QUASIADDITIVITY OF RIESZ CAPACITY

Hiroakr AIKAWA

1. Introduction

Let 0 < a < n and kq(z) = |z|*™™ the Riesz kernel on R™. Define the Riesz
capacity by

Ra(B) = {

In view of [7] we see that R, 1(E) is equal to the usual (outer) a-capacity Cy(E). It is
obvious that R, , is countably subadditive, i.e.

Ra,p(E) < ZRa,p(Ek)
k

inf{[|f[|} : ko * f(x) > 1on E, f >0} if 1 <p < oo,
inf{||pu]| : ko *p(z) >1on E,p>0} ifp=1.

with E = |, Ex. The main purpose of this paper is to investigate for what decomposi-
tions the inequality

Rop(E) > N Z Rap(Ey)
k

holds with some positive constant N. We refer to this inequality as “quasiadditivity”.
Quasiadditivity for decompositions into spherical shells has been considered by Landkof
[9, Lemma 5.5 in p.304] and Adams [1, Theorem 7.5]. In the case of Green energy (for
the definition see Section 5), quasiadditivity for the Whitney decomposition (cf. [14,
p.16]) of a half space is discussed in Essén [5].

We shall show that the Whitney decomposition associated with a certain closed set
has quasiadditivity.

Definition. Let F be a closed set having no interior points. Put 6(x) = dist(z, F') and
let mg be the measure defined by

mg(E) = / §(z) Pdax.
E
We associate the least number d = d(F) for which
(1.1) ms(C () < Nar™
holds for all x € F' and r > 0 with a positive constant Ng, whenever 0 < 8 <n —d.

The constant d(F) is related to the dimension of F'. In fact, if L is an m-dimensional
affine subspace in R", then d(L) = m. We can easily see that if F' is an m-dimensional
compact Lipschitz manifold, then d(F') = m. By definition if F; C Fy, then d(F;) <
d(Fy). The Hausdorff dimension of F' is not greater than d(F'). They are, in general,
different; if I = {0} UU;Z,{(7",0,...,0)}, then d(F) > 0 and yet the Hausdorff
dimension of F'is equal to 0.

Our main result is
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Theorem 1. Let 1 < p < oo and suppose ap + d(F) < n. Let {Qr} be the Whitney
decomposition of R™ \ F. Then, for any set E C R",

Ra,p(E) > NZRa,p(Ek)
k

holds with Ex, = E N Qg for some positive constant N .

Let us note that R, ,(F) = 0 since the Hausdorff dimension of F' is not greater
than d(F) < n — ap (see [10, Theorem 21]). Since d({0}) = 0, we see that Theorem 1
is a generalization of the aforementioned results of Landkof and Adams. Our proof is
completely different; it relies on the following comparison between the Riesz capacity
R, and the measure my,.

Theorem 2. Let 1 < p < oco. Suppose ap + d(F) < n. If E is measurable, then
Map(E) < NRq p(E)

for some positive constant N.

The plan of this paper is as follows. In Section 2 we shall prove Theorem 1 assuming
Theorem 2. Theorem 2 will, in turn, be proved in Section 3 as a corollary to a certain
weighted norm inequality. Section 4 will be devoted to applications of Theorems 1 and
2. We shall deal with sets E for which m,,(F) and R, ,(E) are comparable. We shall
observe that a-thin sets are characterized by Wiener type conditions associated with the
Whitney decomposition. In Section 5, we shall study quasiadditivity of Green energy in
connection with the notion of minimal thinness. We shall characterize minimally thin
sets in terms of ordinary capacity (cf. [5] and [6, Section 1]). Also we shall observe that
[4, Theorems 1 and 2| follows from our method.

The author would like to thank Professor Essén for valuable comments and showing
the preprint of [6]. He also would like to thank the referee for several helpful suggestions.
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2. Proof of Theorem 1

By the symbol N we denote an absolute positive constant whose value is unim-
portant and may change from line to line. We shall say that two positive functions f
and g are comparable, written f = g, if and only if there exists a constant N such that
N~lg < f < Ng. By C(z,r) we denote the closed ball with center at x and radius r.
For the Whitney decomposition {Q} of R™ \ F, we write rj for the side-length of Q.

