BOUNDARY HARNACK PRINCIPLE AND MARTIN BOUNDARY
FOR A UNIFORM DOMAIN

HIROAKI ATKAWA

Dedicated to Professor Maretsugu Yamasaki on the occasion of his 60th birthday

ABSTRACT. We establish a uniform boundary Harnack principle for a uniform domain.
As applications we study the Holder continuity of the ratios of positive harmonic func-
tions, the Martin boundary and the Fatou theorem for a uniform domain. We assume
no exterior condition for a domain.

1. INTRODUCTION

There is an extensive literature on the boundary Harnack principle (abbreviated to
BHP). BHP is a principle of the following type: Let D be a domain in R with a certain
geometric property. Let V' be an open set and K a compact subset of V' intersecting 0D.
Then there is a positive constant A = A(D,V, K) such that

u@)fol@) _ .
(1.1) u(y)/v(y)SA for x,y € KN D,

whenever u and v are positive harmonic functions on D with vanishing boundary values
on VNaD.

By the symbol A we denote an absolute positive constant whose value is unimportant
and may change from line to line. If necessary, we use Ay, Ay, ..., to specify them. We
shall say that two positive functions f; and f, are comparable, written f; ~ fo, if and
only if there exists a constant A > 1 such that A7'f; < f, < Af;. The constant A will
be called the constant of comparison. Then (1.1) can read

@zw for x,y e KND

v(z)  v(y)
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with constant of comparison depending only on D, V and K. Let dp(x) = dist(x, D).
If D is sufficiently smooth, then
u(z) _ dn(@)

u(y) ~ 9n(y)

for a positive harmonic function u on D with vanishing boundary values on V' NoD ([23]).
Hence (1.1) follows in this case.

BHP for nonsmooth domains is not so easy. For a Lipschitz domain BHP was obtained
independently by Ancona [4], Dahlberg [12] and Wu [24]. Caffarelli, Fabes, Mortola
and Salsa [10] proved BHP for positive solutions of elliptic equations in divergence form
with nonsmooth coefficients on a bounded Lipschitz domain. Jerison and Kenig [17]
introduced NTA domains and extended BHP to NTA domains. Anderson and Schoen [5]
proved BHP for a complete manifold of negative curvature. Banuelos, Bass and Burdzy
([9], [7] and [8]) employed probabilistic techniques and proved BHP for Hélder domains.
The significant aspect of the work of Banuelos, Bass and Burdzy is that they proved BHP
without any exterior condition. However, BHP of Banuelos, Bass and Burdzy is weaker
than the previous BHP. It is not uniform. As was observed by Jerison and Kenig [17],
the uniform BHP is important for further applications such as the Martin boundary, the
Holder continuity of the kernel functions, H? and BMO spaces.

The main aim of the present paper is to establish a uniform BHP for a uniform domain.
We say that D is a uniform domain if there exist constants A and A’ such that each pair
of points x1, x5 € D can be joined by a rectifiable curve v C D for which

(1.2) () < Alzy — o],
(1.3) min{{(y(z1,9)), {(y(z2,y))} < A'dp(y) forally €.

Here, ¢(y) and 7(z;,y) denote the length of v and the subarc of v connecting z; and
y, respectively (See [14] and [22]). Roughly speaking, a uniform domain is a domain
satisfying only the interior conditions for an NTA domain (see [17]). We have

Lipschitz G NTA G uniform G John.

for x,y e KN D,

By B(x,r) we denote the open ball with center at z and radius r. A simple example
of a uniform domain is the unit ball minus a closed line segment, e.g. B(0,1) \ L with
L ={(x1,0,...,0) : |z;] < 3} for n > 3. For another example see Proposition 1. In fact, a
uniform domain enjoys only an interior condition and so it may admit irregular boundary
points. Moreover, a surface ball 9D N B(£,r) may be a polar set. Hence, we always
consider a generalized Dirichlet problem, i.e. boundary values have meaning outside a
polar set. For simplicity, we shall say that a property holds q.e. (quasi everywhere) if it
holds outside a polar set. We show the following uniform BHP.

