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Abstract. Both the boundary Harnack principle and the Carleson estimate describe the bound-
ary behavior of positive harmonic functions vanishing on a portion of the boundary. These
notions are inextricably related and have been obtained simultaneously for domains with spe-
cific geometrical conditions. The main aim of this paper is to show that the boundary Harnack
principle and the Carleson estimate are equivalent for arbitrary domains.

1. Introduction

The purpose of this note is to investigate the relationship between the boundary Harnack
principle and the Carleson estimate. Roughly speaking, the boundary Harnack principle is a
principle asserting that two positive harmonic functions vanishing on a portion of the boundary
decay at the same speed toward a smaller portion, while the Carleson estimate is an estimate
asserting that a positive harmonic function vanishing on a portion of the boundary is bounded
up to a smaller portion by the value at a fixed point in the domain with a multiplicative constant
independent of the function. These notions have many variants inextricably related from the
very beginning. In fact, when Kemper [Kem72] formulated these notions for the first time, he
referred to the global Carleson estimate (Definition2 below) and the global boundary Harnack
principle (Definition1 below) as the boundary Harnack principle and Property III, respectively.
For a Lipschitz domain, Kemper observed that the global Carleson estimate follows from the
global boundary Harnack principle and tried to verify the global boundary Harnack principle,
though his argument had a gap on [Kem72, page 253]. After Kemper’s pioneering work, the
global boundary Harnack principle was legitimately proved for a Lipschitz domain by Ancona
[Anc78], Dahlberg [Dah77] and Wu [Wu78] independently. Since then the terminology, “the
boundary Harnack principle”, has been mainly used for the global boundary Harnack prin-
ciple in this note. Caffarelli-Fabes-Mortola-Salsa [CFMS81], Jerison-Kenig [JK82] and Bass-
Burdzy-Bãnuelos [BB91, BBB91] gave significant extensions. The boundary Harnack principle
and the Carleson estimate have been obtained for domains with specific geometrical conditions.
As far as we know, they were proved simultaneously. This is not a coincidence. The main
aim of this note is to show that the global boundary Harnack principle and the global Carleson
estimate are equivalent for arbitrary domains.

To this end it is crucial to formulate the boundary Harnack principle and the Carleson es-
timate precisely. Not only the dependencies of constants but also the domains for harmonic
functions are very important. We shall need to distinguish the global notions and the local
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notions. Throughout the paper we letD be a bounded domain inRd with d ≥ 2 and let
δD(x) = dist(x, ∂D). We write B(x, r) andS(x, r) for the open ball and the sphere of center
at x and radiusr, respectively. By the symbolA we denote an absolute positive constant whose
value is unimportant and may change from line to line. If necessary, we useA0,A1, . . . , to
specify them.

Let us begin with the definitions of the global boundary Harnack principle and the global
Carleson estimate. We consider a pair (V,K) of a bounded open setV ⊂ Rd and a compact set
K ⊂ Rd such that

(1) K ⊂ V, K ∩ D , ∅ andK ∩ ∂D , ∅.
Definition 1. We say that a domainD enjoys theglobal boundary Harnack principleif for each
pair (V,K) with (1), there exists a constantA1 depending only onD, V andK with the following
property: Ifu andv are positive superharmonic functions onD such that

(i) u andv are bounded, positive and harmonic inV ∩ D,
(ii) u andv vanish onV ∩ ∂D except for a polar set,

then

(2)
u(x)/u(y)
v(x)/v(y)

≤ A1 for x, y ∈ K ∩ D.

Definition 2. We say that a domainD enjoys theglobal Carleson estimateif for each pair (V,K)
with (1) and a pointx0 ∈ K ∩ D, there exists a constantA2 depending only onD, V, K andx0

with the following property: Ifu is a positive superharmonic function onD such that
(i) u is bounded, positive and harmonic inV ∩ D,
(ii) u vanishes onV ∩ ∂D except for a polar set,

then

(3) u(x) ≤ A2u(x0) for x ∈ K ∩ D.

