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1. Harmonic functions

Let D c R" (n > 2). A C? function u is harmonic on D if it enjoys the
Laplace equation

Au:(a_2+... o

—Ju=0.
04 T (‘)xﬁ)

» No differentiability is needed. Distribution sense.

» C™, Cv,

» Beautiful properties.

» Characterization without differentiation (mean value property).
» Extension to networks.
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» B(X,r): open ball with center at X, radius r.
» S(X,r): sphere with center at X, radius r.
» do stands for the surface element.

e Theorem 1
uis harmonic in D if and only if the following two conditions hold:

() uis continuous in D.
(i) The mean value principle holds, I.e., for every x € D and
0 <r <dist(x,dD)

1
o (S(X.1) Jsxn

u(x) = u(y)do(y).

» Contents —5—



r Definition 1 (Super(sub)harmonic functions)
» Replace the mean value equality by the inequality:

1
u(y)do(y).
o (S(X, 1)) Jsxr)
Replace the continuity by the lower semi-continuity:
superharmonic functions.

u(x) >

subharmonic functions.

\-

» The inverse inequality and the upper semi-continuity:

» Contents
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Remark 1

» If Au < 0in the distribution sense, then the |.s.c. version of U is
superharmonic.

» If Au > Oin the distribution sense, then the u.s.c. version of U is
subharmonic.

» Harmonic functions are rather rigid by the real analyticity, while
super(sub)harmonic functions are flexible and widely applica-
ble.

» The necessity of the Perron solution to the Dirichlet problem.

~

J
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Various extensions and generalizations:
» General equations (non-linear).

» General space (metric measure spaces).
» De Giorgi-Nash-Moser theory (variational methods).

We concentrate on classical harmonic functions.
» harmonic functions in domains of the Euclidean space.

» Elementary and simple.

» Yet, complicated boundary behavior.

» The more general domains, the more open problems.
» “Approach to the boundary” gives new frontiers.

Positive harmonic functions =

» rule out pathological harmonic functions.
» fruitful arguments.
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2. The Martin boundary

The Martin boundary describes the family of all positive harmonic func-
tions in completely general domains.

First, define the Green function: G(X,y). Let ¢y be the fundamental
harmonic function with pole at y:

(Iog 1
Py(X) = 5 X —Y]|
IX=y*"  (n=3)

(n=2),
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Definition 2 (Green 1828 [Gre28]) ~
G(X, y)is the Green function for D if it is a function of X € D and
y € D such that for each fixed y € D,

(i) G(-,y) is harmonic in D\ {y}
(i) G(-,y) — ¢y(X) has a harmonic extension to D.

iii) G(-,y) = 0on dD.
L (i) G(-,y) = 0on y

Suppose D is sufficiently smooth. Then every harmonic function on D
continuous up to the boundary has a Poisson integral representation.

» Contents —10 —



Definition 3 (Poisson 1823 [Poi27]) ~

Let D be smooth and let G be the Green function for D. For x e D

1 0
and y € dD put P(x,y) = ———G(X, y). This is the Poisson kernel

€, 0Ny
for D. Here, & = 2r and if n > 3, then g, = (h— 2)o, and o, is the

area of a unit sphere. Moreover, for a boundary function f
PLIC = [ POy )y

Is called the Poisson integral.

\- J
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Theorem 2 N
Let D be smooth and let h be a harmonic function on D continuous

up to 9D. Then
h(x) = P[h](x) = f P(x, y)h(y)do(y) (x e D).

0D

\- J

» If his a positive harmonic on D, then there is a unique measure u

on dD such that h = P[uy;].
» No explicit formula for the Green function. The Poisson integral

representation and its estimates available.
» Every positive harmonic function has nontangential boundary val-

ues for a.e. boundary point (Fatou 1906 [Fat06]).
Nonetheless, the situation is complicated for nonsmooth domains.
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» Contents

Fractal Cusp outward

o %

@
Edge Cusp inward

Accumulation poin

Fractal

Non-existent Poisson integral.
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» Lipschitz domains have corners at which no normals are defined.