Theorem 1. Let D be a uniform domain. Then there exists a constant Ay > 1 depending
only on D with the following property: Let & € 0D and let R > 0 be sufficiently small.
Suppose u and v are positive harmonic functions on D N B(&, AgR), bounded on D N
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B(&, AgR) and vanishing g.e. on 0D N B(&, AgR). Then
u(z) _ u(z’)
v(z) " o)

where the constant of comparison depends only on D.

uniformly for x,x' € DN B(§, R)

Remark 1. We emphasize that the domains of positive harmonic functions v and v are
localized to D N B(£, AgR). We use localized Green functions and represent positive
harmonic functions as localized Green potentials. This localization will be useful for the
Hoélder continuity of the ratio u/v. It enables us to avoid the deep geometric localization
theorem due to Jones [18].

Corollary 1. Let D be a uniform domain. Then the global BHP holds. That is, for an
open set V and a compact subset K of V' there is a positive constant A = A(D,V,K)
with the following property: if u and v are positive harmonic functions on D, bounded on
DNV and vanishing q.e. on 0D NV, then (1.1) holds.

Theorem 1 has several applications. With the aid of the classical technique due to
Moser [19, Section 5], we can show the Hélder continuity of u/v at the boundary. In
general, by oscg f we denote supy f — infg f, the oscillation of f over F.

Theorem 2. Let D be a uniform domain. Then there exist A > 0 and ¢ > 0 depending
only on D with the following property: Let & € 0D and let 0 < r < R be sufficiently
small. Suppose u and v are positive harmonic functions on D N B(&, AgR), bounded on

DN B(&, AyR) and vanishing q.e. on 0D N B(&, AgR). Then

u \¢ u
(1.4) osc —<A (—) osc  —.
DNB(&,r) U R/ DnB(,R) v
This result is rather surprising since the functions v and v themselves are not continuous
on 0D if D has an irregular boundary point. Combining Theorem 2 and the known interior

Hoélder continuity, we obtain the following Holder continuity. See Jerison and Kenig [17,
Theorem 7.9].

Corollary 2. Let D be a uniform domain. Then there exist positive constants A and ¢
depending only on D with the following property: Let V be an open set and K a compact
subset of V' intersecting 0D. If u and v are positive harmonic functions on D, bounded
on DNV and vanishing q.e. on 0D NV, then

u T\ u
1.5 “<a(s) =
(1.5) Dn%s((;,r) v R Dﬂ%s(g,R) v

forz € DNK and 0 < r < R < dist(K,V*®). In particular,

u(z)/v(z)

7—1‘ <Az -yl forzzye DNK.

u(y)/v(y)

Moreover, the ratio u/v extends to D N K as a Hélder continuous function.
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We shall show that the Martin boundary of a bounded uniform domain is homeomorphic
to the Euclidean boundary. In general by Gy we denote the Green function for the
Laplacian for an open set U. For simplicity we write GG for the Green function for D.

Theorem 3. Let D be a uniform domain. For each & € 0D there exists a unique minimal
Martin boundary point, i.e. the limit

G
K(z,§) = lim Glo,y)
D3y—¢ G(xg,y)
exists and is a minimal harmonic function on D, where xq is a fized point in D. Moreover,
the Martin kernel K(x,£) is a Hélder continuous function of £ € OD.

Corollary 3. The Martin boundary of a bounded uniform domain is homeomorphic to
its Buclidean boundary. FEach boundary point is minimal.

The coincidence of the Martin boundary and the Euclidean boundary was given by
Hunt and Wheeden [16] for a Lipschitz domain and by Jerison and Kenig [17] for an NTA
domain. Our proof of Theorem 3 is different from those in [16] and [17]. They regarded
the Martin kernel as the limit of the ratio of the harmonic measures. In the present
setting, the harmonic measure of a surface ball may vanish. Hence we regard a kernel
function as the ratio of the Green functions and we estimate them directly by using BHP.
In fact, if D = B(0,1) \ L for n > 3 as before Theorem 1, then L is polar, so that D and
B(0,1) have the same Green function and the same harmonic measure. It is easy to see
that the Martin boundary of D is the union of the unit sphere and L. From the ratios of
the harmonic measure, we cannot retrieve the Martin kernel with pole on L.