Remark1. SinceK∩D may be disconnected, the superharmonicity ofu andv overD is needed.
Jerison-Kenig [JK82] and Bass-Burdzy-Bãnuelos [BB91, BBB91] assume thatu andv are posi-
tive and harmonic over the wholeD for their global boundary Harnack principle. Our boundary
Harnack principle is slightly stronger.

Theorem 1. The global boundary Harnack principle and the global Carleson estimate are
equivalent.

Let us give an application of Theorem1. Let D ⊂ Rd be a bounded domain. We define the
quasihyperbolic metrickD(x, y) by

kD(x, y) = inf
γ

∫
γ

ds(z)
δD(z)

,

where the infimum is taken over all rectifiable curvesγ connectingx to y in D andds(z) stands
for the line element onγ. We say thatD satisfies a quasihyperbolic boundary condition if

(4) kD(x, x0) ≤ A log
δD(x0)
δD(x)

+ A′ for all x ∈ D

with some positive constantsA andA′. A domain satisfying the quasihyperbolic boundary con-
dition is called a Ḧolder domain by Smith-Stegenga [SS90, SS91]. Bañuelos [Bañ91] said that

– 2 – Id: equiv.tex,v 1.1 2005/07/07 03:33:26 aik Exp aik TEXed at July 7, 2005 12:34



such a domain is a Ḧolder domain of order 0. As a corollary to Theorem1 we prove that the
global boundary Harnack principle holds for a domain satisfying the quasihyperbolic bound-
ary condition. This provides a new class of domains satisfying the global boundary Harnack
principle. See Remark4 in the next section for further remarks.

Corollary 1. The global Carleson estimate holds for a domain satisfying the quasihyperbolic
boundary condition. Consequently, the global boundary Harnack principle holds.

In [Aik01] we have established thelocal boundary Harnack principleor thescale invariant
boundary Harnack principlefor a uniform domain. Actually, the local boundary Harnack prin-
ciple characterizes a uniform domain ([Aik04]). Let us study the relationship between the local
boundary Harnack principle and the local Carleson estimate.

Definition 3. We say that a domainD enjoys thelocal boundary Harnack principleif there
exist constantsA3, A4 > 1 andr0 > 0 depending only onD with the following property: If
ξ ∈ ∂D, 0 < r < r0 and

(i) u andv are bounded, positive and harmonic inB(ξ,A3r) ∩ D,
(ii) u andv vanish onB(ξ,A3r) ∩ ∂D except for a polar set,

then

(5)
u(x)/u(y)
v(x)/v(y)

≤ A4 for x, y ∈ B(ξ, r) ∩ D.

Definition 4. We say that a domainD enjoys thelocal Carleson estimateif there is a constant
A5 > 1 with the following property: Ifξ ∈ ∂D, 0 < r < r0 and

(i) u is bounded, positive and harmonic inB(ξ,A5r) ∩ D,
(ii) u vanishes onB(ξ,A5r) ∩ ∂D except for a polar set,

then

(6) u(x) ≤ Aεu(y) for x ∈ B(ξ, r) ∩ D,

whenevery ∈ B(ξ, r) ∩ D andδD(y) ≥ εr with 0 < ε < 1. HereAε depends only onD andε.

The existence of a pointy ∈ B(ξ, r)∩D with δD(y) ≥ εr is crucial, as the statement of the local
Carleson estimate would be vacuous if there were no such points. The existence is guaranteed
by thecorkscrew condition: There existsε > 0 such that

(7) B(ξ, r) ∩ D includes a ball of radiusεr, wheneverξ ∈ ∂D and 0< r < r0.

See [JK82, p. 93]. John domains satisfy the corkscrew condition; the converse is not necessarily
true. We shall prove the equivalence between the local boundary Harnack principle and the local
Carleson estimate, provided the domainD satisfies the corkscrew condition.

Theorem 2. Assume thatD satisfies the corkscrew condition. Then the local boundary Harnack
principle and the local Carleson estimate are equivalent.

This theorem immediately gives another characterization of a uniform domain. See [Aik04].

