifp=co.

N J

How should we understand the tangential na-
ture?

The tangential nature is caused by the
non-integrability of the kernel.

L, 112 1
P(z )Y = = ~ :
=9 2n|z-¢P 1z-{

Half space version: Brundin (2002) [3], Mizuta-
Shimomura (2002) [12]. Define (Pof)(x,t) by

. t n/(n+1)
j : L:nax —yP+ t%(”*DJ o
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(Pol)(x,t) = oo (non-integrable). '

Fix a bounded open set Q c R" and regard
(Poxa)(x, 1) as a substitute of (Pyl)(X, t).
Study the normalization (Pof)(X, t)/(Pox)(X, t).

Theorem C
Let 1 < p < co. Suppose, for small t > 0O,

(1) h(t) < t(log 1/t)P" ifl1<p< oo,

@) ht) <ttefor >0 ifp= oo

If f € LP(R"), then
(Pof)(x, 1)

t—0 P X,t
\(Xi)‘ G ( O/\/Q)( )

= f(&) fora.e. £€Q.

y

» For the critical power n/(n + 1), certain tan-
gential limits exist.

» Possible tangency depends on the Lebesgue
exponent p for which f € LP(R").

The tangential nature in Theorem C is caused
by the non-integrability of the kernel.
Let @(X) = P(X)V™D = (1 + [x?)™2. Then

(Pof)(xt) D= f(X)
(Poxa)(X,t) — @ * yao(X)'

Obs. ® ¢ LY(R"), ® € LP(R") for 1 < p < oo.
@ x yo(X) ~logl/tast — Ofor x € Q.

A sharp contrast between ¥ and ©.

No need of the explicit form (1 + |x/2)™"/2.
Suppose

» ®(x) > 0is a doubling function of |X|.
» O ¢ LY(R"), ® € LP(R") for 1 < p < o.

Let
o(r) = f d(x)dx.
[X|<r
Then ¢(r) T oo is doubling. Assume

- p(2r)
) Mo

Looks technical; but it turns out to be crucial.
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Fix a bounded open set Q c R". Study the
boundary behavior of the normalization

D¢ = f(X)

(Zof)(X, 1) = Brr o)’

Proposition 1
Condition (3) holds if and only if

1irr(1)(:%of)(x. t) = f(x) forxeQ

for ' f € Co(R").

s Theorem 1 ~
Let 1 < p < co. Suppose, for small t > 0O,
(4)  h(t) Ste(l/H)P" ifl<p< oo,
_o(h(t)/t
© iy
If f € LP(R"), then
[iﬂg (Fpf)(x, 1) = f(&) forae. £e€Q.
\_ (x)eh(®) )

if p=oco.
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> (4) = (5).

> IfD(X) = (1 +X?)"?, then
e ¢(r) ~logr forlarger > 0
e (1) & (4),(2) = (5

What is a Littlewood type theorem?

s Theorem 2 N
Let 1 < p < co. If (4) does not hold, i.e.,

: h(t)
6 I — =
(©) o te(L/)Pm
then If e LP(Q2) such that for Vg € Q,
—00 = Iirtn iOnf (P f)(X,1)
(X)EFh(E)

< limsup(Zof)(xt) = co.

t—0
N (Xeh(E) )
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Theorem 3 ~
If (5) does not hold, i.e.,

: o(h(t)/1)

7 limsu
@ LAPETTS
then If ¢ L>(Q) such that for vg-“ €Q,

Iirtn ionf (Apt)(X 1) < limsup(Fof)(x 1).
\_ D= (xeh(® )

>

» B(x,r): open ball with center at x, radius r.
> 0q(X) = dist(x, 0Q), diam Q: diameter of Q.

Proof of Proposition 1. For x e Q, El1"(x) cQ
with vertex at X, fixed aperture «, radius r.
Change of variable gives

r diam Q
Asﬁ(TO) < @ = yo(X) < s@( . )

Since ¢ is doubling, it follows that

1
(8) O # yo(X) ~ (’O(Y) for x € Q.
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Let x e Q and let 0 < € < do(X). Then (8) and
the doubling of ¢ gives
@(0a(X)/t) — ¢(e/t)
e(e/1)

< (,f%o/\/gz\ B(x.s))(xv t)

_ ¢(diam Q/t) — ¢(e/t)
e(e/t)
Hence lim_,o(Zoxa\8xs)) (X t) = Oif and only if
(3) holds.

O

4. Ingredients of Proof of Theorem 1

Local part for p = oo.

Lemmal
Suppose h satisfies (5). Then

lim (& x,t) =0 foré&e Q.
(X-t)H(E.O)( oXB(xan()) (X T) ¢

Local part for 1 < p < co. The Lebesgue point
argument gives a.e. result.

— 14—

Lemma 2
Letl< p<ooand f e LP(R"). Suppose h
satisfies (4). Then for a.e. £ € Q,

!Lﬁg) (PolxBxani) F(X 1) = 0.

(XDeh(©)

Global part is controlled by maximal functions.
Define the truncated maximal function by

1
M;f(x) = su f | (y)|dy
t () r>P|B(X,I’)| B(x,r) (/) /

witht > 0. Mf(X) = Mpf(X) is the classical
Hardy-Littlewood maximal function.
Define another maximal function ., f(£¢) by

1

—— Oi(X - y) f(y)dy
O * ya(X) [x=y|=4h(t) t

sup
(X,t)eah(é)

associated with the approach region .o#,(¢).
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Lemma 3
There is A such that

MnT(€) < AMT(E) foréeQ
for arbitrary h(t) > O.

