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A. We give necessary and sufficient conditions in terms of potential theoretic properties
for a bounded domain satisfying the capacity density condition to be a John domain, a uniform
domain and an inner uniform domain, respectively.

1. I

A large number of works have been devoted to the study of potential theory for nonsmooth do-
mains, such as Lipschitz domains, NTA domains, uniform domains, John domains and Hölder
domains, since the pioneering works of Carleson [12] and Hunt-Wheeden [18, 19] for Lipschitz
domains. Among them, the boundary Harnack principle (abbreviated to BHP) and the identi-
fication of the Martin boundary played a central role. See Ancona [5], Dahlberg [13] and Wu
[27] for Lipschitz domains, Jerison-Kenig [20] for NTA domains, Bass-Burdzy [10] for Ḧolder
domains, [1] and [4] for uniform domains and uniformly John domains. See [3] for a survey.
These studies are motivated by the desire to generalize the geometric conditions imposed on a
domain to guarantee potential theoretic properties, such as the boundary Harnack principle.

This paper is in the opposite direction. Namely, we shall give some potential theoretic prop-
erties which yield geometric properties of the domain. Our conditions will be necessary and
sufficient, provided the domain satisfies the capacity density condition. To be more precise,
we use the following notation. Throughout the paper we letD be a bounded domain inRn

with n ≥ 2 and letδD(x) = dist(x, ∂D). We write B(x, r) andS(x, r) for the open ball and the
sphere of center atx and radiusr, respectively. By the symbolA we denote an absolute positive
constant whose value is unimportant and may change from lineto line. If necessary, we use
A0,A1, . . . , to specify them. We shall say that two positive quantitiesf1 and f2 are comparable,
written f1 ≈ f2, if and only if there exists a constantA ≥ 1 such thatA−1 f1 ≤ f2 ≤ A f1. The
constantA will be called the constant of comparison.

Let us recall the definitions of some nonsmooth domains. We say that D is a John domain
with John constantcJ > 0 and John centerx0 ∈ D if each x ∈ D can be joined tox0 by a
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rectifiable curveγ such that

(1) δD(y) ≥ cJ`(γ(x, y)) for all y ∈ γ,

whereγ(x, y) and`(γ(x, y)) stand for the subarc ofγ connectingx andy and its length, respec-
tively. In general, 0< cJ < 1. A John domain may be visualized as a domain satisfying a
twisted cone condition. We say thatD is a uniform domainif there exist constantsA andA′

such that each pair of pointsx, y ∈ D can be joined by a rectifiable curveγ ⊂ D such that
`(γ) ≤ A|x− y| and

(2) min{`(γ(x, z)), `(γ(z, y))} ≤ AδD(z) for all z ∈ γ.

See Gehring-Martio [15], Gehring-Osgood [16] and Väis̈alä [25]. Let 0< c < 1. Forx, y ∈ D,
a Harnack chainfrom x to y in D is a sequence{B(xj , cδD(xj))}Nj=0 such thatx0 = x, xN = y
andB(xj−1, cδD(xj−1)) ∩ B(xj , cδD(xj)) , ∅ for j = 1, . . . ,N. The numberN is referred to as the
length of the Harnack chain. The value ofc is not important and we may takec = 1/2. We say
thatD is anontangentially accessible domainor anNTA domainif there exist constantsA and
r0 with the following property:

(i) Corkscrew condition. For anyξ ∈ ∂D and 0< r < r0, there exists a pointx ∈ D∩B(ξ, r)
such thatδD(x) ≈ r.

(ii) The complement ofD satisfies the corkscrew condition.
(iii) Harnack chain condition. Ifε > 0, andx, y ∈ D with δD(x) > ε, δD(y) > ε and
|x− y| < Cε, then there exists a Harnack chain fromx to y whose length depends onC,
but notε.

See Jerison-Kenig [20]. It is easy to see that if the complement of a uniform domainD satisfies
the corkscrew condition, thenD becomes an NTA domain. We define theinner length distance
λD(x, y) by

λD(x, y) = inf {`(γ) : γ is a curve connectingx andy in D}

for x, y ∈ D. We say thatD is an inner uniform domainif there exists a constantA > 1 such
that each pair of pointsx, y ∈ D can be connected by a curveγ ⊂ D with `(γ) ≤ AλD(x, y) and
(2). This definition is due to Bonk-Heinonen-Koskela [11]. They showed that an inner uniform
domain is a Gromov hyperbolic domain. Theinner diameter metricor internal metricρD(x, y)
is similarly defined by