Definition 5. By Cap we denote the logarithmic capacity ifd = 2, and the Newtonian capacity
if d ≥ 3. We say that the capacity density condition holds if there exist constantsA > 1 and
r0 > 0 such that

Cap(B(ξ, r) \ D) ≥
A−1r if d = 2,

A−1rd−2 if d ≥ 3,
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wheneverξ ∈ ∂D and 0< r < r0.

Corollary 2. Let D be a John domain satisfying the capacity density condition. Then the fol-
lowing are equivalent:

(i) D is a uniform domain.
(ii) D enjoys the local boundary Harnack principle.
(iii) D enjoys the local Carleson estimate.

.

Remark2. The Carleson estimate can be proved rather easily by the Domar argument (see
Proof of Corollary1 below). The Domar argument extends to evenp-harmonic functions in a
metric measure space and the Carleson estimate holds in this general settings ([AS05]). Our
equivalence between the boundary Harnack principle and the Carleson estimate relies on the
relationship between the Green function and the harmonic measure (see Lemma1 below). So, if
the counterpart forp-harmonic functions is established, we might be able to obtain the boundary
Harnack principle forp-harmonic functions. The relationship between thep-Green function and
the p-harmonic measure is an open problem.

2. Proof of Theorem 1 and Corollary 1

Let Ω be an open set. We writeω(E,Ω) for the harmonic measure over the open setΩ of
E ⊂ ∂Ω, i.e.,ω(E,Ω) is the Dirichlet solution inΩ of the boundary functionχE. The value of
ω(E,Ω) at x ∈ Ω is denoted byω(x; E,Ω). Let GΩ be the Green function forΩ, i.e., for each
fixed y ∈ Ω, the minus of the distributional Laplacian−∆GΩ(·, y) is the point measure aty and
GΩ(·, y) vanishes on∂Ω except for a polar set. The harmonic measureω(E,Ω) and the Green
functionGΩ are related as follows.

Lemma 1. Let x ∈ Ω. If ϕ ∈ C∞0 (Rd), then∫
∂Ω

ϕ(y)ω(x; dy,Ω) = ϕ(x) +
∫
Ω

GΩ(x, y)∆ϕ(y)dy.

Proof. We give a proof for the reader’s convenience, though the proof is not so difficult (see e.g.
Armitage-Gardiner [AG01, p. 264] and Jerison-Kenig [JK82, (4.6)]). For simplicity we treat
only the cased ≥ 3. Letad = σd(d−2) withσd being the surface area of a unit ball inRd. Then

GΩ(x, z) =


1
ad

{
|x− z|2−d −

∫
∂Ω

|y− z|2−dω(x; dy,Ω)

}
for z ∈ Ω,

0 for q.e.z ∈ Rd \Ω,
where “q.e.” stands for “quasieverywhere” and means that “outside a polar set”. Since∆z(|x−
z|2−d) = −adδx in the distribution sense, it follows from Fubini’s theorem that∫

Ω

GΩ(x, z)∆ϕ(z)dz=
∫
Rd

1
ad

{
|x− z|2−d −

∫
∂Ω

|y− z|2−dω(x; dy,Ω)

}
∆ϕ(z)dz

= −ϕ(x) −
∫
∂Ω

ω(x; dy,Ω)
∫
Rd

1
ad
|y− z|2−d∆ϕ(z)dz

= −ϕ(x) +
∫
∂Ω

ϕ(y)ω(x; dy,Ω).
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Proof of Theorem1. First suppose thatD satisfies the global boundary Harnack principle. Take
a pair (V,K) with (1) and a pointx0 ∈ K ∩ D. Let u be a positive superharmonic function inD
satisfying (i) and (ii ) of Definition2. Observe that

v =

ω(∂V ∩ D,V ∩ D) onV ∩ D,

1 on D \ V

is a positive bounded superharmonic function onD satisfying (i) and (ii ) of Definition2. Apply
the global boundary Harnack principle (2) for u andv. Then

u(x)/u(x0)
v(x)/v(x0)

≤ A1 for x ∈ K ∩ D

with A1 depending only onV andK. Since 0≤ v(x) ≤ 1, it follows that

u(x) ≤ A1

v(x0)
u(x0) for x ∈ K ∩ D.