» Fractal domains have the boundaries of dimension greater than n—
1. Surface measure cannot be defined.

Martin (1941) [Mar41] introduced the Martin boundary for arbitrary do-
mains with Green function. Every positive harmonic function is repre-
sented as the integral over the Martin boundary.

» Take an exhaustion D; of D. D; T D.

» Consider the balayage u = ﬁfj (regularized reduced function).

Namely, h = hon D; and, on D \ Dj, u is the solution to the Dirichlet
problem:

» Contents — 14 —



Au(x) =0 (xeD\D)),
u(x) = h(x) (xeaobj),
u(x) =0 (x € OD)

u=20

» U Is superharmonic in the whole D.

» uis harmonicin D \ 9D,

» U= 0onadD.

» There is a measure v; on dD; such that u = Gy; = fG(-,y)dvj(y),
D

a Green potential on D.
FiX Xo € D. Since IQE" = hon Dj, we have the integral representation:

9 = [ Goexd) = [ oo Ghodv() xe D,
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» Let u; be the measure defined by du;(y) = G(Xo, y)dv;(y).
> Letting X = Xp, we observe that ||ujl| = h(Xp) (constant).
» A subsequence of du; w*-converges. The limit uy satisfies

G(X,Y)
G0%.) dun(y) (x€ D)

the integral representation: h(x) = f

» Unfortunately, this is not sufficient.

» Does the ratio G(X,-)/G(Xg, ) extends continuously to the bound-
ary?

» Consider the opposite direction: the smallest ideal boundary A and
the extensionK (X, -) to which G(X, -)/G(Xo, :) continuously extends.

Integral representation: h(Xx) = f K (X, y)dun(y).

A

» Contents —16 —



» A is called the Martin boundary, K(X, y) the Martin kernel.

» K(-,Yy) is a positive harmonic function in D with K(Xg,y) = 1.

» A Martin kernel is regarded as an ideal boundary point.

» Unfortunately, the measure u; IS not unique.

» Consider minimal Martin boundary points.

» A positive harmonic function u is minimal if every positive harmonic
function less than u is a constant multiple of u.

» If the Martin kernel K(-,y) is minimal, then y is a minimal Martin
boundary point. The set of all minimal Martin boundary points is
referred to as the minimal Martin boundary (A;).

» The rest A\ A, is called the non-minimal Martin boundary (Ay).

» Poisson integral representation is now generalized as follows:

» Contents - 17 -



r Martin integral representation (1941) [Mar41]

\-

For every positive harmonic function h in D, there exists a unique
measure un on A; such that

h(x) = f K (% y)dun(y)

~

y

» What is the Martin boundary of a specific domain?
» How do we identify it?
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3. Boundary Harnack principle

Suppose D is smooth. Then

> G(Xo,Y) ~ 6p(y) = dist (y, D).

» Martin kernel K(X,y) = P(X,y) X positive function.

» Martin representation = Poisson integral representation.

» A=A, =0D.

Suppose D is general.

> A=A =9D? TAG?

» Several families of domains between “smooth” and “general
» How do you identify the Martin boundary?

» The more general D, the coarser information.

» Contents
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Recall the Harnack principle.

r Theorem 3 (Harnack principle (1886) [Har86]) ~
Let K be a compact subset of D. Then D
dc > 1 depending only on K and D
such that vu,v > harmonic in D
u(x)/v(x)
<C (X,yeK).
u(y)/v(y)
\_ J

Remove the compactness of K and suppose K touches 0D. What
happens? The hypothesis u,v > harmonic in D is insufficient, the
boundary values of u, Vv affect the comparison. So, we assume that
uUu=v=0onKnaD.

» Contents — 20—



~ Definition 4 (Boundary Harnack principle)

Let KNOD # 0 and let K C
V open. Then Ac > 1 de-
pending only on K, Vand D

such that Vu,v > harmonic
iIn D with u = v = 0 on
oDNV

U/ V(¥ _
u(y)/v(y) —

C (x,ye DnK).
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Remark 2
[The geometry of D is crucial for the BHP. )

» What does u = 0 on 0D mean?