ρD(x, y) = inf {diam(γ) : γ is a curve connectingx andy in D},

where diam(γ) denotes the diameter ofγ. We say thatD is a uniformly John domainif there
exists a constantA > 1 such that each pair of pointsx, y ∈ D can be connected by a curve
γ ⊂ D with `(γ) ≤ AρD(x, y) and (2). This definition is due to Balogh-Volberg [8, 9]. Obviously
|x−y| ≤ ρD(x, y) ≤ λD(x, y). It turns out that theyρD(x, y) ≈ λD(x, y) for a John domain (V̈ais̈alä
[26, Theorem 3.4]). Hence an inner uniform domain is a uniformly John domain and vice versa.
The relationships among above domains are summarized as

NTA $ Uniform $ Inner uniform = Uniformly John $ John.
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Though we used the terminology “uniformly John domain” in the previous paper [4], we shall
use “inner uniform domain” in this paper, since it is closelylinked with uniform domains than
with John domains (see Theorems 2 and 3 below).

Now we consider potential theoretic properties and their connections to the above nonsmooth
domains.

Definition 1. We say that a domainD enjoys theuniform BHPif there exist constantsA0, A1 >

1 andr0 > 0 depending only onD with the following property: Letξ ∈ ∂D and let 0< r < r0.
Supposeu andv are positive harmonic functions onD ∩ B(ξ,A0r), bounded onD ∩ B(ξ,A0r)
and vanishing on∂D ∩ B(ξ,A0r) except for a polar set. Then

(3)
u(x)/u(y)
v(x)/v(y)

≤ A1, wheneverx, y ∈ D ∩ B(ξ, r).

In [1, Theorem 1], we proved the following.

Theorem A. A uniform domain satisfies the uniform BHP.

We shall give a converse of Theorem A. The definition of a uniform domain is very sensitive
about the boundary; if we remove a closed polar set from the domain D, thenD may not be
a uniform domain, whereas the uniform BHP remains to hold. So,we need some additional
assumption on the boundary in order to obtain a converse. Thefollowing capacity density
condition(abbreviated to CDC) is reasonable and widely known.

Definition 2. By Cap we denote the logarithmic capacity ifn = 2, and the Newtonian capacity
if n ≥ 3. We say that the CDC holds if there exist constantsA > 1 andr0 > 0 such that

Cap(B(ξ, r) \ D) ≥


Ar if n = 2,

Arn−2 if n ≥ 3,

wheneverξ ∈ ∂D and 0< r < r0.

See Armitage-Gardiner [7, Chapter 5] for the definition and the properties of capacities. Since
Cap(B(ξ, r)) = Ar if n = 2 and Cap(B(ξ, r)) = Arn−2 if n ≥ 3, we can rewrite the above condition
as

Cap(B(ξ, r) \ D)
Cap(B(ξ, r))

≥
1
A
.

It is easy to see that if the volume ofB(ξ, r) \ D is comparable torn, then the CDC holds.

Remark1. The CDC can be also stated in terms of Green capacity. LetU be an open set with
Green functionGU , i.e., for each fixedy ∈ U, −∆G(·, y) = δy in U in the distribution sense
andG(·, y) vanishes on∂U except for a polar set. The Green capacity CapU(E) for a Borel set
E ⊂ U is defined by

CapU(E) = sup{µ(E) : GUµ ≤ 1 onU, µ is a Borel measure supported onE}.

In the usual way CapU(E) extends to a general setE ⊂ U. Then the CDC holds if and only if

CapB(ξ,2r)(B(ξ, r) \ D)

CapB(ξ,2r)(B(ξ, r))
≥

1
A
.
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In the previous paper [1, 2, 4] we adopted this characterization. This has the advantage of
unified treatments of the casesn = 2 andn ≥ 3. For example CapB(ξ,2r)(B(ξ, r)) = Arn−2 for
n ≥ 2 with A depending only on the dimensionn. See also the capacitary width in Lemma 2
below.

Remark2. If D satisfies the CDC, thenD is regular and the assumption onu andv for the BHP
becomes thatu andv are positive and harmonic onD ∩ B(ξ,A0r) and continuously vanish on
∂D ∩ B(ξ,A0r). In the sequel, we assume the CDC and use this simplified assumption.

Ancona [6, Lemma 3] showed that the CDC has an equivalent formulation in terms of har-
monic measure. We writeω(·,E,U) for the harmonic measure over an open setU of E ⊂ ∂U,
i.e.,ω(·,E,U) is the Dirichlet solution inU of the boundary functionχE (see e.g. [7, Chapter
6]). The CDC holds if and only if there exist constantsβ > 0, A > 1 andr0 > 0 such that

(4) ω(x,D ∩ S(ξ, r),D ∩ B(ξ, r)) ≤ A

(
|x− ξ|

r

)β
for x ∈ D ∩ B(ξ, r),

wheneverξ ∈ ∂D and 0< r < r0. See also [2] for the connection to the Dirichlet problem.
Under the assumption of the CDC, we can characterize a John domain, a uniform domain and a
uniformly John domain in terms of potential theoretical properties.

