Densities with the mean value property for

harmonic functions in a Lipschitz domain

HIROAKI AIKAWA

ABSTRACT. Let D be a bounded domain in R™, n > 2, and let xg € D. We consider
positive functions w on D such that h(zo) = ([, wdz)~! [, hwdz for all bounded
harmonic functions h on D. We determine Lipschitz domains D having such w with
infpw > 0.

1. Introduction

Let D be a bounded domain in R™, n > 2, and let o € D. By H; we denote
the set of all bounded harmonic functions on D. Hansen and Netuka [3] considered
positive functions w on D such that

1
1 h = —— [ hwd for h € Hp.
(1) (x0) wadx/D wdx  for b
They proved the following theorem.
Theorem A.

(i) There exists a domain D which fails to have w satisfying (1) and infp w > 0.

(ii) For every bounded domain D there is positive w € C* (D) satisfying (1) and
lim, _.5p w(zx) = 0.

(iii) For a C'*¢-domain (or a Liapunov-Dini domain (cf. [5])) there is w €
C*° (D) satisfying (1) and infp w > 0.

We say that a bounded domain D is k-Lipschitz if D and 9D are given locally
by a Lipschitz function whose Lipschitz constant is at most k. If D is k-Lipschitz
for some k£ > 0, then we say that D is a Lipschitz domain. In this note we consider
the same problem for a Lipschitz domain. Our result is the following.

Theorem.

(i) There exists a 1/v/n — 1-Lipschitz domain which fails to have w satisfying (1)
and infp w > 0.

(ii)) If 0 < k < 1/y/n —1, then for every k-Lipschitz domain D there is w €
C°(D) satisfying (1) and infp w > 0.

The author would like to thank Professor Hansen and Professor Netuka for show-
ing him a preprint of [3]. Professor Hansen also pointed out an error in the first
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version of the paper and showed that the difficulty could be avoided by a general
lemma which A. Ancona communicated to him. The author would like to express
his sincere gratitude to Professor Hansen.

2. Proof of Theorem (i)

Let Ty = {x = (z1,...,2,) : , > |z|cost}. This is an infinite cone with
vertex at 0 and aperture ¢. By u,, (resp. vy) we denote the Martin kernel for Ty,
with pole at oo (resp. at 0). It is known that u, (resp. vy) is of homogeneous of
degree o« = ay, (1)) (resp. of degree 2 — n — «). The constant «a,, (1)) is called the
maximal order of barriers. It is not so difficult to see that a., is strictly decreasing;
an(m/2) =1; a(¥) = 2 for cosyp = 1/y/n; limy_g o, (¢) = 00; limy 7 v, (¢) = 0
(for n > 3); as(v) = 7/(2¢); and ay(y)) = w/1p — 1. For the above result see [1]
and the references therein. By B(z,r) we denote the open ball with center at z
and radius 7.

Proof of Theorem (i). In this proof we let costy) = 1/y/n. Then tanty = /n —1

and
1
n—1

[}

Ty ={z= (2, 2,) : &y >

Hence it is easy to construct a 1/+/n — 1-Lipschitz domain Uy such that Uy N
B(0,1) = Ty, N B(0,1). Let 9 € Uy be a fixed point and let Ky be the Martin
kernel for Uy with pole at 0 with reference point at zo. We observe that Ky is
comparable with vy, near the origin. Since a, (1)) = 2, it follows that v, is of
homogeneous of degree —n and hence Ky is not integrable over U,. Put

w(-, B(0,1/4) N oUy,)
w(zo, B(0,1/7) NoU)’

K; =

where w denotes the harmonic measure for Uy. Then K, € Hy(Uy), K;(z9) =1
and K; — Ky locally uniformly on U,. By Fatou’s lemma

lim inf Kdx > Kodx = oo.
= Juy, Uy

Hence

sup{ [ hdx:h e Hp(Uy),h(xg) =1} = oo.
Uy

This implies that Uy, fails to have w satisfying (1) and infy, w > 0 (cf. [3, Corollary
2.3]). The theorem is proved.



3. Estimate of the gradient of harmonic functions

By the symbol ¢ we denote a positive constant whose value is unimportant and
may change from line to line. If necessary, we use c1,ca, ..., to specify them. We
shall say that two positive functions f; and fo are comparable, written f; ~ fs, if
and only if there exists a constant ¢ such that c=1f, < f1 < cfs.