» D may be irregular for the Dirichlet problem.

» We cannot assume U = 0 on gD continuously.

» Milder assumption: u is bounded and u = O q.e. (quasi every-
where), i.e. the equality holds outside a polar set.

» A polar set is a small set on which u = oo, 3u superharmonic.

» The Hausdorff dimension of a polar set is h — 2 (JAGO1, Theorem
5.9.6]). The n—1dimensional Hausdorff and the Lebesgue measure
are equal to O.

» Contents — 22 —



4. From smooth domain to Lipschitz and NTA domains

A smooth domain usually means C>?-domain ([GT01]).

» Interior ball condition. 3ro such that every boundary point £ has an

interior ball touching oD at &.
» Exterior ball condition.
» Interior and Exterior ball conditions w
— Ball condition.
It turns out Ct!-domain [AKSZ07]
» Ball condition — Ifu> 0in D and u = 0 on a portion E of gD, then
u(x) ~ dp(X) near E.
» The BHP holds (p-)harmonic functions.
» Cl2-domain (Widman (1967) [Wid67])

» Contents — 23—



4.1. Lipschitz domain. 9D is given locally as the graph of a Lipschitz
continuous function.

N AN
NSNS

Lipschitz domains are necessary even if you study smooth domains.
lllustrate by the local Fatou theorem.

» Contents _24 —



r Theorem 4 (Local Fatou theorem (Carleson (1962) [Car62])) ™~

Let h be harmonic in R" and
suppose h is nontangentially b=4re r)
bounded on E c dR". Then h has /\
nontangential boundary values
fora.e. £ € E. :
\ J
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» his nontangentially bounded if Vf € E 31“(5) of vertex at £ on which

his bounded.

» Nontangential cones I'(¢) have the same height and aperture.

» h> 0onI(£) by adding a constant.

» The union of nontangential cones a Lipschitz domain.

» Fatou’s theorem reduces to the existence of nontangential bound-
ary values of positive harmonic functions in a Lipschitz domain.

Note u(x) # op(X) for a Lipschitz domain.
Identify R* and C. Then the positive harmonic Z

function h(z) = Xy in the first quadrant decays at Xy ~ |22

the speed of |Z°.
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Carleson proved the local Fatou theorem by the
Carleson estimate inextricably related to the BHP.

r Definition 5 (Carleson estimate [Car62])

Let D be a Lipschitz do-
main. Suppose ¢ € 0D
andr > 0Oissmall. Leté €
S(¢&, r)ND be a nontangen-
tial point, i.e. 6p(&) ~ . If S

u > 0is harmonic in D and u = 0on dD N B(¢, Cr), then

u(x) < Cul&) (xe DN B r)).

\_

» Contents

_27 —




» Interior and exterior cone condition. At each £ € 9D there are inte-
rior and exterior cones of vertex at & with fixed height and aperture.

» Hunt-Wheeden [HWG68], [HW70] applied Carleson’s method to a
Lipschitz domain and proved 0D = A = A;.

» Kemper [Kem72] formulated the BHP for a Lipschitz domain, though
his proof had a gap.

» The BHP for a Lipschitz domain was established by Ancona [Anc78],
Dahlberg [Danh77], Wu [Wu78], independently.

» There are two types of BHP. Local BHP or uniform BHP is important.
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~ Definition 6 (Uniform BHP)

Let £ € 9D and let r > 0 be /\/
small. If u,v are positive and \@
harmonic in D N B(¢,Cr) and u=v=0 Q
u=v=0o0nadDnB(,Cr), then
UM _
u(y)/vly)

Here C > lis independent of &, 1, U, V.

C (x,ye DnB(,r)).

&

Theorem 5
(The uniform BHP holds for a Lipschitz domain.

» Contents — 29 —



4.2. NTA domain. Harnack chain of length N connecting xand yis a
sequence {B(X;, %5D(Xj))}lj\|:1 of consecutive balls in D such that

> B(Xj, %5D(Xj)) N B(Xj+1, %5D(Xj+1)) + 0,
> X € B(xq, 560(x1)), Y € B(Xn, 560(Xn)).

