EQUIVALENCE BETWEEN THE BOUNDARY HARNACK PRINCIPLE AND THE
CARLESON ESTIMATE

HIROAKI AIKAWA

Asstract. Both the boundary Harnack principle and the Carleson estimate describe the bound-
ary behavior of positive harmonic functions vanishing on a portion of the boundary. These

notions are inextricably related and have been obtained simultaneously for domains with spe-
cific geometrical conditions. The main aim of this paper is to show that the boundary Harnack

principle and the Carleson estimate are equivalent for arbitrary domains.

1. INTRODUCTION

The purpose of this note is to investigate the relationship between the boundary Harnack
principle and the Carleson estimate. Roughly speaking, the boundary Harnack principle is a
principle asserting that two positive harmonic functions vanishing on a portion of the boundary
decay at the same speed toward a smaller portion, while the Carleson estimate is an estimate
asserting that a positive harmonic function vanishing on a portion of the boundary is bounded
up to a smaller portion by the value at a fixed point in the domain with a multiplicative constant
independent of the function. These notions have many variants inextricably related from the

r
1

very beginning. In fact, when Kempei§m727] formulated these notions for the first time, he
referred to the global Carleson estimate (Definittdpelow) and the global boundary Harnack
principle (Definition1 below) as the boundary Harnack principle and Property Ill, respectively.
For a Lipschitz domain, Kemper observed that the global Carleson estimate follows from the
global boundary Harnack principle and tried to verify the global boundary Harnack principle,
though his argument had a gap d¢fe[n72 page 253]. After Kemper’'s pioneering work, the
global boundary Harnack principle was legitimately proved for a Lipschitz domain by Ancona
[ ], Dahlberg [ ] and Wu | ] independently. Since then the terminology, “the
boundary Harnack principle”, has been mainly used for the global boundary Harnack prin-
ciple in this note. Cfiarelli-Fabes-Mortola-Salsa’| ], Jerison-Kenig [K87 and Bass-
Burdzy-Bdiuelos | , ] gave significant extensions. The boundary Harnack principle
and the Carleson estimate have been obtained for domains with specific geometrical conditions.
As far as we know, they were proved simultaneously. This is not a coincidence. The main
aim of this note is to show that the global boundary Harnack principle and the global Carleson
estimate are equivalent for arbitrary domains.

To this end it is crucial to formulate the boundary Harnack principle and the Carleson es-
timate precisely. Not only the dependencies of constants but also the domains for harmonic
functions are very important. We shall need to distinguish the global notions and the local

2000Mathematics Subject ClassificatioB1B05, 31B25, 31C35.

Key words and phrase<Carleson estimate, boundary Harnack principle, harmonic measure, Green function.

This work was supported in part by Grant-in-Aid for Scientific Research (B) (No. 15340046) Japan Society for
the Promotion of Science.

-1- Id: equiv.tex,v 1.1 20097/07 03:33:26 aik Exp aik gXed at July 7, 2005 12:34



notions. Throughout the paper we IBtbe a bounded domain iR with d > 2 and let
op(X) = dist(x,dD). We write B(x,r) andS(x,r) for the open ball and the sphere of center
at x and radiug, respectively. By the symb@ we denote an absolute positive constant whose
value is unimportant and may change from line to line. If necessary, wéy%g,..., to
specify them.

Let us begin with the definitions of the global boundary Harnack principle and the global
Carleson estimate. We consider a p&ir) of a bounded open s&t c RY and a compact set
K c RY such that

(1) KcV,KnD #0andK naD # 0.

Definition 1. We say that a domaib enjoys theglobal boundary Harnack principlé for each
pair (V, K) with (1), there exists a constaAt depending only o, V andK with the following
property: Ifu andv are positive superharmonic functions Brsuch that

() uandv are bounded, positive and harmonicdm D,
(i) uandv vanish onv N gD except for a polar set,

then
(2) %SM for x,ye KnD.
Definition 2. We say that a domaib enjoys theglobal Carleson estimaté&for each pair ¥, K)
with (1) and a pointx, € K N D, there exists a constaAs depending only o, V, K andxg
with the following property: Ifu is a positive superharmonic function énsuch that

() uis bounded, positive and harmonic\in D,

(i) uvanishes oV N gD except for a polar set,

then
3 u(x) < Acu(xg) forxe KnD.

