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AsstracT. We give necessary andffigient conditions in terms of potential theoretic propextie
for a bounded domain satisfying the capacity density camuib be a John domain, a uniform
domain and an inner uniform domain, respectively.

1. INTRODUCTION

A large number of works have been devoted to the study of giatéimeory for nonsmooth do-
mains, such as Lipschitz domains, NTA domains, uniform domaohn domains anddttler
domains, since the pioneering works of Carleson [12] and Minéeden [18, 19] for Lipschitz
domains. Among them, the boundary Harnack principle (abated to BHP) and the identi-
fication of the Martin boundary played a central role. Seedkac[5], Dahlberg [13] and Wu
[27] for Lipschitz domains, Jerison-Kenig [20] for NTA doma, Bass-Burdzy [10] for Hider
domains, [1] and [4] for uniform domains and uniformly Jolonthins. See [3] for a survey.
These studies are motivated by the desire to generalizesthratric conditions imposed on a
domain to guarantee potential theoretic properties, sa¢heaboundary Harnack principle.

This paper is in the opposite direction. Namely, we shak@ume potential theoretic prop-
erties which yield geometric properties of the domain. Qamditions will be necessary and
suficient, provided the domain satisfies the capacity densihdition. To be more precise,
we use the following notation. Throughout the paper welldbe a bounded domain iR"
with n > 2 and letép(x) = dist(x,dD). We write B(x, r) andS(x, r) for the open ball and the
sphere of center atand radiug, respectively. By the symbd we denote an absolute positive
constant whose value is unimportant and may change frontdihiee. If necessary, we use
Ao, Ay, ..., to specify them. We shall say that two positive quantifeand f, are comparable,
written f, ~ f,, if and only if there exists a constaAt> 1 such thatA'f, < f, < Af,. The
constantA will be called the constant of comparison.

Let us recall the definitions of some nonsmooth domains. Wels#t D is aJohn domain
with John constant; > 0 and John centex, € D if eachx € D can be joined ta by a
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rectifiable curvey such that

(1) oo(y) = Cof(y(x.y)) forallyey,

wherey(x,y) and{(y(x,y)) stand for the subarc of connectingx andy and its length, respec-
tively. In general, O< c; < 1. A John domain may be visualized as a domain satisfying a
twisted cone condition. We say thBtis a uniform domainif there exist constantd and A’
such that each pair of pointsy € D can be joined by a rectifiable curge c D such that
{(y) < Alx -yl and

2) min{t(y(x, 2)), ((r(z y)} < Adp(2)  forallze y.

See Gehring-Martio [15], Gehring-Osgood [16] andi¥la [25]. Let O0< ¢ < 1. Forx,y € D,
a Harnack chainfrom xtoy in D is a sequenc(aB(xj,c(SD(xj))};.\‘:0 such thatxy = X, Xy = ¥
andB(X;_1, cdp(Xj-1)) N B(X;, cSp(X;)) # 0 for j = 1,...,N. The numbeN is referred to as the
length of the Harnack chain. The valueais not important and we may take= 1/2. We say
thatD is anontangentially accessible domain anNTA domairif there exist constantd and
ro with the following property:

(i) Corkscrew condition. For anfye dD and O< r < rq, there exists a poirte DNB(&, )
such thatp(x) ~ r.
(i) The complement oD satisfies the corkscrew condition.
(i) Harnack chain condition. It > 0, andx,y € D with 6p(X) > &, dp(y) > ¢ and
X —Y| < Cg, then there exists a Harnack chain frarto y whose length depends @)
but note.