3C > 1 depending only on nsuch that

if h > 0 is harmonic in D and if x and

y is connected by a Harnack chain of

length N, then h(x)/h(y) < CN. \__/ _
Jerison-Kenig [JK82] generalized Lipschitz domain to NTA domain (Non-
Tangentially Accessible domain).

dc > 1and 3ro > 0 with the following conditions:
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» Corkscrew condition.
£€dD,0< 'r <rg, DN B(£,r)

contains a ball of radius r/C.

» EXxterior corkscrew condition. Vf €
oD, 0 < 7t < ro, B(&,1) \ D con-
tains a ball of radius r/C.

» Harnack chain condition.
If X,y € Dand |Xx—Yy| = 6p(X) = dp(Y),

then x and y is connected by a Har-
nack chain of bounded length.

» Contents
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Carleson’s method is applicable to NTA domains.

Uniform BHP holds.

oD =A=A;.

Harmonic measure is doubling.

Local Fatou theorem holds.

Yet, NTA domains much nastier than Lipschitz domains.

0D has Hausdorff dimension > n — 1.

Harmonic measure need not absolutely continuous to the surface
measure.

Harmonic analysis on NTA domains are developed, based on har-
monic measure.

vV v vy vV vV vV VY

v
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5. Various nonsmooth domains

5.1. HOlder domain. «a-HOlder domain: 0D is given locally as the
graph of an a-Holder function (0 < @ < 1). If a is not important,
we call it a Holder domain.

If « = 1, then a 1-Ho6lder domain is a Lipschitz domain. If 0 < a < 1,
then an a-Holder domain need not be regular for the Dirichlet problem
In the higher dimensional case.

Surprisingly, Bass-Burdzy [BB91] proved a BHP for a Holder domain.
» Probabilistic.

» No uniform barrier. Interior conditions are crucial.
» Their BHP is not strong enough to identify the Martin boundary.
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5.2. Uniform domain. BMO-extension domain, Sobolev-extension do-
main, quasiconformal mappings. ([GO79], [Jon80], [Jon81], [GM85],
[Vai88]).

r Definition 7 (Uniform domain) ~

D is a uniform domain if Vx, Vy €

D can be connected by a curve
v C D such that X

» {(y) < C|x—-Y| (Bounded Turning).

s » min{£(y(X,2), {(y(zy))} <Cdép(2) (z€y) (Cigar). y

An example of uniform domains is given by an open ball minus the
centers of Whitney cubes.
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Uniform domains are nice domains:

» (i) Cork screw + (iii) Harnack chain of NTA <= Uniform.

» The unifrom BHP holds.

» A=A =0D.

» The ratio u/v of two positive harmonic functions u, v vanishing on

E c 0D is Holder continuous up to E, although u and v need not
continuously vanish on E. Unifrom domains may be irregular.

» Under the CDC given below, the uniform BHP characterizes uniform
domains.
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~ Theorem 6 (No Local Fatou Theorem)

3D uniform, 3E c 0D, 3u harmonic on D nt-bdd on 9D \ E, and
yet no nt-limits on 0D \ E.

\_

~
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5.3. John domain. The carrot condition is close, but no cigar. Fix
Yy = Xo and move x only. Then we have the carrot condition, which
characterizes John domains.

r Definition 8 (John domain)

D is a John domain with John constant c; If

X e D can be connected to Xobyacurvey c D
such that 6p(2) > c3¢(y(X,2)) (z€ y). If Xgis re-
placed by a fixed compact set, then D is called
a generalized John domain.

\- y
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John domains are nice domains:
» O0<cy <1 The closer c;to 1, the smoother D.

» Remove the bounded turning condition from the definition of a uni-
form domain. Then we have a John domain.

» John domains satisfy the weak boundary Harnack principle. The
number of minimal Martin boundary points over a topological bound-
ary point is estimated.