Note that dist(Qg, F') =~ rx. By Qi we denote the double of Q.
Lemma 1. Let §+ d(F) <n. Then

(2.1) 0<r<d(x)/2=ms(Clz,r)) ~r"d(x)~",
(2.2) r>6(x)/2 = mp(C(x,r)) ~r" P,

In particular, (1.1) holds for all x € R™ and r > 0; the measure mg is a doubling
measure. Let ap+ d(F) < n. Then for a Whitney cube Qy,

(2.3) R p(Qr) = map(Qr) = .

Proof. By definition (2.1) is obvious. Let r > §(x)/2. Then we find g € F' such that
C(z,7) C C(xg,3r). Hence by (1.1) we have mg(C(z,7)) < Nr"=P. Let us prove the
opposite inequality. Since §(y) < r + d(x) < 3r for all y € C(x,r), it follows that
mg(C(z,r)) > (3r)=F fc(x,r) dr > r"P. Thus (2.2) is proved. It is well known that
Ry p(C(x,r)) = Nr"=? for ap < n. Hence (2.3) follows.

<
>

Let us put

Rap(E) =Y Rap(Ey) with By = E N Qy.
k

We need to prove }N%a,p(E) ~ R, p(E). Let us begin with comparing }%a,p with a
Hausdorff type outer measure. For 8 > 0 define the Hausdorff type outer measure Hpg
by

Hy(E) =inf{d r{: Ec|JC(z,m:),2 € F}.

One should note that a point x has positive Hg measure unless it lies on F'. In fact,
Hp({z}) = d(x)".
Lemma 2. Let ap + d(F) <n. Then

Rop(E) < NH, o (E).

Proof. Let us prove first

(2.4) R, »,(C(z,7)) < Nr"~°P for z € F.

Observe that if Qx meets C(z,7), then Qr C C(z, Nr). Hence

Rap(C(z,r)) < > Rap(Qu) SN > map(Qr)
QrNC(z,r)#£0D QrNC(z,r)#£D

< Nmyp(C(z,Nr)) < Nr"=P
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by (2.3) and Lemma 1. Thus (2.4) follows.
Take an arbitrary positive number €. By definition we can find z; € F and r; > 0
such that

E C UC(ZiaTi)7
> riTP < Hyop(E) + e

By (2.4)

Rap(B) £ 3 Rup(Clat i) € N3 < N(Hyop(B) +2).
Since ¢ is arbitrary, we have the desired inequality. The lemma is proved.

Proof of Theorem 1. Let us prove the inequality only for 1 < p < co. The p = 1 case
is similar. It suffices to prove that fia’p(E) < NR, ,(E) for Ry p(FE) < co. Take an
arbitrary positive number e. We can find a nonnegative function f such that k,x f > 1
on E and [|f||} < Ra,p(E) +e. We split kg, * f(z) into

I(z) = /@ kol —y) f(y)dy, for z € Qy,

J(x) = /Rn\é ko(x —y)f(y)dy, for x € Q.

1 1
Put B/ = {z: I(z) > 5} and B = {x : J(z) > 5} Then E C E' U E”. Since the

multiplicity of @k is bounded by a constant depending only on the dimension, it follows
that

(25) Rap(B) =3 Rap(E'N Q) <20Y /Q fPdz < N|fIE < N(Rop(E) +¢).
k k k

By an elementary calculation we see that if E” N Qy # 0, then J(z) > N on Q.
Hence ko * f(z) > J(z) > N on

E'= |J @
QrNE"#)

whence R, ,(E") < NI fl[5. Since Hy,—ap(Qr) =~ 7.~ ", it follows from (2.3) and
Theorem 2

Hyop(E") < Hy—op(E") < > Huyop(Qu) <N Y rp®P
QkﬁE”;é(Z) QkﬂE”?éq)

< Nmop(E") < NRoy(E") < N||f[[5 < N(Rap(E) +e).