See Jerison-Kenig [20]. It is easy to see that if the compigmia uniform domairD satisfies
the corkscrew condition, thed becomes an NTA domain. We define ihaer length distance
Ap(X.y) by

Ap(X,y) = inf{(y) : v is a curve connecting andy in D}

for x,y € D. We say thaD is aninner uniform domainf there exists a constait > 1 such
that each pair of points,y € D can be connected by a curyec D with £(y) < A1p(X,y) and
(2). This definition is due to Bonk-Heinonen-Koskela [11].eJtshowed that an inner uniform
domain is a Gromov hyperbolic domain. Timmer diameter metrior internal metricop(X, y)

is similarly defined by

pp(X,y) = inf{diam(y) : y is a curve connecting andy in D},

where diamy) denotes the diameter ¢f We say thaD is auniformly John domairf there
exists a constanrA > 1 such that each pair of poinisy € D can be connected by a curve
vy c D with £(y) < Aop(X,y) and (2). This definition is due to Balogh-Volberg [8, 9]. Otwsly
IX=Yl < pp(XY) < Ap(X,y). It turns out that theyp (X, y) ~ Ap(X,y) for a John domain (¥isala
[26, Theorem 3.4]). Hence an inner uniform domain is a unifgrJohn domain and vice versa.
The relationships among above domains are summarized as

NTA <& Uniform & Inner uniform = Uniformly John & John.
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Though we used the terminology “uniformly John domain” ie firevious paper [4], we shall
use “inner uniform domain” in this paper, since it is closkhked with uniform domains than
with John domains (see Theorems 2 and 3 below).

Now we consider potential theoretic properties and theineations to the above nonsmooth
domains.

Definition 1. We say that a domaib enjoys theuniform BHPIf there exist constantdy, A; >
1 andry > 0 depending only o with the following property: Let € dD and let O< r < ro.
Supposeal andv are positive harmonic functions dh N B(¢, Agr), bounded orD N B(¢, Aqgr)
and vanishing o@D N B(¢&, Agr) except for a polar set. Then

u(x)/u(y)
© VRING)
In [1, Theorem 1], we proved the following.

A;, wheneverx,y € D N B(é,r).

Theorem A. A uniform domain satisfies the uniform BHP.

We shall give a converse of Theorem A. The definition of a unifdomain is very sensitive
about the boundary; if we remove a closed polar set from tmeagtoD, thenD may not be
a uniform domain, whereas the uniform BHP remains to hold. vBoneed some additional
assumption on the boundary in order to obtain a converse. fdllwving capacity density
condition(abbreviated to CDC) is reasonable and widely known.

Definition 2. By Cap we denote the logarithmic capacityi& 2, and the Newtonian capacity
if n> 3. We say that the CDC holds if there exist constats 1 andr, > 0 such that

Ar ifn=2

Ca ,1)\ D) > ) ’

PB(£.1)\ D) {Ar”‘2 if n> 3,

whenever € 9D and O< r < ro.

See Armitage-Gardiner [7, Chapter 5] for the definition arddioperties of capacities. Since
Cap@(¢,r)) = Arif n= 2 and CapB(¢,r)) = Ar"2if n > 3, we can rewrite the above condition

" CapB(.n)\ D) _ 1
CapBE) - A

It is easy to see that if the volume B{¢, r) \ D is comparable to", then the CDC holds.

Remarkl. The CDC can be also stated in terms of Green capacityULe¢ an open set with
Green functionGy, i.e., for each fixed/ € U, —AG(-,y) = ¢, in U in the distribution sense
andG(-, y) vanishes odU except for a polar set. The Green capacity (&) for a Borel set

E c U is defined by

Cap,(E) = sugu(E) : Gyu < 1 onU, uis a Borel measure supported Bh
In the usual way Cap(E) extends to a general sétc U. Then the CDC holds if and only if
Capyon(BE)\D) 1

=

Capy (B, 1)) A
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In the previous paper [1, 2, 4] we adopted this charactéoizatThis has the advantage of
unified treatments of the cases= 2 andn > 3. For example Cag. ,(B(¢,r)) = Ar"-2 for

n > 2 with A depending only on the dimension See also the capacitary width in Lemma 2
below.