Remarkl. SinceK nD may be disconnected, the superharmonicity ahdv overD is needed.
Jerison-KenigJK87 and Bass-Burdzy-Bauelos | , ] assume thati andv are posi-
tive and harmonic over the whol2for their global boundary Harnack principle. Our boundary
Harnack principle is slightly stronger.

Theorem 1. The global boundary Harnack principle and the global Carleson estimate are
equivalent.

Let us give an application of Theorein Let D ¢ RY be a bounded domain. We define the
quasihyperbolic metrikp (X, y) by

o(xy) =inf [ 532

where the infimum is taken over all rectifiable curgesonnectingktoy in D andd qz) stands
for the line element onr. We say thaD satisfies a quasihyperbolic boundary condition if

(4) ko(x, %) < Alog %) | & forallxe D

op(X)
with some positive constantsandA’. A domain satisfying the quasihyperbolic boundary con-
dition is called a Klder domain by Smith-Stegenga$9( ]. Bafiuelos | ] said that
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such a domain is a &élder domain of order 0. As a corollary to Theordmve prove that the
global boundary Harnack principle holds for a domain satisfying the quasihyperbolic bound-
ary condition. This provides a new class of domains satisfying the global boundary Harnack
principle. See Remarkin the next section for further remarks.

Corollary 1. The global Carleson estimate holds for a domain satisfying the quasihyperbolic
boundary condition. Consequently, the global boundary Harnack principle holds.

In [ ] we have established thecal boundary Harnack principler thescale invariant
boundary Harnack principléor a uniform domain. Actually, the local boundary Harnack prin-
ciple characterizes a uniform domairi(f04]). Let us study the relationship between the local
boundary Harnack principle and the local Carleson estimate.

Definition 3. We say that a domaiD® enjoys thelocal boundary Harnack principléf there
exist constant®\s, A, > 1 andr, > 0 depending only o> with the following property: If
£e€eoD,0<r <rgand

(i) uandv are bounded, positive and harmonid, Asr) N D,
(i) uandv vanish onB(¢, Asr) N 9D except for a polar set,

then

u(x)/u(y)
5 RSN
© V)Y
Definition 4. We say that a domaib enjoys thdocal Carleson estimati there is a constant
As > 1 with the following property: 1€ € 9D, 0 < r < rg and

(i) uis bounded, positive and harmonicB, Asr) N D,
(i) uvanishes oB(¢&, Asr) N 0D except for a polar set,

then
(6) u(x) < Acu(y) for xe B(&,r) n D,
whenevely € B(&,r) N D anddp(y) > er with 0 < € < 1. HereA, depends only o ande.

The existence of a pointe B(&, r)NnD with p(y) > er is crucial, as the statement of the local
Carleson estimate would be vacuous if there were no such points. The existence is guaranteed
by thecorkscrew conditionThere existg > 0 such that

<A, forxyeB(,r)nD.

(7) B(&,r) N D includes a ball of radiusr, whenevek € 9D and O< r < ro.

Seel , p. 93]. John domains satisfy the corkscrew condition; the converse is not necessarily
true. We shall prove the equivalence between the local boundary Harnack principle and the local
Carleson estimate, provided the domRBisatisfies the corkscrew condition.

Theorem 2. Assume thab satisfies the corkscrew condition. Then the local boundary Harnack
principle and the local Carleson estimate are equivalent.

This theorem immediately gives another characterization of a uniform domainASe€e ]

Definition 5. By Cap we denote the logarithmic capacitylit 2, and the Newtonian capacity
if d > 3. We say that the capacity density condition holds if there exist constantd and
ro > 0 such that
Alr ifd=2
Ca r)\ D) > ’
pB(.1)\ D) 2 { A2 fds 3
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whenevel € 9D and O< r < rq.

