Generalized Cranston-McConnell inequalities

and Martin boundaries of unbounded domains

HIROAKI AIKAWA AND MINORU MURATA

ABSTRACT. Let D be a domain in R? with the Green function G(z,y) for the Laplace
equation. We give a generalization of the Cranston-McConnell inequality concerning the
integrability of positive harmonic functions on D. A typical new inequality is

1 n n
e /D (e uput) [T vty < e /D [[ vt

where v and v1,...,v, are positive superharmonic functions on D and ¢, is a constant
depending only on n. The generalized Cranston-McConnell inequality is used for the
determination of the Martin boundary of a certain unbounded domain.
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1. Introduction

Let D be a domain in R? with the Green function G(z,y) for the Laplace equation. By
|D| we denote the area of D. In [7] Cranston and McConnell established the following
inequality.

Theorem A. There exists an absolute constant ¢ such that if D is a domain of finite
area and u is a positive harmonic function on D, then for x € D

=),
— [ G(z,y)u(y)dy < ¢[D|.
u(z) Jp

The main aim of this paper is to generalize Theorem A and apply it to determine the
Martin boundary of a certain unbounded domain. In what follows, a positive continu-

ous superharmonic function means a (0, col-valued continuous (in the extended sense)

superharmonic function. Let ®(¢q,...,t,) be a nonnegative Borel measurable function
on (0,00]™. For n > 1 we define ¥(t1,...,t,) = ¥, (t1,...,ts) by
U(ti, ..., tn) =Vp(t1,...,t,) = sup D(city, ..., Cpty).

7’]72<C1,...,C”<7’]2
The following theorem is a generalization of Theorem A.

Theorem 1. For each positive integer n and positive number 7 there exists a positive

constant ¢, = ¢, (n) depending only on n and 7 such that if u and vy, . . ., v, are positive
continuous superharmonic functions on D, then for x € D
1
1) — [ G Wy < e [ ) )i
u(x) Jp D

If ®(t4,...,t,) is nondecreasing with respect to each ¢;, then so is ¥ and (1) holds for
a general positive superharmonic functions u, vy,...,v,. In fact, v and v1,...,v, can
be approximated from below by continuous superharmonic functions on every compact
subset in D ([9, Theorem 4.20]), and hence the monotone convergence theorem yields
(1). In particular, we have

Corollary 1. For each positive integer n there exists a positive constant c,, depending
only on n such that if u and vy, ..., v, are positive superharmonic functions on D, then
for x € D

1

m/DG(x,y)U(y)Hvi(y)dyScn/DHvi(y)dy-

We use the above theorem to determine the Martin boundary of a certain unbounded
domain. Toffe and Pinsky [10] investigated positive harmonic functions in a horn-shaped
domain Q = {(z,s) € RY x R! : |s| < a(|z])}, where N > 2, and showed the following
theorem. Let Q*, 0);2 and K be the Martin compactification, the Martin boundary
and the Martin kernel for (—A, ), respectively (cf. [9, Chapter 12]). By H; we denote
the cone of positive harmonic functions in €2 vanishing continuously on 0f). The set

F={£&couQ: K(,§ € Hy}
is called the Martin boundary at infinity for (—A, Q).
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Theorem B. Assume that a is a positive C?-function on [0, o) such that a’ > 0,a” <
0,a(r)/r and the curvature k(r) of the curve {(r,a(r)) : r > 0} are non-increasing,
and lim,_,~ a(r)k(r) = 0. Then the Martin boundary I at infinity for (—A,§?) is as
follows:

(i) If/ a(r)r~2dr = oo, then I is a single point.
1

(ii) If/ a(r)r~2dr < oo, then I' is homeomorphic to the sphere SN~1,
1

Thus, (i) implies that H is one-dimensional; and (ii) implies that any element in H
is uniquely represented by an integral of minimal elements in H, with respect to a finite
Borel measure on SV ~1. We can extend substantially Theorem B (ii) by making use of
Theorem 1 and decomposition methods developed in [14], where the Martin boundary
was studied extensively.