Lemma 4
Let f € LP(Q) with 1 < p < co. Then

lim (o)1) = fll, = 0.

As a result, for a.e. X € Q, some subse-
quence {(Zf)(x,t;)}; converges to f(X).

5. Ingredients of Proof of Theorem 2

—16 —




Lower Estimate
We find 0 < 3Ao <1ls.t.

(Zoxsxn)(X1) = Ag

forxe Q,t>0,r > 0small.

@(r /1)
e(1/t)

Upper Estimate
If f e LY(Q), then
(Pof)(X 1) < MT(X) for xe Q.

Proof of Theorem 2. By (6) we find 3tj 10s. t.
tp(1/t)""
h(t;)

Let {x/}, be lattice points (h(t;)/ vn)Z". Ob-
serve X; are vertices of cubes of side length

h(t;)/ VA. Hence “x! € B, h(ty)).

17 -

If £ € Q, then
(x’j',tj) € o(€) with X’J € Q,

provided j is sufficiently large.

Put vertical line segments connecting (X!, 0) and
(X?,t;). We obtain a bed of thorns.

(&) cannot touch Q without being
pierced by some thorn.

Construct f; s.t. (Hofj)(x ) is large on each
“thorn”. Put

1 : ,
fj = SD(E)/\/DJ with D = U B(xj, tj) N Q.

)
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Extract subsequence, find c; T oo and let
f= Z(—l)icj f, e LP(RM).
j=1

If j is even and ] — oo, then
(Zo) (X, 1)) — oo;
if j is odd and j — oo, then
(Z6T)(x. 1) - —co.
Since 44,(£¢) cannot touch Q without being pierced
by some thorn. we have
—00 = Iirtn ionf (Po1) (%, 1)
(x.t):/h(é‘)
< limsup(Z,f)(x,t) = co.

t—0
(XY)eh(¢)
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6. Oscillating limits along curves

Stronger form of Theorem 3. Let y be a curve
in R™! ending at the boundary. Let y[a] be the
connected componentof y N {(x,t) : 0<t<a}
containing the end point of y.

NN
ylal

Theorem 4 N
Assume ¢(2r)/¢(r) is nonincreasing of r.
Suppose vy is more tangential than (5), i.e.,

. p(diam(y[t])/1)
9 limsup —————=
® ISP
Then 3f € L*(Q) s. t. for every & € Q,
Iirtn ionf(;f;”of)(x, t) < limsup(Z,f)(x,1).
\_ (xDey+é (x.%)?:,gﬂc )

> 0.
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Proof of Theorem 4. Let x be the projection from
R to R". By assumption 3Al, E'{aj} and 3{bj}
such that by > ag > by > a; > --- —» 0 and that
one of the connected component of y N {(X, 1) :
aj <t < by}, say yj, satisfies
p(diam(n(y;))/bj)
¢(1/by)
diam(ﬂ(yj)) <aj1 for ] =1

> A,

For simplicity let dj = diam(n(y;)) and let
T ¢d;

M; = ((Xgy ey X)) T X = — ).
LY i

Observe that R"\ M; consists of congruent open

cubes of diameter d; and M; x [a;, b;] is a set

of grid shape.

By construction (y + ¢) N (M; x [a;, bj]) # 0 for

Y& e R Let G = (M; N Q) x [a;, bj]. Then
(Yy+é6NnGj#0 iféeQandjislarge.

In other words,

—-21-

A

N

Vy + ¢ is captured by G; before Q. I

Let R; > 0 be such that ¢(R;/bj) = Z¢(d;/by).
Then (3) yields R;j/d; — 0. Let

Fj = {xeR": dist(x, M; N Q) < Rj}.

Then 3A2 > 0 such that
(Zoxe)(X 1) 2 Ay for (X, 1) € Gj;
but

(Paxe,)6T) < Mr(xe, )9 < ﬁr -0

d;

—22 -

forxe Qand T > d. Taking a subsequence,
we may assume that |F;| < 27! and

(Zoxe)(x 1) <27 forxe Q,t>a.

Observe that |limsup F;| = 0 and

' _1\k(®) k )
fk(x) — ( 1) Xe Ulj(:l FJ’
0 x¢ U F

a.e. converges to
f(x) = (-1’0 xe U,}l Fi\limsupF;,
0 X ¢ Uz Fy,
where J(X) (resp. J(X)) is the last index j such

that x € Fj (resp. x € Uiy Fj \ limsupF)).
Observe if (x,t) € G; with even j, then

(Pof)(%. 1)

= (Zof))(X% 1) + (Po(fjr1 — X ) + -+
> Ao = 2((Poxr )% 1) +--+)

>Ap - 2027 4 2772 ) > Ay - 21
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Similarly, if (x,t) € G; with odd j, then
(éﬂof)(x. t) <-A+ 21,

Hence
Iirtn ionf(;y’of)(x, t) < limsup(Zpf)(x, 1)
(xtey+é (X-%)z‘,eﬂf
for every & € Q. |
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