» Under the CDC, John domains are characterized by estimates of
harmonic measure.

» Contents — 39 —



5.4. Inner uniform domain. Define the inner length distance Ap(X,Y)
and internal metric pp(X,Yy) by

Ap(X,y) = inf{€(y)}, ) 2 y
pop(XY) = inf{diam (y)}. P

> [X=Y < pp(X,Y) < Ap(X,Y).
» op(X,Y) = Ap(X,y) for John domains (Vaisala (1998) [Vaio8]).

r Definition 9 (Inner Uniform) ~

vx, Vy € D can be connected by y ¢ D with £(y) < Cpp(X,Y)
(Weak BT) and Cigar. Balogh-Volberg [BV96a], [BV96Db], Bonk-
Heinonen-Koskela [BHKO1].

\- J
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~ Proposition 1

» The completion D* with respect to pp ([ALMO3, Proposition
2.1]): 0°D the ideal boundary.

» For & € 0D, 3§ € 0D and 3{xj} C D converging to & with
respect to the Euclidean metric as well as converging to & with
respect to pp.

» & lies over &. Define & from D* to D by n(¢*) = & for & € 6*D
and rrlp = 1d |p.

» Let B,(¢,R) be the connected component of B(¢,R) N D from
which &* Is accessible.

» B,(&, R) plays a role of a ball with center at £&* in the completion
D* ([ALMO3, Lemma 2.2]).

\_
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Inner uniform domains are nice domains:

» Inner uniform domains are John domains.
» The unifrom BHP wrt pp holds.
» The Martin boundary is identified: A = A; = 0*D.

» B,(&7,r): the component of B(&,r) N D accessible to £ is a neigh-
borhood of &*.

» Contents — 42 —



5.5. Semi-uniform domain. In the definition of uniform domains, re-
strict one point in dD. Then we obtain a semi-uniform domain. A
Denjoy domain is a typical exapmple.

r Definition 10 (Semi-uniform domain)

\
D is a semi-uniform domain if xeD and vy € 0D can be con-
nected by a cigar curve y such that y \ {y} c D, £(y) < C|x-VY|.
- J
r Definition 11 (Inner semi-uniform domain) ~

D is a semi-uniform domain if xeD and vy € 0D can be con-
nected by a cigar curve y such that y \ {y} c D, €(y) < Cop(X, Y).

-
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Semi-uniform domains are nice domains:

» Under the CDC, D is semi-uniform if and only if the harmonic mea-

sure Is doubling in a certain sense.
» Inner semi-uniform domains correspond to inner-doubling property

of harmonic measure.
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5.6. Quasihyperbolic boundary condition (QHB). Let D be a gen-
eral domain s.t. 9D # 0.

Definition 12 ~
The quasihyperbolic metric kp(X, y) is defined by

. ds
kolx.y) =nf fx~y 5oZ(9)’

where the infimum is taken over all curves Xy connecting X and y
in D.
- J

kp(X,y) is comparable to the shortest length of Harnack chain
connecting x and y in D.
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~ Theorem 7 N

\4

Let D be a general domain s.t. 0D # 0. Then "X, Vy e D

X =Y
kp(X,y) > | _ 1).
\ o(x.y) = log (mln{5D(X),5D(Y)} ’ ) y

Proof. Let v be a curve connecting X and y in D of length L. Then
X —y| < L. Moreover, 6p(Z(9)) < 6p(X) + sfor 0 < s < L with arc length
parameter s. Hence

ds - ds : X-l
,[;5[)(2(3)) > fo o008 [Iog (0p(X) + S)]O > log (1+ 5500 )

Replacing x and y proves the theorem. O
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The reverse inequality (up to a multiplicative constant) characterizes
uniform domains.