Remark2. If D satisfies the CDC, thel is regular and the assumption omndv for the BHP
becomes thati andv are positive and harmonic dd N B(&, Agr) and continuously vanish on
0D N B(¢, Agr). In the sequel, we assume the CDC and use this simplified gégum

Ancona [6, Lemma 3] showed that the CDC has an equivalent fiation in terms of har-
monic measure. We write(-, E, U) for the harmonic measure over an openedf E c U,
i.e., w(, E, U) is the Dirichlet solution inJ of the boundary functioge (see e.g. [7, Chapter
6]). The CDC holds if and only if there exist constagts 0, A > 1 andry > 0 such that

X ¢

r

B
4) w(X,DNSE,r),DNBE,r)) < A( ) for xe DN B(¢&, 1),
wheneveré € 9D and O< r < ro. See also [2] for the connection to the Dirichlet problem.
Under the assumption of the CDC, we can characterize a Johnimaanaiform domain and a
uniformly John domain in terms of potential theoreticalgedies.

Theorem 1. Let D satisfy the CDC. Then D is a John domain if and only if th&rsteonstants
a >0, A>1andrp > 0such that

op(X)
r

(5) w(X,DNS(,r),DNBE,r)) > %( )a for x e D N B(¢, %‘),

wheneveg € 9D and0 < r < rg.
Remarl3. In general, < 8 < 1 < a. If D is smooth, then we may let= = 1.
The following theorem includes a converse of Theorem A.

Theorem 2. Let D satisfy the CDC. Then D is a uniform domain if and only ifthéorm BHP
and (5) hold.

Remarkd. Jerison-Kenig [20] developed a fruitful potential theoryan NTA domain, includ-
ing the BHP and the Carleson estimate (See Definition 4 below).NAA domain can be
regarded as a uniform domain with the corkscrew conditiothefcomplement. The require-
ment of the complement, needed for the construction of atmibarrier, may be replaced by
a more general condition, CDC. Thus the arguments of Jerigamgitemain to hold for a uni-
form domain with CDC. Our Theorem 2 asserts its conversejfi& domain enjoys the CDC,
the BHP and (5), then it must be a uniform domain. On the othed h&heorem A does not
rely on a uniform barrier and, as a result, it is valid for afonmh domain without CDC. Theo-
rem A was derived in a spirit of Bass-Burdzy [10] rather thanhmy method of Jerison-Kenig.
Characterization of a uniform domain without CDC remains open
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Remark5. Uniform domains are known to beice domains of analysis appearing in many
contexts (Jones [21, 22], Gehring [14], Gotoh [17], Bonk+téeien-Koskela [11]), although
their boundaries may be very complicated. Our charact&sizgrovides another example of
this nature. See also Smith-Stegenga [23] and StegengaH 4] for characterizations of a
Holder domain, a domain satisfying the quasihyperbolic imetndition.

A ball of center at a boundary point with respect to the iriémetric becomes a connected
component of the intersection of a Euclidean ball and theador{4, Lemma 2.2]). So, we
arrive at the following version of the uniform BHP, which is@perty weaker than the uniform
BHP.

Definition 3. We say that a domai® enjoys theuniform BHPwith respect to the internal
metric if there exist constan®,, Az > 1 andr, > 0 depending only o with the following
property: Leté € dD, 0 < r < ro, U a connected component Bfn B(&,r) andV a connected
component oD N B(&, Aor) includingU. Supposelr andv are positive harmonic functions on
V vanishing orvD N gV. Then

% < Az, wheneverxy e U.

In [4, Theorem 3.1], we proved the following.

Theorem B. An inner uniform domain satisfies the uniform BHP with respedhe internal
metric.

The following characterization includes a converse of TaeoB.

Theorem 3. Let D satisfy the CDC. Then D is an inner uniform domain if andydhithe
uniform BHP with respect to the internal metric a(ts) hold.

It is known that a finitely connected planar domain withouagéton boundary components
satisfies the CDC. Hence we have the following corollaries.