Theorem 1. Let D satisfy the CDC. Then D is a John domain if and only if there exist constants
α > 0, A > 1 and r0 > 0 such that

(5) ω(x,D ∩ S(ξ, r),D ∩ B(ξ, r)) ≥
1
A

(
δD(x)

r

)α
for x ∈ D ∩ B(ξ,

r
A

),

wheneverξ ∈ ∂D and0 < r < r0.

Remark3. In general, 0< β < 1 < α. If D is smooth, then we may letα = β = 1.

The following theorem includes a converse of Theorem A.

Theorem 2. Let D satisfy the CDC. Then D is a uniform domain if and only if theuniform BHP
and (5) hold.

Remark4. Jerison-Kenig [20] developed a fruitful potential theory on an NTA domain, includ-
ing the BHP and the Carleson estimate (See Definition 4 below). An NTA domain can be
regarded as a uniform domain with the corkscrew condition ofthe complement. The require-
ment of the complement, needed for the construction of a uniform barrier, may be replaced by
a more general condition, CDC. Thus the arguments of Jerison-Kenig remain to hold for a uni-
form domain with CDC. Our Theorem 2 asserts its converse, i.e.,if a domain enjoys the CDC,
the BHP and (5), then it must be a uniform domain. On the other hand, Theorem A does not
rely on a uniform barrier and, as a result, it is valid for a uniform domain without CDC. Theo-
rem A was derived in a spirit of Bass-Burdzy [10] rather than by the method of Jerison-Kenig.
Characterization of a uniform domain without CDC remains open.
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Remark5. Uniform domains are known to benice domains of analysis appearing in many
contexts (Jones [21, 22], Gehring [14], Gotoh [17], Bonk-Heinonen-Koskela [11]), although
their boundaries may be very complicated. Our characterization provides another example of
this nature. See also Smith-Stegenga [23] and Stegenga-Ullrich [24] for characterizations of a
Hölder domain, a domain satisfying the quasihyperbolic metric condition.

A ball of center at a boundary point with respect to the internal metric becomes a connected
component of the intersection of a Euclidean ball and the domain ([4, Lemma 2.2]). So, we
arrive at the following version of the uniform BHP, which is a property weaker than the uniform
BHP.

Definition 3. We say that a domainD enjoys theuniform BHPwith respect to the internal
metric if there exist constantsA2, A3 > 1 andr0 > 0 depending only onD with the following
property: Letξ ∈ ∂D, 0 < r < r0, U a connected component ofD ∩ B(ξ, r) andV a connected
component ofD ∩ B(ξ,A2r) includingU. Supposeu andv are positive harmonic functions on
V vanishing on∂D ∩ ∂V. Then

u(x)/u(y)
v(x)/v(y)

≤ A3, wheneverx, y ∈ U.

In [4, Theorem 3.1], we proved the following.

Theorem B. An inner uniform domain satisfies the uniform BHP with respectto the internal
metric.

The following characterization includes a converse of Theorem B.

Theorem 3. Let D satisfy the CDC. Then D is an inner uniform domain if and only if the
uniform BHP with respect to the internal metric and(5) hold.

It is known that a finitely connected planar domain without singleton boundary components
satisfies the CDC. Hence we have the following corollaries.

Corollary 1. Let D be a bounded finitely connected planar domain. Then the following state-
ments hold:

(i) D is a John domain if and only if(5) holds.
(ii) D is a uniform domain if and only if the uniform BHP and(5) hold.
(iii) D is an inner uniform domain if and only if the uniform BHP with respect to the internal

metric and(5) hold.

2. P  T 1

We define the quasihyperbolic metrickD(x, y) by

kD(x, y) = inf
γ

∫

γ

ds(z)
δD(z)

,

where the infimum is taken over all rectifiable curvesγ connectingx to y in D. We observe that
the shortest length of a Harnack chain connectingx andy is comparable tokD(x, y). Hence, in
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view of the Harnack inequality, there is a positive constantA4 depending only on the dimension
n such that

(6) exp(−A4kD(x, y)) ≤
h(x)
h(y)

≤ exp(A4kD(x, y))

for every positive harmonic functionh on D.