Thus (3) holds withA2 = A1/v(x0), which depends only onD, V, K andx0.
Conversely, suppose thatD satisfies the global Carleson estimate. Take a pair (V,K) with (1).

Find open setsU0, U1 andU2 such that

K ⊂ U0 ⊂ U0 ⊂ U1 ⊂ U1 ⊂ U2 ⊂ U2 ⊂ V

and such that the pairs (U2 \ U0, ∂U1) and (V,U2) satisfy (1). For simplicity letE j = ∂U j ∩ D
for j = 1,2. See Figure1. Let us apply Lemma1 toΩ = U2 ∩ D. Takeϕ ∈ C∞0 (Rd) such that

U1
U2

E1
E2

r0

y0

x K

Figure 1. Global boundary Harnack principle and Carleson estimate.

ϕ = 1 onE2 and suppϕ ∩ U1 = ∅. Then Lemma1 gives

(8) ω(x; E2,Ω) ≤
∫
Ω∩suppϕ

GΩ(x, y)|∆ϕ(y)|dy≤
∫
Ω∩suppϕ

GD(x, y)|∆ϕ(y)|dy for x ∈ K ∩ D.

For a moment fixx ∈ K ∩ D. By the global Carleson estimate for the pair (U2 \ U0, ∂U1) and
the positive superharmonic functionGD(x, ·) in D, which is bounded and harmonic onU2 \ U0,
we have

GD(x, y) ≤ A2GD(x, y0) for y ∈ E1,

wherey0 ∈ E1 is fixed andA2 depends only onD, U0, U1, U2 andy0. The maximum principle
givesGD(x, y) ≤ A2GD(x, y0) for y ∈ D \ U1, so that (8) yields

(9) ω(x; E2,Ω) ≤ A6GD(x, y0) for x ∈ K ∩ D
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with A6 = A2

∫
Ω∩suppϕ

|∆ϕ(y)|dy.
Let u andv be positive superharmonic functions inD satisfying (i) and (ii ) of Definition 1.

Then the Carleson estimate for the pair (V,U2) gives

u(x) ≤ A′2u(y0) for x ∈ U2 ∩ D ⊃ E2,

whereA′2 depends only onD, U2, V andy0. Hence the maximum principle and (9) imply

u(x) ≤ A′2u(y0)ω(x; E2,Ω) ≤ A′2u(y0)A6GD(x, y0) for x ∈ K ∩ D.

Let 0 < r0 ≤ δD(y0)/2 be such thatB(y0, r0) ∩ K = ∅. ThenGD(x, y0) ≤ Ar2−d
0 ≤ Av(x)/v(y0)

for x ∈ S(y0, r0) with A independent ofv. By the maximum principle we haveGD(x, y0) ≤
Av(x)/v(y0) for x ∈ D \ B(y0, r0) ⊃ K ∩ D. Hence we obtain

u(x) ≤ A7u(y0)v(x)/v(y0) for x ∈ K ∩ D

with A7 independent ofu andv. This gives (2) with A1 = A2
7. �

Remark3. The intersection of the boundary∂D and a ball with center on the boundary is called
a surface ball. The estimate of the harmonic measure of a surface ball played a very important
role if D is a Lipschitz domain. In fact, Dahlberg [Dah77] recognized the following relationship
between the Green function and the harmonic measure:

(10) ω(x; B(ξ, r) ∩ ∂D,D) ≈ rd−2GD(Ar(ξ), x) for ξ ∈ ∂D, x ∈ D \ B(ξ,Ar) and 0< r < r0,

whereA > 1 depends on the Lipschitz nature ofD andAr(ξ) is a “nontangential point”, i.e.,
|Ar(ξ) − ξ| ≈ δD(Ar(ξ)) ≈ r. Caffarelli-Fabes-Mortola-Salsa [CFMS81, Lemma 2.2] extended
this comparison to the Green function and the harmonic measure for general elliptic operators
in divergence form. They employed the counterpart of Lemma1. The same technique was used
by Jerison-Kenig [JK82, (4.6)] to prove (10) for NTA domains.