~ Theorem 8 ([GO79])

~
D is a uniform domain if and only if
X =Y
Ko(X,y) < Clo : +11+C
o(%Y) I \min (6509, 5o ()
for 'x, Yy e D
\- J
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e Theorem 9 ~

John domains D satisfy quasihyperbolic boundary condition:

Ko(X, Xp) < Clog i[;((f((;) +C" (xe D). )

-

Proof. Let ¥ be a John curve connecting X and Xy in D of length L.

f on(2) f - j(;D(x)/4 5D(Z)

op(x)/4 f" 1 op(Xo)
< — < — + C.
= 350(X)/4 50(3)/4 s gy 6p(X)

Then
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s Remark 3 ™

The converse of the above theorem does not hold, i.e. b satis-
fying the QHB condition and yet D is not John. Smith-Stegenga
[SS91] called a domain satisfying the QHB condition a Holder do-
main. This is different from Holder domain treated by Bass-Burdzy.

\_ J

Domains with the QHB are nice domains:

» kp(X,Y) is exponentially integrable.
» The global (non-uniform) BHP holds.
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5.7. Summary of interior conditions. Interior conditions are sum-
marized as follows:

C*® ¢ C* = Ball condition & Lipschitz £ NTA
& Uniform & John & QHB.

From Uniform to John we have finer classifications:

Inner uniform

$

Uniform Inner semi-uniform & John.

S %

Semi-uniform

» Contents — 50 -



5.8. Capacity density condition. By Cap(E) we denote the Green
capacity of E relative to an open set U with Green function.

r Definition 13 (Capacity density condition) ~
We say D satisfies the capacity density condition, if 3/1 > 0 and
I, > Osuchthatfor £ € 8D and 0 < r < rg

Capgon (B, 1) \ D) > 5
Capg:on (B, 1))
\ J
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~ Remark 4

\-

» Replacing Cap by the logarithmic capacity (n = 2) and the New-
tonian capacity (n > 3) gives

Cr ifn=2
Cap(B(&,r) \ D) > |
ap(B(£.r)\ D) {Crnz if n> 3.

B(&,r)\ D
» Volume density condition: B(g.r)\ DI
B, )
CDC.

» The exterior cone condition and the exterior corkscrew condi-

tion are sufficient as well.
» Smooth domains and Lipschitz domains satisfy the CDC.

> C is sufficient for the

y

» Contents
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s Remark 5 ™
» A positive superharmonic function sin D is called strong barrier

if I > 0 such that AS(X) + c s(x) < 0.

op(X)*
y strong barrier < the Hardy inequality:
2
f Y x) dx<C f Vy(X)[*dx  for € W*(D).
p [0p(X) D

» The CDC yield a strong barrier (Ancona [Anc86]).

» Ancona [Anc87] applied strong barrier extensively. Particularly,
he identified the Martin boundary of a Cartan-Hadmard mani-
fold of negative curvature.

» The Hardy inequality — the quasiadditivity of capacity (HA

. [Aik91], [Aik93]). )
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5.9. Summary of exterior conditions. Exterior conditions are sum-
marized as follows:

Exterior Ball & Exterior cone & Exterior corkscrew

< Volume density & CDC & Strong barrier
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6. Uniform BHP and the box argument — heart of the proof —

Carleson’s proof and successors
[Lipschitz domain — exterior cone — uniform barrier.

— -
» Carleson estimate: If ue H*(A) and u= 0on A N aD, then

u<Culx’) onA’.
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» Box estimate: 90, A’ is the main part:

w(@N N D,AN) < Cw(d,N,N) onA”.

Suppose u,ve H"(A)andu=v=00on AndD. Then

» U< Cu(x’) on A (Carleson estimate).

» U< Cux)w(@A” nD,A") on A’ (maximum principle).

» U< Cu(x)w(d,A’, A) on A” (box estimate).
» V= V(X) on d A’ (Harnack inequality).
» V> CUX)w(d,A’, A”) on A’ (maximum principle).

U
» Hence —— < Cw(o,A’,A’) <C on A”.

V(X*)

» Contents
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» Uniform domains and John domains satisfy only interior conditions.
No (uniform) barrier nor regularity wrt the Dirichlet problem.
» Bass-Burdzy [BB91] found the box argument:
e No exterior conditions are needed.
e Interior conditions are sufficient.
e Big difference from NTA domains.
» Capacitary width explains why no exterior condition is needed.