Theorem 2. Let a and b be locally Lipschitz continuous functions on [1,00) such that
b < a. Let E be a Lipschitz domain in SN~ or the whole SN¥~1 and put

Q= {(z,s) € RN xR' : b(|z]) < s < a(|z|), /|z| € E, |z| > 1},
D={(r,s) eR*:b(r) <s<a(r), 1 <r < oo}

Suppose

2) / Talr) —br)

r2

Then the Martin compactification Q* for (—A, Q) is homeomorphic to (DU{oc})x E, the
Martin boundary 03;Q = Q* \  is homeomorphic to QU ({oo} x E), and any element

of Op/€) is minimal. In particular, the Martin boundary I at infinity is homeomorphic
to E.

We observe that Theorem 2 with b = —a and E = S¥~! implies Theorem B (ii),
since a part of the domain close to the origin does not affect the Martin boundary at
infinity (cf. [14, Theorem 7.1]).

The rest of this paper is organized as follows. In Section 2 we establish the so called
Basic Estimate, Theorem 3, which is of independent interest and is fundamental in the
proof of Theorem 1. The proof is given in Section 3. Theorem 2 is proved in Section 4
as a corollary to a more general result, Theorem 4. As another corollary to Theorem 4,
we shall construct a class of domains having a boundary point which corresponds to a
continuum of Martin boundary elements (see Theorem 5 in Section 4).

This work was made partially while the second author was visiting the Department
of Mathematics, Technion-Israel Institute of Technology. He wishes to thank the Israel
Association for the Promotion of International Scientific Relation, the Japan Society
of Promotion of Science and the Technion. He cordially thanks also Yehuda Pinchover
and Ross Pinsky for stimulating conversations.

-3 -



2. Basic estimates

Throughout this section we let D be a domain in R? with the Green function G(z, y).
It is well known that there is an absolute constant ¢y such that

(3) Sup/ G(z,y)dy < co| D

zeD JD
(cf. [3, Theorem 2.8] and [4, Lemma 1]). We observe that if w = 1, then Theorem A is
nothing but (3). The basic idea behind Theorem A was how to reduce a general case
to (3). This is called the basic estimate. Theorem 1 will follow from a generalized basic
estimate, which is valid also for the higher dimensional case.

Theorem 3. Let N > 2 and let D be a domain in RY. Let u be a positive continuous
superharmonic function on D. Let n > 1 and put D; = {z € D : /71 < u(x) < n/ T2}
and C; = {x € D : 7/ <wu(zx) <n/T'} for an integer j. If f is a nonnegative measurable
function on D, then

(4)
sup —— /D Gl 9)f (y)dy < (L) fj sup % /C G, (2, 9)f (v)dy,

xzeD U(CL') g

(5) SUP/DG(w,y)f(y)dyS (LY f: sup/C Gp,(z,y)f(y)dy.

xzeD 77_1

The original basic estimate was first proved by Cranston-McConnell [7] and then
simplified by Chung [6]. Both of them employed a probabilistic method. In the previous
paper [2] the first author gave such a basic estimate and proved Theorem A in a purely
analytical way. After [2] was submitted the second author found that another analytic
proof of the Cranston-McConnell inequality was also given by Banuelos and Wolff [5].
The proof of Theorem 3 will follow the idea of [5], since it has an advantage that it can
deal with superharmonic functions directly.

It is also noteworthy that {x € D : a < u(x) < b} is an open set since u is continuous.
Therefore, we can consider the Green function Gp, for D;. For a general superharmonic
function u the above set needs not to be open, it is merely finely open. So, it is necessary
to work with fine potential theory to handle the general case. Such a treatment will be
considered elsewhere. We also note that {x € D : a < u(x) < b} is a relatively closed
set in the present situation.