Corollary 2. LetD be a John domain satisfying the capacity density condition. Then the fol-
lowing are equivalent:
(i) Dis a uniform domain.
(i) D enjoys the local boundary Harnack principle.
(i) D enjoys the local Carleson estimate.

Remark2. The Carleson estimate can be proved rather easily by the Domar argument (see
Proof of Corollaryl below). The Domar argument extends to eyeharmonic functions in a

metric measure space and the Carleson estimate holds in this general settizgd)([ Our
equivalence between the boundary Harnack principle and the Carleson estimate relies on the
relationship between the Green function and the harmonic measure (see lUdmhow). So, if

the counterpart fop-harmonic functions is established, we might be able to obtain the boundary
Harnack principle fop-harmonic functions. The relationship betweenph@reen function and

the p-harmonic measure is an open problem.

2. ProoF ofF THEOREM 1 aND CorOLLARY 1

Let Q be an open set. We write(E, Q) for the harmonic measure over the openQeatf
E c 9Q, i.e.,w(E, Q) is the Dirichlet solution in2 of the boundary functioge. The value of
w(E, Q) atx € Q is denoted byu(x; E, Q). Let G, be the Green function faR, i.e., for each
fixedy € Q, the minus of the distributional LaplaciamGq(-, y) is the point measure gtand
Ga(, y) vanishes odQ except for a polar set. The harmonic measu(g, Q) and the Green
functionGq are related as follows.

Lemma 1. Letx € Q. If ¢ € C3(RY), then

f () dy. Q) = () + f Ga(X Y)Ap(y)dy.
oQ Q

Proof. We give a proof for the reader’s convenience, though the proof is nofisoudti (see e.g.
Armitage-Gardiner 4 , p. 264] and Jerison-Kenig/ k82, (4.6)]). For simplicity we treat
only the cas@ > 3. Letay = o¢(d — 2) with o4 being the surface area of a unit ballRfl. Then

1 {|x — 7% - ly — 2% %w(x; dy, Q)} forze Q,
GQ(X’ Z) = e
0 forg.e.ze RY\ Q,

where “g.e.” stands for “quasieverywhere” and means that “outside a polar set”. Sihce
71>79) = —ayd, in the distribution sense, it follows from Fubini’'s theorem that

LGQ(X, 2)Ap(2)dz = Ld i {|x —z> 9 - B ly — 2% %w(x; dy, Q)} Ap(2)dz
= —(X) — L‘Q w(X; dy, Q) Ld iw— 2% 9Ap(2)dz
- o9+ [ et dn)

-4 - Id: equiv.tex,v 1.1 20097/07 03:33:26 aik Exp aik gXed at July 7, 2005 12:34



O

Proof of Theoreni. First suppose thdd satisfies the global boundary Harnack principle. Take
a pair {, K) with (1) and a pointxg € K N D. Letu be a positive superharmonic functionln
satisfying () and (i) of Definition 2. Observe that

Ve w@VND,VND) onVnND,
1 onD\V

is a positive bounded superharmonic functiongatisfying () and (i) of Definition2. Apply
the global boundary Harnack principl2) for u andv. Then

u(x)/u(xo)
—v(x)/v(xo) <A forxeKnD

with A; depending only oiv andK. Since 0< v(x) < 1, it follows that
A
V(o)
Thus @) holds withA, = A;/v(Xo), which depends only 0B, V, K andx,.
Conversely, suppose thBtsatisfies the global Carleson estimate. Take a pak ) with (1).
Find open setdy, U; andU, such that

KcUycUycU;cU;cU,cU,cV

and such that the pairtg \ Uo, dU;) and {, U,) satisfy (). For simplicity letE; = 9U; n D
for j = 1,2. See Figurd. Let us apply Lemmd to Q = U, N D. Takey € Cg"(Rd) such that

u(x) < u(xp) forxe KnND.

- i
v P

Ficure 1. Global boundary Harnack principle and Carleson estimate.

¢ = 10onE; and supg NU; = 0. Then Lemmal gives

8 wixExnQ) < f G (x Y)lAp(y)ldy < f Go(x Y)lAp(y)dy forxe K N D.