Proof of Theorem 1. Necessity.SupposeD is a John domain with John constantcJ and John
centerx0. Let ξ ∈ ∂D and 0 < r < r0 and letΩ = ω(·,D ∩ S(ξ, r),D ∩ B(ξ, r)). Take
x ∈ D ∩ B(ξ, r/A5) with A5 > 1. By definition we find a rectifiable curveγ connectingx andx0

such thatδD(y) ≥ cJ`(γ(x, y)) for anyy ∈ γ. Let x∗ be the first hit ofγ to S(ξ, r). We observe that
δD(x∗) ≥ cJ(1−A−1

5 )r andkD(x, x∗) ≤ A log(r/δD(x))+A. We findx′ ∈ γ(x, x∗)∩B(x∗, δD(x∗)/2)
with kD∩B(ξ,r)(x, x′) ≤ A log(r/δD(x)) + A. ThenΩ(x′) ≈ 1 and

Ω(x′)
Ω(x)

≤ exp(A4kD∩B(ξ,r)(x, x
′)) ≤ A

(
r
δD(x)

)α

with α > 0 depending onD by (6). Hence (5) follows. �

For the sufficiency we prepare the following two lemmas.

Lemma 1. Suppose D satisfies the CDC. Letξ ∈ ∂D and 0 < r < r0 and letΩ = ω(·,D ∩
S(ξ, r),D ∩ B(ξ, r)). Then

Ω(x) ≤ 3βA

(
δD(x)

r

)β
for x ∈ D ∩ B(ξ, r/3).

Proof. Let x ∈ D ∩ B(ξ, r/3). ThenδD(x) < r/3 and there isζ ∈ ∂D with δD(x) = |x − ζ |. We
observe thatB(ζ, r/3) ⊂ B(ξ, r). The maximum principle overD ∩ B(ζ, r/3) gives

Ω(x) ≤ ω(x,D ∩ S(ζ, r/3),D ∩ B(ζ, r/3)) ≤ A

(
δD(x)
r/3

)β
= 3βA

(
δD(x)

r

)β
,

where the second inequality follows from the CDC applied toζ andr/3 in place ofξ andr. �

The following lemma ([1, Lemma 1]) includes a crucial estimate.

Lemma 2. Let0 < η < 1. For an open set U⊂ Rn we define the capacitary width wη(U) by

wη(U) = inf

{
r > 0 :

Cap(B(x, r) \ U)
Cap(B(x, r))

≥ η for all x ∈ U

}
,

whereCapstands for the logarithmic capacity if n= 2, and the Newtonian capacity if n≥ 3.
Then there is a positive constant A depending only onη and n with the following property: if
x ∈ U and R> 0, then

ω(x,U ∩ S(x,R),U ∩ B(x,R)) ≤ exp

(
2− A

R
wη(U)

)
.
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Proof of Theorem 1. Sufficiency. It is sufficient to show that there is a constantA6 ≥ 2 with the
following property: Letx ∈ D andξ ∈ ∂D be such that|x − ξ| = δD(x) < r0/2. Then there
are a pointy ∈ D ∩ B(ξ,A6δD(x)) with δD(y) ≥ 2δD(x) and a curvẽxy connectingx andy in
D ∩ B(ξ,A6δD(x)) such thatδD(z) ≥ δD(x)/A6 for everyz ∈ x̃y.

Let A6 ≥ 2 and putΩ = ω(·,D ∩ S(ξ,3A6δD(x)),D ∩ B(ξ,3A6δD(x))). Then (5) gives

Ω(x) ≥
1
A

(
δD(x)

3A6δD(x)

)α
=

1
A

(
1

3A6

)α
.

Let 2ε be the right hand side and letU be the connected component of{z ∈ D∩B(ξ,A6δD(x))) :
Ω(z) > ε} containingx. Observe thath = (Ω − ε)/(1− ε) is a harmonic function onU such that
0 ≤ h ≤ 1 onU andh = 0 on∂U ∩ B(ξ,A6δD(x)). Hence, the maximum principle yields

h(x) ≤ ω(x,U ∩ S(x, (A6 − 1)δD(x)),U ∩ B(x, (A6 − 1)δD(x))).

We claim that there is a pointy ∈ U with δD(y) ≥ 2δD(x), providedA6 is large. Suppose, to the
contrary,

δD(y) < 2δD(x) for all y ∈ U.

Then the CDC implieswη(U) ≤ 4δD(x) for someη > 0. In fact, for an arbitrary pointy ∈ U,
there isζ ∈ ∂D ∩ B(y,2δD(x)) by assumption. SinceB(ζ,2δD(x)) \ D ⊂ B(y,4δD(x)) \ D, it
follows from the homogeneity of Cap and the definition of the CDCthat

Cap(B(y,4δD(x)) \ D)
Cap(B(y,4δD(x)))

≥
Cap(B(ζ,2δD(x)) \ D)
ACap(B(ζ,2δD(x)))

≥ η

for someη > 0 independent ofy. Hencewη(U) ≤ 4δD(x). Now, Lemma 2 yields that

h(x) ≤ exp(2− A
(A6 − 1)δD(x)

4δD(x)
) = exp(2− A

(A6 − 1)
4

).