Corollary 1. Let D be a bounded finitely connected planar domain. Thendli@fing state-
ments hold:
(i) Dis aJohn domain if and only i5) holds.
(i) D is a uniform domain if and only if the uniform BHP affs) hold.
(ii) Disaninner uniform domain if and only if the uniform BHP wi#tspect to the internal
metric and(5) hold.

2. PrRooOF oF THEOREM 1

We define the quasihyperbolic metkig(x, y) by
. dg2)
Ko(x,y) = inf f ;
p(X.Y) ) ), 50@

where the infimum is taken over all rectifiable curgesonnecting«toy in D. We observe that
the shortest length of a Harnack chain connectragndy is comparable tép (X, y). Hence, in
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view of the Harnack inequality, there is a positive constgdepending only on the dimension
n such that

(6) expl-Adko(x.y)) < )

h) < expAskp(X,y))

for every positive harmonic functiomon D.

Proof of Theorem 1. NecessitgupposeD is a John domain with John constariitand John
centerxg. Leté e dDand O< r < rgand letQ = w(-,D N S(&,r),D N B(&,r)). Take
x € D N B(&,r/As) with As > 1. By definition we find a rectifiable curyeconnectingk andxg
such thatp(y) > c;0(y(x,y)) for anyy € y. Letx* be the first hit ofy to S(&,r). We observe that
Sp(x*) > cy(1- AZY)r andkp(x, x*) < Alog(r/ép(x)) +A. We findx € y(x, x*) N B(X", 6p(X*)/2)
with Kpngen (X, X) < Alog(r/6p(X)) + A. ThenQ(x’) ~ 1 and

QX ro\*
(x) < expPukonee,n (X, X)) < A(—)

Q(x) op(X)
with @ > 0 depending o by (6). Hence (5) follows. O
For the sifficiency we prepare the following two lemmas.

Lemma 1. Suppose D satisfies the CDC. et 9D and0 < r < rp and letQ = w(-,D N
S(,r),DNB(&,r)). Then

op(X)
r

B
Q(x) < 33A( ) for xe D N B(&,r/3).

Proof. Let x € D N B(&,r/3). Thendp(X) < r/3 and there ig € 9D with 6p(X) = |X - £]. We
observe thaB(Z,r/3) c B(&, r). The maximum principle oveld N B(Z, r/3) gives

B B
Q() < w(x. DN S 1/3)D N BE.1/3) < A(éf f?) =¥ A(éDr(X)) ’

where the second inequality follows from the CDC applied &ndr /3 in place of¢ andr. O
The following lemma ([1, Lemma 1]) includes a crucial estiema

Lemma 2. LetO < n < 1. For an open set LWt R" we define the capacitary width, (@) by

CapB(x.r) \ U)
Cap@B(x,r))
whereCapstands for the logarithmic capacity if a 2, and the Newtonian capacity if p 3.

Then there is a positive constant A depending onlyy @md n with the following property: if
x e U and R> 0, then

w,,(U):inf{r>O: >n forallxeu},

w(X, U NS(x,R),UNB(XR) < exp(z - AW;U))'
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Proof of Theorem 1. Sficiency. It is suficient to show that there is a const#gt> 2 with the
following property: Letx € D and¢ € 9D be such thafx — | = 6p(X) < ro/2. Then there
are a pointy € D n B(¢, Asop(X)) with 6p(y) > 26p(X) and a curvexy connectingx andy in
D N B(¢, Asdp(X)) such thabp(2) > dp(X)/As for everyz e Xy.
Let Ag > 2 and putQ = w(-, D N S(¢, 3Asdp(X)), D N B(£, 3As0p(X))). Then (5) gives
1( 6o \" 1( 1)

000 = A(eAe(sD(x)) i A(3A6) |

Let 2¢ be the right hand side and lEtbe the connected component{aE D N B(¢, Asdp(X))) :

Q(2) > &} containingx. Observe thalh = (Q — €)/(1 - &) is a harmonic function o) such that
0<h<1onUandh=00ndU n B(, Asdp(X)). Hence, the maximum principle yields

h(X) < w(x, U N S(x, (As — 1)dp(X)), U N B(X, (As — 1)op(X)))-
We claim that there is a poigte U with 6p(y) > 26p(X), providedAg is large. Suppose, to the
contrary,
op(y) < 26p(x) forallye U.