QNsuppy QNsuppy

For a moment fixx € K N D. By the global Carleson estimate for the paik (\ Uy, dU1) and
the positive superharmonic functi@s(x, -) in D, which is bounded and harmonic @b \ Uy,
we have

Gp(x.Y) < AGp(x Yo) forye Ey,
wherey, € E; is fixed andA, depends only oD, Uy, Uy, U, andy,. The maximum principle
givesGp(X,Y) < AGp(X,Yo) fory e D \ Uy, so that 8) yields

(9) w(X; Ez Q) < AsGp(X,yg) forxe KND
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with As = Ag [ Ap(y)ldy.
Let u andv be positive superharmonic functionsinsatisfying () and (i) of Definition 1.
Then the Carleson estimate for the pairy,) gives
u(x) < Au(yo) forxeU,NnD > E,,
whereA), depends only o, Uy, V andy,. Hence the maximum principle ané)) imply
u(X) < Ayu(yo)w(X; E2, Q) < ALu(Yo)AsGp (X, Yo) for x e K N D.

Let O < ro < 6p(Yo)/2 be such thaB(yo, o) N K = 0. ThenGp(x,Yo) < Arz® < Av(X)/V(Yo)
for x € S(yo, o) With A independent of.. By the maximum principle we hav@p(X, Yo) <
AV(X)/V(Yo) for x € D \ B(yo, rg) > KN D. Hence we obtain

u(x) < Azu(yo)v(x)/v(yo) forxe KnD
with A; independent ofi andv. This gives @) with A; = AZ. m|
Remark3. The intersection of the boundaf and a ball with center on the boundary is called
asurface ball The estimate of the harmonic measure of a surface ball played a very important
role if D is a Lipschitz domain. In fact, Dahlber®{h77 recognized the following relationship
between the Green function and the harmonic measure:
(10) w(x;B(£,r) NaD, D) ~ rf2Gp(A(¢),X) for&edD, xe D\ B, Ar)and O<r < rg,

whereA > 1 depends on the Lipschitz nature Bfand A (¢) is a “hontangential point”, i.e.,

IA(E) — €] = 6p(A(€)) ~ r. Cdfarelli-Fabes-Mortola-Salse’| , Lemma 2.2] extended

this comparison to the Green function and the harmonic measure for general elliptic operators
in divergence form. They employed the counterpart of LemimEhe same technique was used

by Jerison-Kenig [K82, (4.6)] to prove 10) for NTA domains.

The comparisonl(0) holds only for domains witkthe capacity density conditipwhereas the
boundary Harnack principle holds even for irregular domains for which a surface ball may be a
polar set (f , ]and | ]1). The point of the above proof is the usage of Lemma
1. We estimate the harmonic measuw@U, N D, U, N D) instead of the harmonic measure of
the surface balB(¢,r) N 9D, which may vanish for a general domdin

We shall prove Corollarg with the aid of Domar’s argument and the exponential integrability
of the quasihyperbolic metric of a domain satisfying the quasihyperbolic boundary condition.

Lemma A (Domar [ ] and | ]). Letu be a nonnegative subharmonic function on a
bounded domai® in RY. Suppose there is> 0 such that

| = f(log+ u)d-1*edx < co.
Q
Then
(11) u(x) < exp(2+ AlYe55(x)"9#),
whereA is a positive constant depending only ®and the dimensiod.

Lemma B (Smith-StegengadS91]). LetD satisfy the quasihyperbolic boundary condition and
let X, € D. Then there exists a positive numbesuch that

fexp(rkD(x, Xp))dX < co.
D
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Proof of Corollaryl. In view of Theoreml, it is suficient to establish the global Carleson
estimate. LetV, K) be a pair satisfyingl) and letx, € KND. Letu be a positive superharmonic
function inD satisfying () and (i) of Definition 2.