On the other hand

h(x) =
Ω(x) − ε

1− ε
≥
ε

1− ε
≥

1
2A

(
1

3A6

)α
.

Hence,A6 cannot be so large. In other words, the claim follows with sufficiently largeA6. Since
U is connected, we find a curvẽxy⊂ U connectingx andy. Let z ∈ x̃y. Then Lemma 1 implies
that

ε ≤ Ω(z) ≤ A

(
δD(z)

3A6δD(x)

)β
,

so thatδD(z) ≥ δD(x)/A for someA > 1. Thus the theorem is proved. �

3. P  T 2

The BHP is closely related to the so-called Carleson estimate.

Definition 4. We say that the Carleson estimate (abbreviated to CE) holds if there is a positive
constantA7 with the following property: Supposeξ ∈ ∂D, 0 < r < r0 and u is a positive
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harmonic function inD∩B(ξ,A7r) vanishing on∂D∩B(ξ,A7r). If y ∈ D∩B(ξ, r) andδD(y) ≥ εr
with 0 < ε < 1, then

u(x) ≤ Aεu(y) for x ∈ D ∩ B(ξ, r),
whereAε > 1 depends only onD andε.

This CE follows from the uniform BHP and (5).

Lemma 3. Suppose that the uniform BHP and(5) hold. Then the CE holds with A7 = A0.

Proof. Supposeξ ∈ ∂D, 0 < r < r0 andu is a positive harmonic function inD ∩ B(ξ,A0r)
vanishing on∂D ∩ B(ξ,A0r). LetΩ = ω(·,D ∩ S(ξ,A0r),D ∩ B(ξ,A0r)) and apply the BHP to
u andΩ. SinceΩ(x) ≤ 1, it follows from the BHP and (5) that

u(x) ≤ Au(y)

(
A0r
δD(y)

)α
for x, y ∈ D ∩ B(ξ, r).

Hence, ifδD(y) ≥ εr, thenu(x) ≤ Aε−αu(y). Thus the lemma follows. �

In the next lemma we give an upper estimate of the Green functionGD(x, y) for D. This is a
crucial step of the proof of Theorem 2. The main idea, a repeated application of the mean value
property, comes from [2, Lemma 2]. From now on we suppress thesubscriptD and writeG for
the Green function forD for simplicity.

Lemma 4. Suppose that the CE and the CDC hold. Then there is a positive constantτ such
that

G(x, y) ≤ Amin{δD(x), δD(y)}2−n exp(−τkD(x, y))
whenever x, y ∈ D and |x− y| ≥ 1

2 min{δD(x), δD(y)}.

Proof. We may assume thatδD(x) ≤ δD(y). Let D j = {z ∈ D : kD(x, z) < j} and M j =

supD\D j
G(x, ·). Obviously,{M j} is a nonincreasing sequence. We claim that there are positive

constantκ < 1 and positive integersk and j0 such thatM j ≤ κM j−k for j ≥ j0. Then we have
M j ≤ AM j0κ

( j− j0)/k for j ≥ j0 by induction. Takej such thaty ∈ D j \ D j−1; or in other words
j − 1 ≤ kD(x, y) < j. SinceM j0 ≈ δD(x)2−n with constant comparison depending only onj0, it
follows from the claim that

G(x, y) ≤ AδD(x)2−n exp(−τkD(x, y)) with τ = −k−1 logκ,

so that the lemma follows.
Now we prove the claim. Letu = G(x, ·). Takez ∈ D\D j with sufficiently largej. It is easy to

see that ifk is sufficiently large (depending only onA7), thenB(z, (1−(16A7)−1)δD(z))∩D j−k = ∅.
Hence

(7) u ≤ M j−k on B(z, (1− (16A7)
−1)δD(z)).

Takeξ ∈ ∂D such that|z− ξ| = δD(z).
Case 1. x < B(ξ,4−1δD(z)). In this caseu = G(x, ·) is a positive harmonic function on

D ∩ B(ξ,4−1δD(z)). Hence the CE implies

u ≤ Au(z∗) ≤ AM j−k on D ∩ B(ξ, (4A7)
−1δD(z)),
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wherez∗ is the point on the line segmentzξ such that|z∗ − ξ| = (8A7)−1δD(z). Here the second
inequality follows from (7), sincez∗ ∈ B(z, (1− (16A7)−1)δD(z)). By the maximum principle

u ≤ AM j−kω(·,D ∩ S(ξ, (4A7)
−1δD(z)),D ∩ B(ξ, (4A7)

−1δD(z))) on D ∩ B(ξ, (4A7)
−1δD(z)),

so that the CDC implies that

u ≤ AM j−k

(
4εδD(z)

(4A7)−1δD(z)

)β
= AM j−k(16A7ε)

β on D ∩ B(ξ,4εδD(z))

for 0 < 4ε < (4A7)−1. Lettingε be sufficiently small, we may assume that

u ≤
1
2

M j−k on D ∩ B(ξ,4εδD(z)).