Proof of Theorem 3. By the monotone convergence theorem we may assume that f is
bounded and has compact support. As a result we observe that for any subset £ C D
the Green potential

/E G(a,y)f(y)dy

is a bounded continuous function which tends to 0 as z approaches a regular boundary
point on 0D, and as * — oo if N > 3 and D is unbounded. The set of irregular
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boundary points is a polar set and we may say that the potential vanishes q.e. (quasi
everywhere) on dD. Let K; = {z € D : u(z) = n’}. This is a relatively closed set.
Observe that DNOD; C Kj_1 UKji2 and DNOC; C K; UK. Let

Viw) = o [ Gwfdy  foreeD.
1

vi(z) = m/c] Gp,(z,y)f(y)dy for x € Dj.

Observe that «V; and wv; are bounded positive continuous superharmonic functions
on D and Dj, respectively; and they vanish q.e. on 0D and 0D;, respectively. Let
Mj = supg, V;. By assumption M; is finite. Observe that uV; is harmonic outside
C; and it is continuous on D. By the maximum principle or the Phragmén-Lindelof
principle (cf. [8, Theorem 5.16]) we have

(6) uV; < Mju on D,
since the inequality holds trivially on on C;. Dividing both sides by u, we obtain

(7) Slllijj :suij:Mj.

J

In particular,

(8) sup V; < M;.

Jj—1

Since u < Pt on C}, it follows from (6) that uV; < M;n’*! on Cj, and so is on D
again by the maximum principle. Since u =172 on Ko, it follows that

1
9) sup V; < —M;.
Kjio n

Let us compare V; and v; on Dj;. Since G(-,y) — Gp,(-,y) is harmonic on D; for
Y € DJ and
@) (Vy(@) = ,(@) = [ 1G@.9) = G, (2. 0) )iy

it follows that u(V; — v;) is harmonic on D;. Observing that u = 1" on K;, we obtain
from (8) and (9) that

j+1
Mjn]+ on Kj+2,

w(V; —v;) < .
( J j) o { Mj’n]_l on Kj—l-
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Hence
0 on Kj+2 s

u(Vy —wvj) — M;j— <

u
n Mjnj_l(l— —) on Kj—1~
n

Since the left hand side is a bounded subharmonic function on D; and it is non positive
g.e. on D; NID, it follows from the maximum principle that

- 1
w(V; —vj) — MjE < M;n’"'(1—- =) on D;.
n Ui

Dividing both sides by u, taking the supremum over C;, and using the inequality u > 1’
on Cj, we obtain

1 . 1 1
M; =sup V; < supv; + —M; -I—Mjnj_l(l — —)sup —
1 1 1
< supwv; + M; (—+—(1——))
o, T\ o
2n—1
:supvj—l—Mjn—2
i
Therefore,
_
10 M; < | —— | supwv,.
( ) J (n_l) c; J

Since |J; C; = D, it follows from (7) and (10) that

(1) 2
1 / n

sup— [ G(-, dy < sup VvV, < supV; = M, < (—) Sup v, .
2 | Gew iy D;J Zj:Dg ; — ijcja

D

Thus (4) is proved.
For the proof of (5) we retain C; and K; and let

wm:LGmwMMy for € D,

J

vi(x) = /C Gp,(z,y)f(y)dy for x € D,

J

and M; = supg, Vj. Observe that

sup V; = sup V; = Mj,
D i
sup V; < M;.

Kjt2
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Furthermore, since V; < M;n~7u on C}, it follows that

1
sup V; < M
Kj 1

We see that V; —v; is bounded and harmonic on D; and

1
1 1——=)M; on Ko,
Vj—vj——MjS ( 77) J J+2

U 0 on Kj—l-
Since u = /12 on K j+2, it follows from the maximum principle that

1 1
Vj—Uj—EMj <A =-)Mj—0

1 7’]j+2 on Dj.