The comparison (10) holds only for domains withthe capacity density condition, whereas the
boundary Harnack principle holds even for irregular domains for which a surface ball may be a
polar set ([BB91, BBB91] and [Aik01]). The point of the above proof is the usage of Lemma
1. We estimate the harmonic measureω(∂U2 ∩ D,U2 ∩ D) instead of the harmonic measure of
the surface ballB(ξ, r) ∩ ∂D, which may vanish for a general domainD.

We shall prove Corollary1with the aid of Domar’s argument and the exponential integrability
of the quasihyperbolic metric of a domain satisfying the quasihyperbolic boundary condition.

Lemma A (Domar [Dom57] and [AHL]). Let u be a nonnegative subharmonic function on a
bounded domainΩ in Rd. Suppose there isε > 0 such that

I =
∫
Ω

(log+ u)d−1+εdx< ∞.

Then

(11) u(x) ≤ exp(2+ AI1/εδΩ(x)−d/ε),

whereA is a positive constant depending only onε and the dimensiond.

Lemma B (Smith-Stegenga [SS91]). LetD satisfy the quasihyperbolic boundary condition and
let x0 ∈ D. Then there exists a positive numberτ such that∫

D
exp(τkD(x, x0))dx< ∞.
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Proof of Corollary1. In view of Theorem1, it is sufficient to establish the global Carleson
estimate. Let (V,K) be a pair satisfying (1) and letx0 ∈ K∩D. Letu be a positive superharmonic
function inD satisfying (i) and (ii ) of Definition2.

First supposeu is harmonic onD. We extendu to V\D by 0 and take the upper regularization
to obtain a nonnegative subharmonic function onV ∪ D coinciding withu in V ∩ D. With a
slight abuse of the notation, we denote byu this extended subharmonic function as well. By the
Harnack inequality we obtain

u(x)
u(x0)

≤ Aexp(AkD(x, x0)) for x ∈ D.

Let ε > 0. LemmaB yields

I :=
∫

V∪D

[
log

u(x)
u(x0)

]d−1+ε

dx≤ A
∫

D
[kD(x, x0)]

d−1+εdx≤ A
∫

D
exp(τkD(x, x0))dx< ∞,

whereA depends only ond, ε andτ. By LemmaA

u(x)
u(x0)

≤ exp(2+ AI1/εδV∪D(x)−d/ε) for x ∈ V ∪ D,

whereA is independent ofu. SinceδV∪D(x) ≥ dist(K,Vc) for x ∈ K, we obtain (3).
Next consider the general case. By the Riesz decomposition we can write

u(x) =
∫

D\V
GD(x, y)dµ(y) + h(x) for x ∈ D

whereµ is a measure onD \V andh is a positive harmonic function onD. Let U be an open set
such thatK ⊂ U ⊂ U ⊂ V. By the Harnack inequality we obtain

GD(x, y)
GD(x0, y)

≤ Aexp(AkD\{y}(x, x0)) for x ∈ D.

Let y ∈ D \ V. Then [AHL, Lemma 7.2] gives

kD\{y}(x, x0) ≤ AkD(x, x0) + A for x ∈ U ∩ D,

whereA is independent ofy. In the same way as above, we obtain from LemmaB∫
U∪D

[
log+

GD(x, y)
GD(x0, y)

]d−1+ε

dx≤ A
∫

D
[kD(x, x0)]

d−1+εdx≤ A
∫

D
exp(τkD(x, x0))dx< ∞,

so that

GD(x, y) ≤ AGD(x0, y) for x ∈ U ∩ D,

whereA is independent ofy ∈ D \ V. Integrating both sides of the inequality, we obtain∫
D\V

GD(x, y)dµ(y) ≤ A
∫

D\V
GD(x0, y)dµ(y) for x ∈ U ∩ D.