Let wi ∈ zξ be the point such that|wi − ξ| = (3 + i)εδD(z) for i = 0, . . . ,N1 with N1 being the
greatest integer such that (3+ N1)ε ≤ 1. Then we observe that there is an integerl ≥ 1 such
thatD \D j−k−l includes∪N1

i=0B(wi ,2εδD(z)); and henceu ≤ M j−k−l there. Moreover,u ≤ 1
2M j−k ≤

1
2M j−k−l on B(w0, εδD(z)) ⊂ D ∩ B(ξ,4εδD(z)) ∩ B(w1,2εδD(z)). Hence the mean value property
for harmonic functions yieldsu ≤ κ1M j−k−l on B(w1, εδD(z)), whereκ1 < 1 depends only onε
and the dimensionn. Repeating this procedure, we obtainu(z) ≤ κM j−k−l with κ < 1 depending
only onN1, ε andn. Sincez ∈ D \ D j is arbitrary, it follows thatM j ≤ κM j−k−l. Thus the claim
with k+ l in place ofk follows in this case. See Figure 1.

u ≤ M j−k/2

u ≤ M j−k−l

ξ w0 w1 wN1

δD(z)

z∗ z

∂D

F 1. Case 1.

Case 2. x ∈ B(ξ,4−1δD(z)). In this caseu = G(x, ·) is a positive harmonic function on
D\B(ξ,4−1δD(z)). Observe thatT = B(ξ, 3

4δD(z))\B(ξ,4−1δD(z)) can be represented as the union
of open balls with centers onS(ξ,2−1δD(z)) and the common radius 4−1δD(z). Let z0 ∈ zξ with
|z0−ξ| = 2−1δD(z). Observe thatB(z0,4−1δD(z)) ⊂ B(z, δD(z)) ⊂ D. By elementary geometry, we
can find consecutive ballsB(zi ,4−1δD(z)) ⊂ T with |zi−1 − zi | ≤ 8−1δD(z) for i = 1, . . . ,N2 such
thatS(zN2,4

−1δD(z)) has a pointξ′ ∈ ∂D. Here the numberN2 of balls depends only onn. Then
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we observe that there is an integerl ≥ 1 (possibly larger than that in Case 1) such thatD \D j−k−l

includes∪N2
i=0B(zi ,8−1δD(z)) and henceu ≤ M j−k−l there. We apply the same argument as in

Case 1 forξ′ in place ofξ to obtainu(zN2) ≤ κM j−k−l and thenu(z) ≤ κM j−k−l by the repeated
application of the mean value property, whereκ < 1 andl ≥ 1 are possibly larger than those in
Case 1. Thus the claim follows in this case, too. See Figure 2. �

ξ

ξ′

δD(z)

z0

z1

zN2

z

x

T

∂D

F 2. Case 2.

The constantA0 in the definition of the BHP is, in general, very large. If we replace A0

by a smaller constant, then (3) may not hold. The problem arises from the disconnectivity of
D ∩ B(ξ, r). Although it is disconnected in general, it is included in one connected component
of D ∩ B(ξ,A0r) by the BHP. This observation is important in the following modified BHP.

Lemma 5. Let the uniform BHP hold. Then for each0 < ε < 1/2 there is a positive constant
Aε depending only onε, A0, A1 and n with the following property: Letξ ∈ ∂D and0 < r < r0.
Suppose that there is x∗ ∈ D ∩ B(ξ, r) with δD(x∗) ≥ 2εr and let U be a connected component
of D∩ B(ξ, r) containing x∗. If u and v are positive harmonic functions on D∩ B(ξ,2r) \ {x∗}
vanishing on∂D ∩ B(ξ,2r), then

(8)
u(x)/u(y)
v(x)/v(y)

≤ Aε

whenever x, y ∈ U \ B(x∗, εr).