Taking the supremum over C;, we obtain

1 1 1
supV; <supv; + —M,; + (1 — =)M;—,
C; C; n n n

because u < p’*! on C;. This inequality yields (10). In the same way as in (11), we

have from (10)

s%p/DG(~,y) dy<supZV <ZsupV ZMJ < ( ) Zsupvj

Thus (5) follows. The theorem is proved.



3. Proof of Theorem 1

Proof of Theorem 1. First we consider the case u = 1. For simplicity let f ( ) =
D(v1(y),...,vn(y)). Let Ot ={x e D9/ <wi(x) <t} and D) ={zxeD:7p "<
v;(z) <72}, We apply (5) with v = v; to obtain

2
[ et ()Y sw [ Goy sy

— - 1 1
n i1 wEC’jl le

s(LfZ sup / Gp1 (2,9)f(y)dy.

-1 1 1
U J1 z€D3, le

Repeating this n times, we obtain
(12)

2n
n .
| G sty < (n—1> > sw o [ ooy G F

1 n
. w€D} N-.nDR
where G, . ;, denotes the Green function GDJ;lﬁ...mD?n for Djl-1 N---NDY . Let

w(tl,...,tn) = sup @(Cltl,...,cntn).
1<ci,..,en<n

Observe that

fy) =@01(y),...,vn(y) <P, ... .pP") foryeCjn---NCY,
¢<nﬂ‘1,...,nﬂ'n>sxlf(vl(y),...,vn(y)) fory€ D} NN DY

Hence by (3)

/ Gi,.ojn (@) f(y)dy < (', .. .,nj")/ Gy (@y)dy
Cl n...nCn c!n..ncn
< cop(n’*,...,0"")|Dj, N---N DY |

<af W)y

for z € D} N---N D} . This, together with (12), yields

/DG(wvy)f(y)dy < ¢ (%)% Z /m ), en(w)dy.

Since {Dj N---N D} }; ., covers D at most 3" times, we obtain (1) for the case
u =1 with ¢, = 3"co[n/(n — 1)]*".



Let us consider the general case. Let f be as above. We apply (4) with fu replacing
f to obtain

2

/Gwy ()dy<(n_1) D jfélcp/ G, (z,y) f(y)uly)dy
)

> It sup /D Gp,(x,y)f(y)dy
J J

IEGDJ

‘3

.

_ (ni_wz sup /D G, (z,9)f (y)dy.

J

By letting n = 3 we obtain

5

[ ety < sup [ G, (2.9) )y
U(I)D( y)f () erp b, (z,y)f ()

Estimating the supremum in the right hand side by using the first case and observing
{D;} covers D at most 3 times, we obtain (1) with ¢, = 3" ¢o[n/(n — 1)]*". The
theorem is proved.

4. Martin boundary

In this section we prove Theorem 2 and shall deal with several differential operators.
In particular, the N-dimensional and the two dimensional Laplacians are considered.
To distinguish them we write Ay and As, respectively. We shall need many positive
constants. So, for simplicity, by the symbol ¢ we denote an absolute positive constant
whose value is unimportant and may change from line to line. If necessary, we use
c1,Co,..., to specify them. We shall say that two positive functions f; and f; are
comparable, written f; =~ fs, if and only if there exists a constant ¢ > 1 such that
¢ 'f1 < fa < cfi. The constant ¢ will be called the constant of comparison.

Theorem 2 comes from the following general result.

Theorem 4. Let D be a domain in {(r,s) € R? : r > 0} such that every boundary
point of D is regular with respect to the Dirichlet problem. Let E be a Lipschitz domain
in SN or the whole SN~! and put

Q={(z,s) e RN xR : (|z|,s) € D,z/|z| € E}.

Suppose

1 JJEE.




Then the Martin compactification Q* for (—An41,9Q) is homeomorphic to D* x E,
where D* is the Martin compactification of D for (—As, D). In particular, 0} is
homeomorphic to (D x OE) U (OyD x E). Moreover, if any element of the Martin
boundary OyyD = D* \ D is minimal, then so is any element of the Martin boundary
o) = Q% \ Q.