By the first parth(x) ≤ Ah(x0) for x ∈ K∩D. We obtain (3) by adding the above two inequalities.
Thus the global Carleson estimate holds, and hence the global boundary Harnack principle
follows from Theorem1. �
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Remark4. We say thatD is a Hölder domain of orderα (0 < α ≤ 1) if the boundary is
locally represented as the graph of aα-Hölder continuous function. Bass-Burdzy-Bañuelos
[BB91, BBB91] established the global boundary Harnack principle for a Hölder domain of or-
derα (0 < α ≤ 1). As a further generalization, Bass-Burdzy [BB91] gave the global boundary
Harnack principle for a twisted Ḧolder domain of orderα (1/2 < α ≤ 1), one of which con-
ditions is the capacity density condition. Their crucial estimate is obtained by the so-called
box argument. Our proof of Corollary1 is completely different. It is based on Theorem1 and
the Domar argument ([AHL, AS05]), which requires neither the graph representation nor the
capacity condition. See also [Aik01, Aik04].

3. Proof of Theorem 2

In this section we shall prove the equivalence between the local boundary Harnack principle
and the local Carleson estimate. To this end we observe that the local boundary Harnack prin-
ciple has the following extended form ([Aik04, Lemma 4.3]). For the convenience sake of the
reader we provide a proof.

Lemma 2. Let the local boundary Harnack principle hold. Then for each0 < ε < 1/2 there
is a positive constantAε depending only onε, A3, A4 and d with the following property: Let
ξ ∈ ∂D and0 < r < r0. Suppose that there isx∗ ∈ B(ξ, r) ∩ D with δD(x∗) ≥ 2εr and letU be
a connected component ofB(ξ, r) ∩ D containingx∗. If u andv are bounded positive harmonic
functions onB(ξ,2r) ∩ D \ B(x∗, εr/2) vanishing on∂D ∩ B(ξ, 2r), then

(12)
u(x)/u(y)
v(x)/v(y)

≤ Aε

wheneverx, y ∈ U \ B(x∗, εr). See Figure2.

ξ

x∗

2r

U

r

x
y

Figure 2. Extended boundary Harnack principle.

Proof. We claim that ifζ ∈ U \ B(x∗, εr), then (12) holds for x, y ∈ B(ζ, (6A3)−1εr) ∩ D. If
B(ζ, (3A3)−1εr) ⊂ D, then this follows from the usual Harnack inequality. Otherwise, we find
ζ′ ∈ ∂D such that|ζ′ − ζ| < (3A3)−1εr. Observe that

B(ζ′,
ε

2
r) ⊂ B(ξ, (1+

ε

3A3
+
ε

2
)r) ⊂ B(ξ, 2r)
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and

|ζ′ − x∗| ≥ εr − ε
3A3

r >
ε

2
r.

Hence,u andv are positive harmonic functions onB(ζ′, εr/2)∩D vanishing on∂D∩B(ζ′, εr/2),
so that the local boundary Harnack principle implies (12) for x, y ∈ B(ζ′, (2A3)−1εr) ∩ D,
which includesB(ζ, (6A3)−1εr) ∩ D. Thus the claim follows. Now we find pointsζ1, . . . , ζN ∈
U \ B(x∗, εr) such that∪N

j=1B(ζ j , (7A3)−1εr) is connected and coversU \ B(x∗, εr), whereN
depends only onε, A3 andd. Applying the claim toζ j repeatedly, we obtain (12) for x, y ∈
U \ B(x∗, εr). The lemma is proved. �

Proof of Theorem2. Assume thatD satisfies the corkscrew condition. First suppose thatD
satisfies the local boundary Harnack principle. Supposeξ ∈ ∂D, 0 < r < r0 andu is a positive
harmonic function inB(ξ,A3r) ∩ D vanishing on∂D ∩ B(ξ,A3r). Let y ∈ B(ξ, r) ∩ D with
δD(y) ≥ εr. Apply Lemma2 to u andv = GB(ξ,2r)∩D(·, y) with x∗ = y andε/2 in place ofε. Since
v(y′) ≈ r2−d for y′ ∈ S(y, εr/2) andv(x) ≤ Ar2−d for x ∈ B(ξ,2r) ∩ D \ B(y, εr/2), it follows
from (12) that

u(x)
u(y′)

≤ Aε
v(x)
v(y′)

≤ Aε for x ∈ B(ξ, r) ∩ D \ B(y, εr/2).

Hence the Harnack inequality implies that

u(x) ≤ Aεu(y) for x ∈ B(ξ, r) ∩ D.