In this section we shall give a certain lower estimate of the gradient of a positive
harmonic function. This estimate will be used for the proof of Theorem (ii). The
estimate is based on the following general lemma of A. Ancona, which Professor
Hansen kindly informed the author. The present form of the lemma and its proof
are due to Professor Hansen.

Lemmal. Let0 <c; <1,0< ¢y < 1land0 < A < 1. Then there existsa, 0 < a <

1, depending only on c1, co and A such that for any positive harmonic function u on
B(0,1) with u(0) = 1 and inf u(B(0,cz2)) <1— A, we have inf u(B(0,¢1)) <1 —a.

Proof. Tt suffices to consider the case 0 < ¢; < ¢o < 1. Suppose the contrary.
Then there exists a sequence {u;} of positive harmonic functions on B(0, 1) such
that u;(0) = 1, infu;(B(0,¢c2)) <1 — A and lim;_ o (inf u;(B(0,¢;1)) = 1. Taking
a locally convergent subsequence, we obtain a positive harmonic function u on
B(0,1) such that inf u(B(0,¢2)) <1 — A and u(0) = 1 = infu(B(0,¢1)). By the
minimum principle v = 1 on B(0,¢;) and hence on B(0,1) by analyticity. Thus a
contradiction arises.

By translation and dilation we obtain the following corollary.

Corollary. Let 0 <c¢; <1,0<cys<land0< A< 1andlet0<a<1 beasin
Lemma 1. Let x € R™ and r > 0. Then for any positive harmonic function u on
B(xz,r) with inf u(B(x, cor)) < (1 — A)u(x), we have inf u(B(z,c17)) < (1 —a)u(x).

From this corollary we obtain the following lower estimate of the gradient of a
positive harmonic function, which may be of some independent interest. By m(FE)
we denote the Lebesgue measure of E.

Lemma 2. (cf. [1, Lemma 1]) Let 0 < ¢; < 1,0 < ¢y <1 and 0 < A < 1. Then
there exist positive constants € and c3 depending only on c¢1, co and A with the
following property: Let x € R™ and r > 0. If u is a positive harmonic function on
B(z,r) and there is x* € B(x, cor) such that u(z*) < (1 — A)u(z), then

m({y € B(z,c1r) : [Vu(y)| > 5@}) > cgr™.

Moreover, for 1 < p < oo, there exists a positive constant c, depending only on c;,
ca, A and p such that

u(z)? < cprp_"/ |Vu|Pdy.

B(z,c1r)

Proof. Let a be as in Lemma 1. Then, by Corollary, we find 2’ € B(x,c;r) such
that u(z’) < (1 — a)u(x). By the Harnack inequality, we find ¢4, 0 < ¢4 < ¢y,
depending only on a such that u(y) > (1 — a/2)u(x) for y € B(x,c4r). Hence

(2) u(y) —u(z') > gu(a:) for y € B(w,cyqr).



Let £, be the line segment connecting y and «’ for y € B(z, cqr). We observe that
{, C B(z,c1r) and so the the length |¢,| of ¢, is uniformly bounded by 2¢;r. On
the other hand, representing u as the Poisson integral and differentiating under the
integral sign, we obtain

(3) [Vu(z)] < s

for z € B(x,c1r).

u(x)
r
Now let € = a/(8¢c1). We have from (2) and (3)

%u(e) < uly) — ula') < /e [V

ds

/ € ds + / Cs
{z€4y:|Vu(z)|<eu(z)/r} r {z€ly:|Vu(z)|>eu(z)/r} r

r

< 2017“6“(90) +cs5 u(z) H{z ety : |Vu(z)| > ¢
r r

— %u(w) +c5@|{z €ly: |Vu(z)| > 5@”

uniformly for y € B(x, cqr). Hence
{z €ty : |Vu(z)| > E—u(x)}| > L
T

Since the above inequality holds uniformly for y € B(z,c4r), Fubini’s theorem
yields the required estimate.
Now we integrate |Vu| over B(x,cir). We have

/ |\Vul|dy > ¢
B(xz,cir)

whence, by Holder’s inequality, for 1 < p < oo,

car’”,

(«) I 1 ”’”
u\xr

<c / Vuldy < c —/ |VulPdy .
= B an) Jowan " (m(B(w,cw» B

This readily yields the second assertion.




4. Proof of Theorem (ii)

Hereafter, we let D be a k-Lipschitz domain with 0 < k < 1/v/n — 1. By d(x) we
denote the distance dist(z,CD). Let us recall that zo € D is a fixed point and put
g(x) = G(z,x0), where G is the Green function for D. The function g is positive

and harmonic in D \ {zo} and vanishes on 0D. Let 1o = 36(zg). It is easy to see
that zg € B(,3r¢) for any £ € 0D.