Before giving a proof of Theorem 4, we complete the proof of Theorem 2 and give
another corollary of Theorem 4.

Proof of Theorem 2. Let D = {(r,s) : b(r) < s < a(r),1 < r < oco}. Considering D
as a subdomain of the complex plane, we see, by the Carathéodory theorem (cf. [16]),
that there exists a homeomorphism from D U {oo} onto the closed unit disc which is
conformal in D. Hence the Martin compactification D* for (—As, D) is homeomorphic
to DU{oo} and any element of the Martin boundary 93, D is minimal. Since (2) implies
(13), Theorem 2 is straightforward from Theorem 4.

Let us proceed to another consequence of Theorem 4, which yields a class of domains
having a boundary point which corresponds to a continuum of Martin boundary ele-
ments. In [11, Example 3] Martin treated a domain in R which is bounded by two
spheres, one internally tangent to the other at the origin 0, and a plane containing the
common diameter. He showed that the Martin boundary at 0 for this domain is home-
omorphic to [-7/2,7/2]. See also [1]. Subsequently, Maz’ja [12] threw a light on this
phenomenon and announced a class of domains having similar properties. The following
theorem, which follows from Theorem 4 as Theorem 2 does, implies [11, Example 3] and
[12, Theorem 2].

Theorem 5. Let 6 > 0 and let a and b be locally Lipschitz continuous functions on
(0,0] such that b < a and lim,_,ga(r) = lim,_,ob(r) = 0. Let E be a Lipschitz domain
in SN=1 or the whole SN~! and put

Q= {(z,s) e RN xR : b(|z|) < s < a(|z]), z/|z| € E, 0 < |z| < 6},
D ={(r,s) eR*:b(r) <s<a(r), 0<r<d}

Suppose

/6 —a(r) — b(r) dr < oo.

r2

Then the Martin compactification Q* for (—A, Q) is homeomorphic to D x E, the Martin
boundary 9y is homeomorphic to (02 \ {0}) U ({0} x E), and any element of OnfY is
minimal. In particular, the Martin boundary at the origin is homeomorphic to E.

Now let us proceed to the proof of Theorem 4. We write the N-dimensional Laplacian
Ay in polar coordinates,
B 92 N-10 A
- Or2 r or r?’

Ay

— 10 —



where A is the Laplace-Beltrami operator on the sphere S™V~!. By the change of an
unknown function u to v = riN=1/2y_ the Laplace equation in £ becomes the equation

2 2 _ _
Pv:(—a——a——ﬁﬁ—(N DIG 3))1):0 in DxFE.

or2 0s2 2 492

Observe that the Green function for (—An41,) with argument at (z,s) and pole at

(z,5) is equal to
AN 7 a5 L
x
een g(|x|587_;|§|7,§77)7
(|x\) |z |z

where G is the Green function for (P, D x E'). By this form of the Green function it is easy
to see that (—Apn11,$) and (P, D x E) have homeomorphic Martin compactifications.
Thus Theorem 4 follows from the next theorem.

Theorem 6. Let D and E be as in Theorem 4 and let P be as above. If (13) holds,
then the Martin compactification for (P, D x E) is homeomorphic to D* x E. Moreover,

if any element of the Martin boundary Oy D is minimal, then so is any element of the
Martin boundary for (P,D x E).

We shall show Theorem 6 by making use of the decomposition method for construct-
ing the Martin boundary which is developed in [14], and is a generalized version of the
separation of variables method used in [12] and [13]. Hereafter we assume that (13)
holds.