Thus the local Carleson estimate holds.
Conversely, suppose thatD satisfies the local Carleson estimate. Without loss of generality,

we may assume thatA5 ≥ 2. Let ξ ∈ ∂D and 0 < r < r0. Let Ω = B(ξ,A2
5r) ∩ D, Ω∗ =

B(ξ,A4
5r) ∩ D andE = ∂Ω ∩ D. We findϕ ∈ C∞0 (Rd) such thatϕ = 1 onS(ξ,A2

5r), suppϕ ⊂
B(ξ, (A2

5 + 1)r) \ B(ξ, (A2
5 − 1)r) and |∆ϕ| ≤ Ar−2, whereA depends only on the dimensiond.

Lemma1 yields
(13)

ω(x; E,Ω) ≤
∫
Ω∩suppϕ

GΩ(x, y)|∆ϕ(y)|dy≤ Ar−2

∫
Ω∩suppϕ

GΩ∗(x, y)dy for x ∈ B(ξ, r) ∩ D.

For a moment fixx ∈ B(ξ, r)∩D and apply the local Carleson estimate to the harmonic function
GΩ∗(x, ·) onΩ∗\B(ξ, r). In view of (7) and the Harnack inequality, we findy1, . . . , yN ∈ B(ξ, (A2

5+

1)r) \ B(ξ, (A2
5 − 1)r) ⊂ B(ξ,A3

5r) such thatδD(yj) ≥ εr and

GΩ∗(x, y) ≤ A max
j=1,...,N

GΩ∗(x, yj) for y ∈ suppϕ ∩ D,

whereN depends only onε and the dimensiond. See Figure3.
This, together with (13), gives

(14) ω(x; E,Ω) ≤ Ard−2 max
j=1,...,N

GΩ∗(x, yj) for x ∈ B(ξ, r) ∩ D.

Now suppose thatu and v are bounded harmonic functions inB(ξ,A4
5r) ∩ D vanishing on

B(ξ,A4
5r) ∩ ∂D except for a polar set. Apply the Carleson estimate tou to obtain

u(x) ≤ Aε min
j=1,...,N

u(yj) for x ∈ B(ξ,A3
5r) ∩ D.
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Figure 3. GΩ∗(x, y) ≤ A max
j=1,...,N

GΩ∗(x, yj) for y ∈ suppϕ ∩ D.

The continuity and the maximum principle give

u(x) ≤ Aε min
j=1,...,N

u(yj)ω(x; E,Ω) for x ∈ B(ξ,A3
5r) ∩ D.

Hence (14) implies

(15) u(x) ≤ Aεr
d−2 min

j=1,...,N
u(yj) · max

j=1,...,N
GΩ∗(x, yj) for x ∈ B(ξ, r) ∩ D.

On the other hand

GΩ∗(·, yj) ≈ δD(yj)
2−d ≈ r2−d onS(yj , δD(yj)/2),

where the constant of comparison depends only on the dimensiond andε. Sinev/v(yj) ≈ 1 on
S(yj , δD(yj)/2) by the Harnack inequality, it follows that

GΩ∗(·, yj) ≈ r2−d v
v(yj)

onS(yj , δD(yj)/2) and hence onΩ∗ \ B(yj , δD(yj)/2) by the maximum principle. SinceB(ξ, r)∩
D ⊂ Ω∗ \ B(yj , δD(yj)/2), this, together with (15), gives

u(x) ≤ A min
j=1,...,N

u(yj) · max
j=1,...,N

v(x)
v(yj)

for x ∈ B(ξ, r) ∩ D.

In other words,

u(x)
v(x)

≤ A
minj=1,...,N u(yj)

min j=1,...,N v(yj)
.

Replacing the roles ofu andv and changingx andy, we obtain

u(x)
v(x)
· v(y)

u(y)
≤ A2min j=1,...,N u(yj)

min j=1,...,N v(yj)
·

min j=1,...,N v(yj)

min j=1,...,N u(yj)
= A2 for x ∈ B(ξ, r) ∩ D.

Thus the local boundary Harnack principle holds.
�
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