Proof. We claim that ifζ ∈ U \ B(x∗, εr), then (8) holds forx, y ∈ D ∩ B(ζ, (6A0)−1εr). If
B(ζ, (3A0)−1εr) ⊂ D, then this follows from the usual Harnack inequality. Otherwise, we find
ζ′ ∈ ∂D such that|ζ′ − ζ | < (3A0)−1εr. Observe that

B(ζ′,
ε

2
r) ⊂ B(ξ, (1+

ε

3A0
+
ε

2
)r) ⊂ B(ξ,2r)
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and

|ζ′ − x∗| ≥ εr −
ε

3A0
r >
ε

2
r.

Hence,u andv are positive harmonic functions onD∩B(ζ′, εr/2) vanishing on∂D∩B(ζ′, εr/2),
so that the BHP implies (8) forx, y ∈ D∩ B(ζ′, (2A0)−1εr), which includesD∩ B(ζ, (6A0)−1εr).
Thus the claim follows. Now we find pointsζ1, . . . , ζN ∈ U \ B(x∗, εr) such that∪N

j=1B(ζ j , (7A0)−1εr)
is connected and coversU \B(x∗, εr), whereN depends only onε, A0 andn. Applying the claim
to ζ j repeatedly, we obtain (8) forx, y ∈ U \ B(x∗, εr). The lemma is proved. �

Remark6. If D ∩ B(ξ, r) is disconnected, then we may not be able to find aconnectedcover-
ing ∪N

j=1B(ζ j , (7A0)−1εr) of D ∩ B(ξ, r) \ B(x∗, εr). Thus we have to restrict our attention to a
connected component ofD ∩ B(ξ, r). See Lemma 8 below.

Let us observe that a uniform domain is characterized in terms of the quasihyperbolic metric
as follows:D is a uniform domain if and only if there are positive constants A andA′ such that

(9) kD(x, y) ≤ A log
δD(x) + δD(y) + |x− y|

min{δD(x), δD(y)}
+ A′ wheneverx, y ∈ D

(Gehring-Osgood [16]).

Proof of Theorem 2.The necessity follows from Theorems A and 1. Let us prove the suffi-
ciency. Suppose the uniform BHP and (5) hold. Letx, y ∈ D. We shall prove (9). Without loss
of generality we may assume thatδD(y) ≤ δD(x) andδD(x) is sufficiently small. Suppose first
|x − y| ≤ 1

2δD(x). Thenx andy can be connected by the line segmentxy ⊂ B(x, 1
2δD(x)) and

hencekD(x, y) ≤ A. Thus (9) follows. Suppose then|x − y| ≥ 1
2δD(x). Let r = |x − y| and take

ξ ∈ ∂D with δD(x) = |x − ξ|. Sincex, y ∈ D ∩ B(ξ,3r), it follows from the observation before
Lemma 5 thatx andy belong to the same connected component ofD ∩ B(ξ,3A0r). Theorem
1 yields thatD is a John domain with John constantcJ and John centerx0. Without loss of
generality, we may assume thatr is so small thatx0 < B(ξ,4A0r). Hencex is connected tox0

by γ satisfying (1), so that we findx∗ ∈ γ ∩ B(ξ,4A0r) such thatδD(x∗) ≥ cJA0r andx, y andx∗

altogether belong to the same connected componentU of D ∩ B(ξ,4A0r). Let R= 4A0r. Apply
Lemma 5 tou = G(x∗, ·) andv = ω(·,D ∩ S(ξ,2R),D ∩ B(ξ,2R)) with ε = cJ/8 andR in place
of r. We obtain

G(x∗, x′)
G(x∗, x)

/v(x′)
v(x)

≤ A for x′ ∈ S(x∗, cJA0r/2).

Hence, (5), Lemmas 3 and 4 yield

r2−n ≈ G(x∗, x′) ≤ A
v(x′)
v(x)

G(x∗, x) ≤ A

(
2R
δD(x)

)α
δD(x)2−n exp(−τkD(x, x∗)).

SinceR≈ r, it follows that

kD(x, x∗) ≤
n− 2+ α
τ

log
r
δD(x)

+ A.
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The same inequality holds fory in place ofx, and hence

kD(x, y) ≤ kD(x, x∗) + kD(x∗, y) ≤
2(n− 2+ α)

τ
log
|x− y|
δD(y)

+ A.

Thus (9) follows. The theorem is proved. �

4. P  T 3

The necessity is given in Theorem B. So, we have only to show thesufficiency. Since the
proof can be carried out almost analogous way to that of Theorem 2, we give only a sketch. The
same arguments as for Lemmas 3 and 4 give

Lemma 6. Suppose that the CDC, the uniform BHP with respect to the internal metric and(5)
hold. Then there is a positive constantτ such that

G(x, y) ≤ Amin{δD(x), δD(y)}2−n exp(−τkD(x, y))

whenever x, y ∈ D and |x− y| ≥ 1
2 min{δD(x), δD(y)}.