Define the Green capacity by
Capy(E) = sup{u(E) : Gyu <lonU, uison E}.
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Definition 14 (Capacitary width)
Let O < n < 1. Define the capacitary width for an open set U by

Capgy2r (B(X, R) \ U) S }
> U) .
Capgx2or (B(X R)) TR

AN O OO0 O

ONONONORO

w,(U) = inf {R> 0:

Remark 6

O < n < 1 has no significance. Different n’ yields comparable
capacitary width.
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Lemma 1
Let D be a John domain or let D satisfy the CDC. Then for small
r>0

w,({xe D :ép(Xx) <r}) <Cr.

g

~

/

Proof. Let U = {x € D : dp(X) < r}. Suppose D is a John domain.

Then v

X € U can be connected to Xy by a John curve y. Observe if

ze yand|x—2 > 3r/cy, then 6p(2) > C3€(y(X,2) > C3|Xx—2 > 3r. This

means B(z r) N U = 0. Hence (1) holds with C = 3/c; + 1.
If D satisfies the CDC, then (1) holds with C = 2 by definition.

» Contents — 59 —
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' Lemma 2

3C1 > 1 depending only on n and n such that for an open set
U#0,xeUand R>0

w(X;UNS(X,R),UNB(XR) <exp (2 = Clw I?U))'

~

>
>

. IR U . .
Estimate of the harmonic measure by capacitary width.

Compare the Green function and the harmonic measure.
Box argument.
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» £ € 0D.
> §R e DN S(é:, 4R), l.e., 6D(€:R) ~ R
» Let Gg be the Green function for D N B(¢,CR).

Lemma 3 ™
If C > 10is sufficiently large, then

w(y; DNS(¢,2R), DNB(£,2R)) < CR™Gr(Y,ér) (Y € DNB(,R)).
\_ J

Proof. Let

D = {x e D : exp(-2'*1) < R™?Gg(x, &Rr) < exp(-2))},
U; = {xe D : R™Gg(X, &Rr) < exp(-2))}.
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2]
Observe Uj is very slim, i.e. w,(U;) < CRexp (—7). Let R; | Rslowly;

Ri.1 — Rj ~ j 2R Put wp = w(D N S(£, 2R), D N B(£, 2R)) and

d = sup o(X)
J xeD;nBER) RT2GR(X, €r)

We want to show sup j,,d; < C < oo.

» Contents — 62 —



The maximum principle over U; N B(¢, Rj-1) says
wWwo < C()(‘, UJ N S(f, Rj—l)a UJ M B(f, RJ_l)) o dj_]_Rn_ZGR(°,§R)
on U; N B(¢, Rj_1). Hence

d; < Cexp (2”1 —Cj%exp (27])) +d_4

with i exp (2”1 —Cj%exp (27])) < oo,
-1

The Green function obviously satisfies
Gr(X,Y) < CR"for xe DN B(£,2R), y € DN B(£, 9R) \ B(&, 3R).

This estimate, together with the previous lemma, gives
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Lemma 4 (4G inequality) ~
GR(Xv y) ~ GR(Xa y,)
GR(X,a y) GR(X,v y,)

(X, X e DN B(,R), v,Y € DN S(¢, 6R))

y :
y
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e Theorem 10 ~

Uniform domains satisfy the uniform BHP, i.e., HCZ, 3C3 > 1, rg>
O depending only on D:

» £€0D,0<r <ryg,
» U,V > 0are harmonic on D n B(¢, Cor),
» U=Vv=00ndD n B(,C,r),

nen U()/u(y)
W) <Csforx,ye DN B(¢&,r).
Moreover, A = A; = 9D.
\_ Y
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Proof. Let us prove the uniform BHP. We may assume

u(x) = RO"SESR(x) = f Gr(X, y)du(y) for x e D N B(£, 6R).