Then the CDC impliesv,(U) < 46p(x) for somen > 0. In fact, for an arbitrary poing € U,
there is¢ € dD N B(y, 26p(X)) by assumption. SincB(Z, 25p(X)) \ D ¢ B(y, 46p(X)) \ D, it
follows from the homogeneity of Cap and the definition of the Cibé&t

CapB(y. 490(x)\ D) | CapB. 200()\D)

Cap@B(y.460(x))) ~ ACap@B({,20p(x))

for somen > 0 independent of. Hencew, (U) < 46p(X). Now, Lemma 2 yields that
(As = 1)oo(X) (As— 1)

25500 ) = exp(2—- AT)'

h(x) < exp(2- A

On the other hand
h(x) =

Q(X)—¢ £ 1(1)\"

> > —|==] .
l1-¢ 1-¢ 2A\3As

Hence As cannot be so large. In other words, the claim follows witlisiently largeAs. Since

U is connected, we find a curwg c U connectingx andy. Letz € Xy. Then Lemma 1 implies

that
op(2) )ﬁ
e<Q@ <A ,
@ (3A65D(X)
so thatép(2) > 6p(X)/Afor someA > 1. Thus the theorem is proved. O

3. Proor oF THEOREM 2
The BHP is closely related to the so-called Carleson estimate.

Definition 4. We say that the Carleson estimate (abbreviated to CE) holdsré tis a positive
constantA; with the following property: Supposé € 0D, 0 < r < rg andu is a positive
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harmonic function irD N B(&, Azr) vanishing ordDNB(&, Azr). If y € DNB(¢, r) anddp(y) > er
with 0 < £ < 1, then
u(x) < A.u(y) forxe DN B(g,r),

whereA, > 1 depends only oD ande.
This CE follows from the uniform BHP and (5).
Lemma 3. Suppose that the uniform BHP af) hold. Then the CE holds with;A= Ao.

Proof. Supposet € dD, 0 < r < rg andu is a positive harmonic function iD N B(&, Aor)
vanishing orvD N B(¢, Agr). LetQ = w(-, D N S(&, Aor), D N B(£, Agr)) and apply the BHP to
uandQ. SinceQ(x) < 1, it follows from the BHP and (5) that

Aor )“
ux) < A — for x,y e DN B(&,r).
() u(y)( 5 y (&)
Hence, if5p(y) > er, thenu(x) < As~*u(y). Thus the lemma follows. |

In the next lemma we give an upper estimate of the Green famG&(x, y) for D. Thisis a
crucial step of the proof of Theorem 2. The main idea, a regaeapplication of the mean value
property, comes from [2, Lemma 2]. From now on we suppressubscriptD and writeG for
the Green function foD for simplicity.

Lemma 4. Suppose that the CE and the CDC hold. Then there is a positiviamdn such
that

G(x.y) < Amin{sp(X), 6o(y)}* " expEko(X, Y))
whenever xy € D and|x—-Yy| > % min{dp(X), dp(Y)}.

Proof. We may assume thap(X) < op(y). LetD; = {z € D : kp(X,2 < j} andM; =
SURp, G(x,-). Obviously,{M;} is a nonincreasing sequence. We claim that there are positiv
constank < 1 and positive integers and jo such thatM; < kM;_ for j > jo. Then we have

M; < AM, U1/ for j > o by induction. Takej such thaty € D; \ Dj_s; or in other words

j —1<ko(xy) < j. SinceMj, ~ dp(X)>™" with constant comparison depending only jgnit
follows from the claim that

G(x,Y) < Asp(X)* "expltko(x y)) with v = -k tlogk,

so that the lemma follows.