We need an estimate of the number of components of the intersection of an open ball and a
John domain.

Lemma 7. Suppose D is a John domain with John constant cJ and John center x0. Let A> 1.
If ζ ∈ D and 0 < r < r0 with small r0 > 0, then the number of connected components of
D ∩ B(ζ,Ar) intersecting D∩ B(ζ, r) is bounded by an integer depending only on A, n and the
John constant cJ of D.

Proof. Let U be a connected component ofD ∩ B(ζ,Ar) intersectingD ∩ B(ζ, r). If δD(ζ) ≥ r,
then D ∩ B(ζ, r) = B(ζ, r) and U includesB(ζ, r), so that there is just one such connected
component. Suppose, otherwise, 0≤ δD(ζ) < r < r0. Making r0 small, if necessary, we may
assume thatx0 does not lie inB(ζ,Ar). Takex ∈ U ∩ D ∩ B(ζ, r). Thenx can be connected to
x0 by a curveγ satisfying (1). So, we findy ∈ γ ∩ U with δD(y) ≥ cJ(A − 1)r, and hence the
volume ofU is comparable torn. Therefore, the number of suchU is bounded by a constant
depending only onA, cJ andn. �

Remark7. Note thatD ∩ B(ζ,Ar) may have infinitely many connected components, which
accumulate toS(ζ,Ar).

Using Lemma 7, we obtain a counterpart of Lemma 5.

Lemma 8. Let the uniform BHP with respect to the internal metric, the CDCand (5) hold.
Then for each0 < ε < 1/2 there is a positive constant Aε depending only onε, A2, A3 and n
with the following property: Letξ ∈ ∂D, 0 < r < r0, U a connected component of D∩ B(ξ, r)
and V a connected component of D∩ B(ξ,2r) including U. Suppose that there is x∗ ∈ U with
δD(x∗) ≥ 2εr. If u and v are positive harmonic functions on V\ {x∗} vanishing on∂D∩ ∂V, then
(8) holds for x, y ∈ U \ B(x∗, εr).
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Proof. Let ζ ∈ U \ B(x∗, εr) andV a connected component ofD ∩ B(ζ, (6A2)−1εr). Then the
same argument as in the proof of Lemma 5 shows

(10)
u(x)/u(y)
v(x)/v(y)

≤ A for x, y ∈ V.

Now we findζ1, . . . , ζN ∈ U \ B(x∗, εr) such that∪N
j=1B(ζ j , (7A2)−1εr) coversU\B(x∗, εr), where

N depends only onε, A2 andn. Let W be a connected component ofD ∩ B(ζ j , (7A2)−1εr) inter-
sectingU\B(x∗, εr). ThenW is included in some connected componentV of D∩B(ζ j , (6A2)−1εr).
Lemma 7 implies that the number of such componentsV is bounded, sinceD is a John do-
main by Theorem 1. This applies to eachD ∩ B(ζ j , (7A2)−1εr) intersectingU \ B(x∗, εr) for
j = 1, . . . ,N. Hence we enumerate theseV asV1, . . . ,VM and obtain a connected covering
∪M

i=1Vi of U \ B(x∗, εr), whereM depends only onε, A2 andn. This, together with (10), yields
the lemma. �

Proof of Theorem 3.The necessity follows from Theorems B and 1. We have only to prove the
sufficiency. Suppose the uniform BHP with respect to the internal metric and (5) hold. Let
x, y ∈ D. We may assume thatr = ρD(x, y) ≥ 1

2δD(x) andr is sufficiently small. Takeξ ∈ ∂D
with δD(x) = |x − ξ|. Thenx andy belong to the same connected component ofD ∩ B(ξ,3r).
SinceD is a John domain with John constantcJ for some 0< cJ < 1 by Theorem 1, we find
x∗ ∈ γ ∩ B(ξ,4A0r) such thatδD(x∗) ≥ cJA0r and x, y and x∗ altogether belong to the same
connected component ofD ∩ B(ξ,4A0r). Use Lemmas 6 and 8 instead of Lemmas 4 and 5.
Then the rest of the proof is verbatim as in the proof of Theorem 2. �
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[25] J. Väis̈alä,Uniform domains, Tohoku Math. J. (2)40 (1988), no. 1, 101–118.
[26] , Relatively and inner uniform domains, Conform. Geom. Dyn.2 (1998), 56–88 (electronic).
[27] J. M. G. Wu,Comparisons of kernel functions, boundary Harnack principle and relative Fatou theorem on

Lipschitz domains, Ann. Inst. Fourier (Grenoble)28 (1978), no. 4, 147–167.

D  M, S U, M 690-8504, J
E-mail address: haikawa@math.shimane-u.ac.jp