From now on we consider functions on the plane domain D and change the variables
(r,s) to (w1,72). Let L?(E) be the space of square integrable functions over E. Let
Ao < A1 < ... be the eigenvalues repeated according to multiplicity of the Dirichlet
realization of —A 4+ (N — 1)(N —3)/4 on L?*(E). By L; we denote the operator defined
by L;jv = (—Ag + Vj)v with V;(x) = \jz; . Note that for j = 0,1,...,

1,
Lj(:cim) = (A + Z)wl 250 on R2 = {(z1,22) : 71 > 0};

in particular there is a positive supersolution to Lju = 0 on R2. Since |[R% \ D| > 0,
we see from [14, Theorem 1.8] that there exists the Green function H;(x,y) for (L;, D).
By G(x,y) we denote the Green function for (—Asq, D).

Let z¢ be a fixed point in D and let Ds = {x € D : G(z, ) < 0} for 6 > 0. By L; 5
we denote the operator defined by Ljsv = (—=Az + Vjs)v with V; 5 = x,, V. Since L;
and L, s differ only on a compact subset of D, we have the following lemma from [15,
Theorem 2.9] (see also [13, Theorem 2.11]).

Lemma 1. There is a positive constant ¢ = c¢; s such that
¢ Hj(x,y) < Hj s(z,y) < cHj(x,y) forz,y € D.
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Let us apply Theorem 1 with n = 2, n = 2, ®(t1,t2) = |\j|x0.5) (t1)t3 >, vi(2)

G(z,79) and v3(2) = z1. Then we have

(14) ! G(z, z)|/\—;|u(z)dz < cz/ |>\—g|dz

u(ac) Ds 2] Dys <]

for every positive continuous superharmonic function v on D.
From this estimate we have

Lemma 2. There is a positive constant ¢ = c; such that

¢ 'G(x,y) < Hj(z,y) < cG(z,y) forz,y € D.

Proof. Assumption (13) gives § = §; such that the right hand side of (14) is less than

1/4. Letting u = G(-,y), we obtain

1
(15) | G Vs(2lG )iz < (Glay) for ay e D,
D

We define G;(z,y) inductively by Go(z,y) = G(x,y) and

Gi(z,y) = /DG(:U,Z)V]-,(;(z)Gi_l(z,y)dz for i > 1.

In view of (15)

(16) Gl('ra y) < 4_iG<x7 y)7
and hence H(x,y) = Z(—l)iGi(.r, y) is convergent and
i=0

2 4

Moreover, (16) and the dominated convergence theorem yield

/I)G(x,z)‘/}75(z)H(Z,y)dZ:/l;G(I,Z)V},g(z)Z(—l)iGi(Z7y)dZ

=0

.

@
I
o
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Thus H(x,y) satisfies the resolvent equation

H(z,y) = G(x,y) — /D G(z,2)V;s(2)H(z,y)dz for z,y € D.

We observe from the resolvent equation that H(x,y) actually coincides with the Green
function H; s(x,y). Thus

2 4
gG(.ﬁC,y) < Hj,é(l',y) < gG(a:,y),
and hence we obtain the required estimate by Lemma 1.

Let K(x,y) = G(z,y)/G(x0,y). By definition the limit lim, ¢ K (x,y) exists for each
x € D when y € D tends to £ € Oy D in the topology of D*. This limit is called the
Martin kernel K(xz,§) at & (with reference point at z(). This is a positive harmonic
function such that K(zg,&) = 1.

Lemma 3. Let x € D and & € Oy D. Suppose y € D tends to £ in the topology of D*.
Then the limit lim,_,¢ H;(z,y)/G(x0,y) exists and is positive.