First suppose is harmonic orD. We extendito V\ D by 0 and take the upper regularization
to obtain a nonnegative subharmonic function\ow D coinciding withu in V. n D. With a
slight abuse of the notation, we denotelbthis extended subharmonic function as well. By the
Harnack inequality we obtain

u) _
u(Xo)
Lete > 0. LemmaB yields

AexpAkp(X, X)) for x e D.

d-1+¢
| = fVUD[Iog %] dx < AfD[kD(x, X)) edx < AfDexp(TkD(x, X0))dX < oo,

whereA depends only od, £ andr. By LemmaA

u(x) 1 —d
— 7 < 2+ AlYes ey f VuD

whereA is independent ofi. Sincedyp(X) > dist(K, V°) for x € K, we obtain ).
Next consider the general case. By the Riesz decomposition we can write

u(x) = fD\V Gp(% y)du(y) + h(x) forxe D

whereu is a measure oD \ V andhiis a positive harmonic function db. LetU be an open set
such thaK c U c U c V. By the Harnack inequality we obtain

GD(X’ y) <
Gb(*0,Y) ~
Letye D\ V. Then| , Lemma 7.2] gives

Koy (X, Xo) < Akp(X, %) + A for xe U N D,

AexpAkpy (X, X)) for x e D.

whereA is independent of. In the same way as above, we obtain from LenBna
G (X ) d-1+¢
f [Iog* D—y] dx< A f [ko (X, %) Hdx < A f explrko (X, Xg))dX < oo,
uub D D

GD(XO’ y)

so that
Gp(XY) < AGp(Xo,y) forxeUnD,

whereA s independent of € D \ V. Integrating both sides of the inequality, we obtain

[ Gotey)dit) <A [ Goltey)uty) forxeunp.

D\V D\V

By the first parh(x) < Ah(xp) for x e KND. We obtain 8) by adding the above two inequalities.
Thus the global Carleson estimate holds, and hence the global boundary Harnack principle
follows from Theoremil. O
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Remark4. We say thatD is a Holder domain of orderr (0 < a < 1) if the boundary is
locally represented as the graph ofraHolder continuous function. Bass-Burdzyigeelos

[ , ] established the global boundary Harnack principle forédddr domain of or-

dera (0 < @ < 1). As a further generalization, Bass-Burdz£[2 1] gave the global boundary
Harnack principle for a twisted &élder domain of ordew (1/2 < a < 1), one of which con-
ditions is the capacity density condition. Their crucial estimate is obtained by the so-called
box argumentOur proof of Corollaryl is completely diferent. It is based on Theoretrand

the Domar argument A[HL, 1), which requires neither the graph representation nor the
capacity condition. See alséi01, ]

3. ProoOF oF THEOREM 2

In this section we shall prove the equivalence between the local boundary Harnack principle
and the local Carleson estimate. To this end we observe that the local boundary Harnack prin-
ciple has the following extended form*([<04, Lemma 4.3]). For the convenience sake of the
reader we provide a proof.

Lemma 2. Let the local boundary Harnack principle hold. Then for edck ¢ < 1/2 there
is a positive constand, depending only o, Az, A, andd with the following property: Let
& € 0D and0 < r < rg. Suppose that there s € B(¢,r) N D with §p(x*) > 2er and letU be
a connected component B{£, r) N D containingx®. If uandv are bounded positive harmonic
functions orB(&, 2r) N D \ B(X*, er/2) vanishing oroD N B(&, 2r), then

U/UlY) _ o
v)/vy) T
whenever,y € U \ B(x", er). See Figure.

(12)

Ficure 2. Extended boundary Harnack principle.

Proof. We claim that iff € U \ B(x*, er), then (2) holds forx,y € B(Z, (6As) ter) n D. If
B(Z, (3As)ter) c D, then this follows from the usual Harnack inequality. Otherwise, we find
" € D such that” — /| < (3As) ter. Observe that

B(Z, gr) CBE (L+ —— + g)r) c B(¢, 2r)

&

3A;
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and
Xz el — 1 > oy,
=Xl zer =g >3

Henceu andv are positive harmonic functions @{¢’, er /2)N D vanishing ordDNB(¢’, er /2),
so that the local boundary Harnack principle implid®)(for x,y € B(¢’, (2As) ter) N D,
which includesB(¢, (6As)"er) N D. Thus the claim follows. Now we find points, ...,y €
U \ B(x*, er) such thatuj'\‘le(gj,(7A3)‘13r) is connected and covetd \ B(x", er), whereN
depends only om, A; andd. Applying the claim to/; repeatedly, we obtainl@) for x,y €
U \ B(X*, er). The lemma is proved. m|