Hence }N%ayp(E”) < N(Rqp(E) +¢) by Lemma 2. This, together with (2.5), completes
the proof, since ¢ is arbitrary.
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3. Proof of Theorem 2

We shall show Theorem 2 as a corollary to a certain weighted norm inequality. For
future reference we shall state the result in a slightly general form. Let K,(z,y) =
|z — y|*~™. Define

Tof(z) = . Ko(z,y)f(y)dma(y).

Let us prove

Theorem 3. Let o+ d(F) < n.
(i) Let 1 < p < oco. Then |Tafllp.a < N\ fllp,as where || fllpa = (f|f|pdma)1/p.

Moreover, if w satisfies the Muckenhoupt A, condition with respect to mq, i.e.

w0 i o) il o)

/ To flPwdme < N | fPwdm,.
- R™

(ii) If A > 0, then
me({z € R™: A Ka(z,y)dp(y) > A}) < Npll/A.
First we prove that Theorem 2 follows from Theorem 3.

Proof of Theorem 2. Suppose p = 1. Then the conclusion readily follows from Theorem
3 (ii). Suppose 1 < p < oo. In view of Lemma 1, we see that the weight w(z) =
§(2)(1=P)* satisfies (A,). Hence, Theorem 3 (i) implies that

/ ke # gPdmay(@) < N [ |glPda,
n Rn

where we put g(x) = f(x)d(xz)~*. This immediately yields Theorem 2.

Now let us prove Theorem 3. Although the proof is carried out in a standard way
(cf. [3]), we give it for the completeness. In the rest of this section we let

a+d(F) < n.

First we note

u} and let 1/p+1/q = 1. If Q is a cube in

Lemma 3. Let 1 <p < min{L, d(_F)
n—ao

R"™, then
/Q To () dima (2) < N floama(@)V.

Proof. Let us prove first

(3.1) Ko, y)Pdma(y) < Né(z)em e,
Rn
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Since p < n/(n — «), it follows that

/ Ko(z,y)dma(y) < Nci(x)‘“/ lz—y|@"MPdy < N§(z)@ @D,
C(z,6(x)/2) C(z,6(z)/2)

In view of Lemma 1, we have

/ Ko (z,y)Pdma(y Z/ | —y\(a_n)pdma(y)
R\ C(z,6(x)/2) —0 /20718 (2)<|w—y|<295(x)
<Ny (2716(w) @ IP(205(2))" T < N(z)(@Tm @Y,
§j=0

since (&« —n)(p — 1) < 0. Thus (3.1) holds. Hélder’s inequality and (3.1) yield
(3.2) T f(z)] < Hqu,a(/Q Koz, y)Pdma(y))''? < N fllgad(a) @/,

Observe that p < (n — a)/d(F') implies that a 4+ (n — «)/q + d(F') < n. Hence Lemma
1 yields that

Mot (n—a)/q(Q) < NP~ (n=)/0 < Nm (Q)V/P.

This, together with (3.2), completes the proof.

Let M, f(x) be the maximal function defined by

Mof(e) = smp s / Fldima,

where the supremum is taken over all cubes containing x. Observe

(3.3) sup / Kal,y) — Ko, 9)|f (y)dmaly) < NMaf(zo).
x,z' €B(xo,1) JR™\ B(x0,2)

As a result we have the following

Lemma 4. Let QQ be a cube and @ the double of Q. Then

sup / | Ka(2,y) — Kale,y)|dma(y) < N.
z,x'€Q JygQ

1
We observe that if v = (p+1)7!, then p= — — 1 and
Y

n—a}<:>ma{n—oz d(F) L < <1
X2n—o¢’n—o¢+d(F) 7 '

n
1 <p<min{——
n

—a’ d(F) 2
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— d(F
Lemma 5. Let max{ 2n < , <+)d(F)
n—a’'n—a

double of Q. If f >0, supp f C Q and 1 fll.a < sma(@) with 0 < e < 1, then

moa({z € Q: Tof(z) > 1}) < Ne' 7 7myo(Q).

1 ~
}<’y<§. Let Q be a cube and Q) the

Proof. By the Calderén-Zygmund lemma (e.g. [14, p.17]) we have a family of mutually
disjoint cubes @); such that

(i) f(z) <e¥ae. on R™\ Q with Q =U,;Q;;
(ii) For each cube Q)

e’ < m 0 fdmg(x) < Nev.