Now we prove the claim. Lat = G(X, -). Takez € D\ D; with suficiently largej. Itis easy to
see that ik is suficiently large (depending only o), thenB(z, (1-(16A7) 1)dp(2)NDj« = 0.
Hence
(7) u< My onB(z (1- (16A))ép(2).

Take¢ € 9D such thatz— &| = 6p(2).
Case 1.x ¢ B(£,47%p(2). In this caseu = G(x,-) is a positive harmonic function on
D N B(¢,4716p(2). Hence the CE implies

u< AuZ) < AM;« onD n B, (4A7) 65(2),
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wherez is the point on the line segment such thaiz' — ¢ = (8A;)*6p(2). Here the second
inequality follows from (7), since* € B(z (1 - (16A;) 1)6p(2)). By the maximum principle

U < AMj_w(-, D N S, (4A7) 6p(2). D N B(£, (4A7) 60(2)))  onD N B(, (4A7)*6p(2),
so that the CDC implies that
4e0p(2)
(4A7)"Yop(2)
for 0 < 4e < (4A;)71. Letting e be suficiently small, we may assume that

B
u=< AMj_k( ) = AMj_k(16A78)ﬂ onDnN B(-f, 485D(Z))

1
u< EMj_k on D N B(¢, 4e6p(2)).

Letw; € z£ be the point such thaiy — & = (3 +i)edp(2) fori = 0,..., N; with N; being the
greatest integer such that {3N;)e < 1. Then we observe that there is an integer 1 such
thatD \ Dj_is includesu™ B(wi, 2e5p(2)); and hencel < Mj_i; there. Moreoven) < 1M <
£Mj_i 0N B(Wo, £6p(2)) € D N B(¢, 4e6p(2)) N B(Wy, 266p(2)). Hence the mean value property
for harmonic functions yields < «1Mj_x_; on B(wy, £6p(2)), wherekx; < 1 depends only oa
and the dimension. Repeating this procedure, we obtai) < «M;_¢_; with x < 1 depending
only onNy, € andn. Sincez € D \ Dj is arbitrary, it follows thatM; < «M;__;. Thus the claim
with k + | in place ofk follows in this case. See Figure 1.

Ficure 1. Case 1.

Case 2. x € B(¢,47%p(2). In this caseu = G(x,-) is a positive harmonic function on
D\ B(¢, 4-15p(2)). Observe thal = B(£, 26p(2))\ B¢, 4-16p(2)) can be represented as the union
of open balls with centers o8(¢, 2 6p(2)) and the common radius % (2). Letz, € z£ with
|zo—&| = 27155 (2). Observe thaB(z,, 4 6p(2)) € B(z 6p(2)) c D. By elementary geometry, we
can find consecutive balB(z, 4 155(2)) ¢ T with |z_1 — z| < 8 %6p(2) fori = 1,..., N, such
that S(zy,, 4 6p(2)) has a point’ € dD. Here the numbeN, of balls depends only on. Then
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we observe that there is an inte¢jer 1 (possibly larger than that in Case 1) such BatD;_y_
includesui“foB(zi,8‘16D(z)) and hencas < Mj_, there. We apply the same argument as in
Case 1 for’ in place of¢ to obtainu(zy,) < kM;__; and thenu(z) < kMj_| by the repeated
application of the mean value property, where 1 andl > 1 are possibly larger than those in
Case 1. Thus the claim follows in this case, too. See Figure 2. O

Ficure 2. Case 2.

The constan®y, in the definition of the BHP is, in general, very large. If we leg@ Ag
by a smaller constant, then (3) may not hold. The problenearfisom the disconnectivity of
D n B(&,r). Although it is disconnected in general, it is included meaonnected component
of D N B(£, Agr) by the BHP. This observation is important in the followingdifeed BHP.

Lemma 5. Let the uniform BHP hold. Then for eabh< ¢ < 1/2 there is a positive constant
A, depending only om, Ay, A; and n with the following property: Lete 0D and0 < r < r.
Suppose that there is x D N B(&,r) with 6p(X*) > 2er and let U be a connected component
of D N B(¢,r) containing X. If u and v are positive harmonic functions onfDB(¢&, 2r) \ {X*}
vanishing oroD N B(¢, 2r), then
ux)/uly) _
® V) =

whenever xy € U \ B(x*, er).