Lemma 3. There exists a constant cg, 0 < cg < 1, depending only on D such that
if v € D and §(z) < rg, then there is * € B(z,cgd(x)) such that g(z*) < 2g(z).

Proof. Let x € D and §(x) < ro. Take T € 9D such that |z —=| = 6(x). We observe
that ¢ is a positive harmonic function on D N B(Z, 3d(z)) which vanishes on 9D.
The boundary Harnack principle (e.g. [4, Lemma 4.10]) yields

g=~g(x)w(,DNoB(z,20(x)) on DN B(T,dx)),

where w denotes the harmonic measure. A Lipschitz domain is uniformly A-regular
(cf. [2]) and there is k > 0 depending only on D such that for 0 < p < 2

w(,DNOB(Z,20(x)) < cp® on DN B(T,pd(x)).
Hence, if p is sufficiently small, then
1 _
9= 59(x) onDNB(T,pi(x));

in particular, we find 2* € B(z, (1 — p/2)d(z)) such that g(z*) < g(z). Thus the
lemma follows with ¢g =1 — p/2.

For x € D we let
. 1
B*(z) ={y € D: |z —y| < 50(y)}.
Then, it is easy to see that
1 *
B(x, 55(33)) C B*(z).
In fact, if y € B(w, $6(x)), then |z —y| < 36(x) and 36(z) < 6(y) < 30(z), whence

|z — y| < 36(y). With the aid of Lemma 3, we can invoke Lemma 2 with ¢; = 1,
co = cg, A:%,rzé(x),u:gandpzz We have

(4) / VoPdy > / VoPdy > cs(2)"g(2)?
B*(x) B(z,%6(x))

for x € D with §(z) < ro. Now we are ready to prove Theorem (ii).

Proof of Theorem (ii). We find v > 0 such that
{reD:g(x) <y} {zeD:ix)<ry}.
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As was observed in Section 2, the function u, is of homogeneous of degree 2 for
cosp = 1/y/n. By the comparison of g and u,, we can find a, 1 < av < 2, such that

(5) g(x) > cd(x)® for x € D,
since the domain D is k—Lipschitz with 0 < k < 1/y/n —1. Let n = (2 — o)/« and

define
IVg(z)Pg(x)=>  if g(z) >,
w*(z) =

[Vg(z)Pg(x)"~t  if g(z) <.

Let h € Hp. In the same way as in [1, Section2]|, we have from the coarea formula
and the Poisson integral formula

¥ d 0 d
/hw*da::/ dt/ h]Vg]2g’7_1—a+/ dt/ h|Vg|2g2
D 0 {g=t} ’vy, 5 {g=t} ‘VQ‘

¥ o0
(6) :/ t”_ldt/ h|Vg|da+/ t—Zdt/ h|Vgldo
0 {g=t} vy {g=t}

_ h(:co)(/o7 - 1dt + /oo t2dt) = (7—; + %)h@o).

Next we mollify w*. Fix a radially symmetric smooth function 7 > 0 on R™ such
that {7 > 0} = B(0,1) and [, 7dz = 1. For y € D we define

o (7))
Ty @ X T , xeR™
! (30" \30(y)
Let

w@:A@@W@@

It is easy to see that w is a positive smooth function on D. By Fubini’s theorem,
(6) and the mean value property of h € H;, we have

/Dh(:zz)w(:z:)dzz::/Dh(:z:)dx/DTy(x)w*(y)dy
~ [ w iy [ 1y )

Thus w satisfies (1). Let
V={reD:g<~vyon B*(z)}.

We observe that D\ V is a compact subset of D and w > ¢ on D\ V. Hence we
have only to show
w>c onlV.



We observe that

x—y) > inf;(B(O,%)) > e5(z)~"

1
) = g (%5@)

for y € B*(z) = {y : |[vr — y| < 36(y)}. Suppose z € V. Then w* = |Vg|?¢g"! ~
|Vg|2g(x)"~1 on B*(z) by the Harnack inequality. It follows from (4) that

w2 [ @z @ @ [ vl

> cb(x)"g(x)" 1 (2)" 2g(x)? = cg(x)"o(x) 72
By (5) and the definition of n we have
w(z) > cg(x)™0(x)72 > ed(x) T2 = ¢,
The theorem follows.
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