Proof. In view of Lemma 2, the limit is positive if it exists. Let us show the existence
of the limit. Let € be an arbitrary positive number. We use (14) again and find J. > 0
so small that

s
G(z, z)|—g|u(z)dz < eu(z)
Ds, 31
for x € D and for u > 0 continuous and superharmonic on D. Let us apply this estimate

tou = K(-,y) for y € D. We have

s
(17) G(z, z)%f((z, y)dz < eK(xz,y) forxz,y € D.
Ds, 1
Since H;(x,y) is the Green function for (L;, D), we have the resolvent equation
Hj(z,y) = G(z,y) /sz G(z,y)dz.
Divide both sides by G(xg,y) to obtain
Hj(x,y) Aj Aj
———7L = K(x,y) — / Hi(z,2) LK (z,y)dz — Hi(z,2) 2L K(z,y)d=.
G(zo,y) ( D\Ds, i )Z% ) ps. " 23 ()

Let y — £ in the topology of D*. Since K(-,y) — K(-,&) uniformly on every compact
subset of D, it follows that the first two terms in the right hand side are convergent.
By (17) and Lemma 2 the last term is estimated as

Hj(x,z)%K(z,y)dz < climsup/D G(a:,z)z\—g}{(z,y)dz
5

Ds. 1

lim sup

y—¢& y—¢& 1

< celimsup K(z,y) = ceK(x,§).
y—E
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Since ¢ is arbitrary, it follows that lim,_,¢ H;(x,y)/G(x0,y) exists. The lemma is proved.

By D*/ we denote the Martin compactification for (L;, D). Let us consider a con-
vergence property for D*J.

Lemma 4. Let x € D and n € D* \ D. Suppose y € D tends to n in the topology of
D*I. Then the limit lim,_., G(z,y)/H;(zo,y) exists and is positive.

Proof. The proof is similar to that of Lemma 3. But for the completeness we give a
proof. We have the resolvent equation

s
Glay) = Hyla) + [ Gla,2) (2 )

D 1
Let € > 0 be an arbitrary number. We choose d. so that (17) holds. Divide both sides
by H,;(xo,y) to obtain

G(z,y) Hj(x,y) / A; Hj(z,y) / A Hj(z,y)
= + Gr,z)—5 ———"~dz + Gz, z)—5 ———"=dz.
H(zow) ~ Hlwow) I, O D2 B w0 )™y, O 2 H )

Let y — 7 in the topology of D*J. We observe that first two terms in the right hand
side are convergent. By (17) and Lemma 2 the last term is estimated as

N H; by
lim sup / G(x, z)—%Mdz gclimsup/ G(m,z)@[((z,y)dz
y—n Ds. 21 Hj(wo,y) y—n JDs, 21
HA
< celimsup K(z,y) < celimsup M
y—n y—n i(%0,9)

Since y converges in the topology of D*/, it follows that the last upper limit is conver-
gent. Since ¢ is arbitrary, it follows that lim,_,, G(z,y)/H;(zo,y) exists. The lemma is
proved.

Lemma 5. The Martin compactifications D* and D*J are homeomorphic. Moreover,
if any element of Oy; D is minimal, then so is any element of D*J \ D.

Proof. Suppose {yr} C D is a sequence convergent in the topology of D*. Writing

Hj(z,yx)  Hj(w,yx)/G (w0, yx)

Hj(x()uyk) HJ@O»?JI«)/G(Iank),

we observe from Lemma 3 that the limit of H;(x,yx)/H,;(xo,yr) exists. Similarly, if
{yr} C D is a sequence convergent in the topology of D*/, then the limit of G(z, yx)/G(z0, yr)
exists. From these observations we conclude the Martin compactifications D* and D*7

are homeomorphic. The last assertion follows from Lemma 2 and [15, Theorem 2.3].
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Proof of Theorem 6. Suppose y € D tends to & € D*°\ D in the topology of D*V. Then,
by Lemma 5, y converges also in the topology of D*. Writing

Ho(zo,y)  G(zo,y) Ho(zo,y)’
we obtain from Lemmas 3 and 4 that the limits

y—¢ Ho(zo,y)

ji=12,...
exist and are positive for each € D. Hence [14, Theorem 3_5] implies that the Martin
compactification for (P, D x E) is homeomorphic to D* x E, and hence to D* x E by
Lemma 5. The last assertion also follows from [14, Theorem 3.5] and Lemma 5. The
theorem is proved.
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