DNS(£,6R)

Let X, X € DN B(£,R) and y,y € D n S(£,6R). Then the 4G lemma
gives

GR(X’y,)
Gr(X, V) ~ Gr(X, V).
{06Y) = G CRY)
Hence
GR(Xa y,) GR(Xv y,)
u(x) = Gr(X',y)d = u(x’).
(X) G0, Y) Jorsicon R(X, y)du(y) Gr(X.Y) (X)
Therefore,

U _ Gr(xY)
U(x) ~ Gr(X.y)
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Similarly,
V(X))  Gr(XY)
v(x)  Ggr(X,y)
Hence the uniform BHP follows.

Let us prove the second assertion (Kemper [Kem72]).

Let &£ € 0D.
/?{5, Kernel function at ¢

» h> 0harmonicin Dand h=0g.e. on dD.

» 'r > 0 his bounded on D \ B(&,r).
> h(x) = 1

-
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N>

u
» The uniform BHP yields C™* < S C (u,v € H). &
X
» LetCc = sup ( ) .Thenl<c<oo
u,veH; V(X)

xeD
Let us prove ¢ = 1 by contradiction. Suppose ¢ > 1.

vu, ve H: vy = (cv-u)/(c—1) € H..
u<cwv, =c(cv-u)/(c-1).
Hence (2¢ — 1)u < ¢?v, so that

v v v Yy

C = sup u(x) c
UV€7’(§ V(X) - 2C 1

xeD

< ¢, Contradiction.

» ¢ =1and H, is singleton. u € H; is minimal. 0
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Remark 7
Under the CDC, John domains and uniform domains are charac-
terized by an estimate of harmonic measure and the uniform BHP.
([AikO4]).

~

J
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7. Further extensions
» HA [AikO8a] gives an exposition for the foundation of the Martin

boundary and the results stated above.
» The BHP and the Carleson estimate are inextricably related.
» Precise formulations show they are equivalent.

Let (V, K) be a pair of a bounded open set V
and a compact set K such that .

(1) KcV,KND#0,KNaD # 0
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s Definition 15
We say D satisfies the global BHP if the following property hold:

(V. K) with (1) we find 7C, depending only on D and (V. K) such

that iIf U and v are positive superharmonic functions in D with
() uand v are bounded and harmonic in V N D.

() u=v=0g.e.onVNaD,
VoV u(x)/u(y)
: KND <
> YEROE VM)

then < Ca,.

\-
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s Definition 16 N
We say D satisfies the global Carleson estimate if the following
oroperty hold: " (V.K) with (1) we find JCs depending only on D
and (V, K) such that if u is a positive superharmonic function in D
with

(1) uis bounded and harmonic in V N D.

(i) u=0qg.e.on VN ID,

v
then "X e KN D u(x) < Csu(Xg
_ (X) < Csu(xo) y

Theorem 11 ( [AikO8b])

D satisfies the GBHP if and only If it satisfies the global Carleson
estimate.
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» Domar’s method is available for Carleson estimate. It is based on
the mean value inequality of subharmonic functions, applicable to
pP-harmonic functions in a metric measure space.

» Carleson estimate hods for a domain with QHB condition. ([AHLOG]).

Theorem 12
[If D satisfies the QHB conditions, then it satisfies the GBHP. )
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s Remark 8 ™

» Carleson estimate extends to p-harmonic functions in a metric
measure space. ([AS05]).

» The equivalence between the Carleson estimate and the BHP
IS based Brelot's remark (the relationship between the harmonic
measure and the Green function), valid only for the linear case.

» The BHP for p-harmonic functions does not follow.

» Lewis-Nystrom [LNO7] proved the BHP for p-harmonic functions
In a Lipschitz domain. Their argument is deep.

\- J
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s Remark 9 ™
Harmonicity is generalized to a-harmonicity (0O < a < 2).

a = 2 corresponds to the classical harmonicity.

If 0 < a < 2, then a-harmonicity is not a local property.

a-stable process is the counterpart in probability theory.

In case 0 < @ < 2 Song-Wu [SW99] and Bogdan et.al. [BKKO0S8]
proved probabilistically the BHP for a-harmonic functions in a
completely general domain.

\_ J

vvyyvyyvyy
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