Proof of Theoren2. Assume thatD satisfies the corkscrew condition. First suppose that
satisfies the local boundary Harnack principle. SupgoseD, 0 < r < ro andu is a positive
harmonic function inB(&, Asr) N D vanishing ondD N B(¢, Asr). Lety € B(&,r) N D with
op(y) > er. Apply Lemma2 to uandv = Gg 2r)np (-, ) With X* = yande/2 in place ofe. Since
v(y) =~ r&dfory e S(y,er/2) andv(x) < Ar>d for x € B(¢,2r) n D\ B(y, er/2), it follows
from (12) that
u(x) v(X)
<A <A, forxeB(r)nD)\ B(y,er/2).
%) ) (£1) (y,&r/2)
Hence the Harnack inequality implies that
u(x) < A.u(y) for xe B(&r)nD.

Thus the local Carleson estimate holds.

Conversely, suppose thBtsatisfies the local Carleson estimate. Without loss of generality,
we may assume thafts > 2. Leté e 9D and O< r < ro. LetQ = B(£ Ar) N D, QF =
B(¢,Alr) n D andE = dQ N D. We findg € C5(RY) such thatp = 1 onS(¢, A2r), suppy
B(&, (A2 + 1)r) \ B, (A2 — 1)r) and|A¢| < Ar-?, whereA depends only on the dimensiai
Lemmal yields
(13)

w(X E,Q) < f Ga(X Y)Ap(y)ldy < Ar‘zf Ga: (%, y)dy forxe B(&r)nD.

QNsuppy QNsuppy
For a moment fixx € B(¢,r) N D and apply the local Carleson estimate to the harmonic function
Ga: (%, ) onQ*\B(¢, r). In view of (7) and the Harnack inequality, we fiyg, . . ., yn € B(&, (A2+

1)r) \ B(&, (A2 — 1)r) c B(&, A¥r) such thatp(y;) > er and

Go:(x.y) < A max Go:-(xy;) fory e suppp N D,
i=1...,

whereN depends only oa and the dimensiod. See Figures.
This, together with13), gives

(14) w(x; E, Q) < Ard2 max Go:(xy;) forxeB(r)nD.
j=Lo

Now suppose thati and v are bounded harmonic functions B(¢£, AZr) N D vanishing on
B(&, AZr) N dD except for a polar set. Apply the Carleson estimate tiw obtain

u(x) <A, min u(y;) forxe B(¢, Adr) n D.
j=1...
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FiGure 3. Gg:(X,y) < A max Gq:(x,yj) foryesupppnD.

.....

The continuity and the maximum principle give

u(x) < Ag m|n uyjw(x; E, Q) for x e B(¢, A5r) N D.

.....

Hence (4) implies

(15) u(x) < Ard-2 mln u(y;) - max Gq:(x,yj) forxeB(,r)nD.

..........

On the other hand

Gao- (- Y)) = dp(y)> @ =~ 1= onS(y;,6o(y;)/2),

where the constant of comparison depends only on the dimedsiode. Sinev/v(y;) = 1 on
S(yj, op(Y;j)/2) by the Harnack inequality, it follows that

Ga:(, yJ) ~ 17 V(y,)

on S(yj, op(Yj)/2) and hence of* \ B(y;, dp(y;)/2) by the maximum principle. Sind&(¢,r) N
D c Q" \ B(y;,op(y;)/2), this, together withX5), gives

u(x) <A mln u(yj) m ax == V()

for x € B(&,r) N D.
.......... N V(Y;)

In other words,
u(®) _ ,minj-1, v u(y;)
v(X) — mlnj 1N VY))

u V) _ poMinj=y. nU(y;)  minj-y nV(Y;)
V() uy) T minic nv(y;) minjon u(y;)

Thus the local boundary Harnack principle holds.

= A? forxe B(&,r)ND.

O
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