Proof. We claim that ifZ € U \ B(x*, er), then (8) holds forx,y € D n B((, (6A) ter). If
B(Z, (3A0) ter) c D, then this follows from the usual Harnack inequality. Othise, we find
" € 0D such that?” - ¢| < (3A)ter. Observe that

B(¢, gr) c B(¢, (1 + i + g)r) c B(¢, 2r)
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and
, w E E
| =X | >é&r — —r > ~I.

A0 2
Henceu andv are positive harmonic functions @n B({’, er /2) vanishing ordDNB({’, er/2),
so that the BHP implies (8) for,y € D N B(¢’, (2A) ter), which includeD n B(Z, (6Ag) Ler).
Thus the claim follows. Now we find points, ...,y € U \ B(x*, er) such thanN:lB(gj, (7A0)ter)
is connected and covels\ B(x", er), whereN depends only or, Ag andn. Applying the claim
to ¢; repeatedly, we obtain (8) fogy € U \ B(x", er). The lemma is proved. O

Remark6. If D N B(¢,r) is disconnected, then we may not be able to firmbanectedover-
ing U;.\‘ZlB(gj, (7TA))ter) of D N B(&,r) \ B(x*, er). Thus we have to restrict our attention to a
connected component 8N B(&,r). See Lemma 8 below.

Let us observe that a uniform domain is characterized ingexiithe quasihyperbolic metric
as follows:D is a uniform domain if and only if there are positive conssahandA’ such that

op(X) + dp(y) + X -l

9) ko(x.y) < Alog min{dp(X), p(y)}

+ A" wheneverx,y € D

(Gehring-Osgood [16]).

Proof of Theorem 2The necessity follows from Theorems A and 1. Let us prove titg-s
ciency. Suppose the uniform BHP and (5) hold. ket € D. We shall prove (9). Without loss
of generality we may assume th&(y) < 6p(x) anddp(X) is suficiently small. Suppose first
X—-Yy < %5D(x). Thenx andy can be connected by the line segmaptc B(x, %6D(x)) and
hencekp(x,y) < A. Thus (9) follows. Suppose théxn—y| > %5D(x). Letr = [x—y| and take
& € dD with 6p(X) = |x — £]. Sincex,y € D N B(¢, 3r), it follows from the observation before
Lemma 5 thatx andy belong to the same connected componerDaf B(&, 3Aqr). Theorem
1 yields thatD is a John domain with John constaijtand John centex,. Without loss of
generality, we may assume thais so small thaty ¢ B(£, 4Aqr). Hencex is connected tog
by y satisfying (1), so that we fing* € vy N B(&, 4Ar) such thatp(X*) > c;Aqr andx, y andx®
altogether belong to the same connected compdaesitD N B(£, 4Aqr). LetR = 4Aqr. Apply
Lemma 5 tou = G(x*, -) andv = w(-, D N S(£, 2R), D N B(¢, 2R)) with € = ¢;/8 andR in place
of r. We obtain

G(x*, X) v(X) , *
G(X*, X) V(X) <A forx e S(X , CJAOr/Z).

Hence, (5), Lemmas 3 and 4 yield

r> "~ G(x*, X) < A%G(x", X) < A(%(RX)) 5o(X)> " exptkp(X, X)).

SinceR ~ r, it follows that

nN-2+a«a r
kp(Xx, X*) < I A
o(X, X) . OgéD(x)+
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The same inequality holds fgrin place ofx, and hence

2h-2+a) o X -yl A
op(y)
Thus (9) follows. The theorem is proved. O

kD(Xa y) < kD(X, X*) + kD(X*7 y) <

4. Rroor oF THEOREM 3

The necessity is given in Theorem B. So, we have only to shovgufiieiency. Since the
proof can be carried out almost analogous way to that of @@, we give only a sketch. The
same arguments as for Lemmas 3 and 4 give

Lemma 6. Suppose that the CDC, the uniform BHP with respect to the intenetric and(5)
hold. Then there is a positive constarguch that

G(x,y) < Amin{sp(x), 6p(y)}* " exptko(X, Y))
whenever xy € D and|x-Yy| > % min{ép(X), op(Yy)}.