Let
f(@) on R\ 2,

g(x) = m o fdmq(x) on Q.

. 1
ond b= f . Obviously, gl < |/ and b1 < 21 Fir Let p = > — 1 and
1/p+1/g=1. Since 0 < g < N¢&7, it follows that

gl < NV fll10 < Ne"™ D m o (Q).
We have from Lemma 3
(3.4) ma({z € Q : Tag(x) > 1/2}) < N|gllgama(Q)/? < Ne'"Tmq(Q).

Let y; be the center of @); and @j the double of @QQ;. We put Q= Uj@j. It follows from
Lemma 4 and the symmetry of K, that

[ bl < > / . / g VEal0) = Ko ) ama () 2

n\Q

<N b(y)|dma(y) < NI fll1a-
j yeQ,

Therefore
ma({z € R" : |Tob(x)] > 1/2}) < N(|fll1a + €' 77ma(Q)) < Ne'™Tma(Q),

since

ma@® <N Y ma(@) < 53 [ fima(e) <

Sl < Ne'ma(@).

This, together with (3.4), implies

mo({z € Q: Tof(x) >1}) < Ne'77mo(Q).

The proof is complete.
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— d(F
Lemma 6. Let max{2n @ , <+)d(F)
n—a n-—a

B such that if A > 0, 0 < e < 1, f > 0, and a cube Q has a point x’ satisfying
Tof(z") < A, then

1
<y < 3 Then there is a positive constant

me({z € Q : Tof(x) > BA,Mof(z) <er}) < Nel7"mo(Q).

Proof. We may assume that there is a point zy in @ such that M, f(zg) < eA. Let @
be the double of Q. In view of (3.3), we have for x € Q

/ Kl 9)f(g)dmaly) < / Ka(2,y) — Kala!,9)|f(0)dima(y) + Taf(2')
R\ Q R\ Q

Let h = f/X on Q and h = 0 elsewhere. Since ||h]|1.o < ema(Q), it follows from Lemma
5 that
mao({z € Q : Toh(x) > 1}) < Ne77my(Q).

Let B= N; +1. Then
ma({x € Q: Tof(z) > BA}) < Ne'77mo(Q).
The lemma follows.

Proof of Theorem 3. Suppose that w satisfies (A4,). In the same way as in [3, Theorem
I], we see that

(3.5) / (Mo f)Pwdm, < N | f|Pwdm,.

Hence it is sufficient to show that

(3.6) / |To flPwdme < N [ (Mqf)Pwdmy,.
n RTL

In the proof of (3.6) we may assume that f is bounded and has compact support. Since
|Tof(x)] < Njz|*™™ < NM, f(z) as |z| — oo, it follows from (3.5) that

/ |To fIPwdm,, < oo.

Let A > 0 and let {Q;} be the Whitney decomposition of the set {Tof > A}.
Observe that there is a constant Ny > 1 such that the cube Q; with the same center as
@; but expanded Ny times meets the set {7, f < A}. Hence it follows from Lemma 6
that if v is as in Lemma 6, then

ma({x € Q; : Taf(z) > BA, My f(x) <eA}) < NSI_VWa(Q?) < Ngl_’ymoc(Qﬁ

for 0 < e < 1. It is well known ([3, Lemma 3]) that w satisfies (A~ ), that is, there
exists 0 > 0 such that for given any cube ) and any measurable set £ C @)

2 < (@)
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where w(E) = [, wdm,. Hence

w({z € Qj : Tof(x) > BA\, Mof(z) < eX}) < NPV w(Q;).

Summing over j, we obtain

w({Tof > BA Mo f <eX}) < Ne®Dw({Tof > A}),

which implies that

/ ]Taf|pwdma+N(6)/ (Mq f)Pwdmeg, §N355(1_7)/ |To f|Pwdm,,.
R n R

Letting € > 0 be so small that N3e®=7) < 1/2, we obtain (3.6). Thus (i) follows.

N =

10.

11.
12.

13.

14.

15.
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