We need an estimate of the number of components of the ictemsef an open ball and a
John domain.

Lemma 7. Suppose D is a John domain with John constardrad John centerx Let A> 1.

If £ e Dand0 < r < ry with small > 0, then the number of connected components of
D n B(Z, Ar) intersecting DN B(Z, r) is bounded by an integer depending only on A, n and the
John constant gof D.

Proof. Let U be a connected componentDfn B(Z, Ar) intersectingD N B(Z,r). If 6p(0) > 1,
thenD n B(Z,r) = B(Z,r) andU includesB(Z,r), so that there is just one such connected
component. Suppose, otherwises®p(l) < r < ro. Makingrg small, if necessary, we may
assume that, does not lie inB(Z, Ar). Takex € U n D N B(Z,r). Thenx can be connected to
Xo by a curvey satisfying (1). So, we fingd € y n U with 6p(y) > c;(A - 1)r, and hence the
volume ofU is comparable te". Therefore, the number of suth is bounded by a constant
depending only o, c; andn. |

Remark?7. Note thatD n B(Z, Ar) may have infinitely many connected components, which
accumulate t&(Z, Ar).

Using Lemma 7, we obtain a counterpart of Lemma 5.

Lemma 8. Let the uniform BHP with respect to the internal metric, the Caxl (5) hold.
Then for eaclD < & < 1/2 there is a positive constant,Alepending only os, Ay, As and n
with the following property: Lef € dD, 0 < r < rp, U a connected component ofB(&, r)
and V a connected component of IB(¢, 2r) including U. Suppose that there i$ ® U with
dp(X*) > 2er. If u and v are positive harmonic functions on\¥x*} vanishing oroD N gV, then
(8) holds for xy € U \ B(x", er).
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Proof. Let ¢ € U \ B(x*, er) andV a connected component Bf N B(¢, (6Ay)ter). Then the
same argument as in the proof of Lemma 5 shows

u()/ul) _
v(x)/v(y) ~
Now we findZy, ..., 4y € U\ B(x*, er) such thaUg\'le(g,-, (7A;)er) coversU\B(x", er), where

N depends only om, A; andn. Let W be a connected component®di B(¢;, (7Az) ter) inter-
sectingU\B(x*, er). ThenW is included in some connected componémf DNB(Z;, (6Az) ter).
Lemma 7 implies that the number of such componéhis bounded, sinc® is a John do-
main by Theorem 1. This applies to eabh B(¢;, (7Az) ter) intersectingU \ B(x", er) for

j = 1,...,N. Hence we enumerate the¥easVy,...,Vy and obtain a connected covering
uM Vi of U \ B(x", er), whereM depends only og, A, andn. This, together with (10), yields
the lemma. |

(10) A forxyeV.

Proof of Theorem 3The necessity follows from Theorems B and 1. We have only dogthe
suficiency. Suppose the uniform BHP with respect to the interretrimmand (5) hold. Let
X,y € D. We may assume that= pp(X,y) > %6D(x) andr is suficiently small. Take € 9D
with 6p(X) = |x — £. Thenx andy belong to the same connected componer of B(¢, 3r).
SinceD is a John domain with John constamtfor some O< ¢; < 1 by Theorem 1, we find

X € y N B(& 4Ar) such thatop(x*) > c;Ar andx,y and x* altogether belong to the same
connected component @ N B(¢, 4Aqr). Use Lemmas 6 and 8 instead of Lemmas 4 and 5.
Then the rest of the proof is verbatim as in the proof of Theo?e O
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