So far, we have observed that a uniform domain enjoys the same properties as an NTA
domain, although it satisfies only the interior conditions. However, the harmonic measure
of a uniform domain does not satisfy the doubling property. The lack of the doubling
property of the harmonic measure causes strange phenomena. As an illustration let us
consider the Fatou theorem. This is just on the border line; the global Fatou theorem
holds and yet the local Fatou theorem does not hold. For £ € 9D we let T'y(§) = {z €
D:|x—¢| < (14 a)ip(z)} where @ > 0. This is a nontangential approach region to &.
We say that a function u defined on D has nontangential limit ¢ at & if for any «, u(x)
restricted ', (§) converges to ¢ as © — . Let wp be the harmonic measure of D. We have
the following global Fatou theorem.

Theorem 4. Let D be a uniform domain. Then every positive harmonic function u on
D has nontangential limits a.e. wp on 0D, i.e. there is a set E C 0D with wp(E) =0
such that u has nontangential limits for £ € 0D \ E.

Let us consider a local Fatou theorem. A truncated nontangential approach region
at € is denoted by T (&) = [',(€) N B(£,h). We say that a function u defined on D is
nontangentially bounded from below at £ € 0D if there exist positive constants «, h and
A such that u(z) > —A for all z € Th(£). Let F C dD. We say that a function u is
nontangentially bounded from below on F'if u is nontangentially bounded from below at
every point of F. Jerison and Kenig [17, Theorem 6.4] proved the following.
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Theorem A. Let D be an NTA domain. Assume that u is harmonic in D and nontan-
gentially bounded from below on F' C dD. Then u has nontangential limits a.e. wp on
F.

For a uniform domain such a local Fatou theorem does not necessarily hold.

Proposition 1. There exist a bounded uniform domain D, a countable set E C 0D,
and a harmonic function u on D nontangentially bounded on 0D \ E which fails to have
nontangential limits on 0D \ E.

Plan. Our proofs are different from the previous ones, since we assume no exterior
conditions. Traditionally, BHP is proved by the Carleson estimate for positive harmonic
functions vanishing on a portion of the boundary ([11]) and the comparison of harmonic
measures of a ‘box’; the Fatou theorem is proved by the maximal function with respect
to the harmonic measure. In the present settings, however, the Carleson estimate for a
general harmonic function is not available at first (see Remark 2 below); the harmonic
measure of the domain does not have the doubling property, so that the maximal function
is irrelevant. Our approach must be different. The main ingredients are as follows:

(i) Dominate the harmonic measure of the intersection of the domain and a ball by
the local Green function with pole near the ball (Lemma 2).
(ii) Compare the ratios of the local Green functions with the aid of the Carleson
estimate for the Green function (Lemma 3).
(iii) Represent a harmonic function as a local Green potential and use the above com-
parison (Proof of Theorem 1).
(iv) Use the classical Moser technique to obtain the Hélder continuity. Avoid the deep
geometric localization due to Jones. (Proof of Theorems 2 and 3).
(v) Invoke the general minimal fine limit theorem and compare the minimal fine filter
and nontangential filter in order to prove the Fatou theorem (Proof of Theorem
4).
The most difficult part is (i), for which we borrow the probabilistic idea of Bass and
Burdzy [9]. The next section will prepare some technical materials for this part. In
fact, Bass and Burdzy employed a deep probabilistic argument for their BHP. Their deep
argument can be avoided by our (ii) and (iii).

Acknowledgment. The author would like to thank Tomohiko Mizutani and Torbjorn
Lundh for careful reading of the manuscript of the paper and valuable discussions. He also
would like to thank Stephen Gardiner for a suggestion in the exposition of Proposition 1.
He is very grateful to the referee for many useful comments.

2. PRELIMINARIES

In the previous paper [1] (see [2] for other applications), we introduced the notion
of capacitary width. Let U be an open set with Green function Gy. Define the Green
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capacity Capy (F) for a Borel set E C U by
Capy (F) = sup{p(F) : Gyu < 1 on U, u is a Borel measure supported on F}.

In the usual way Cap;;(F) extends to a general set £ C U.
Definition . Let 0 <7 < 1. For U C R" we define the capacitary width w,(U) by

CapB(m,2r) (B(ZL‘, 7”) \ U)
CapB(:p,Zr) (B(l‘, T))
Fundamental properties of capacitary widths are given in [1]. For the completeness we

repeat them. We note that the constant 1, 0 < n < 1, is not so important. In fact, if
0<nm <mn <1, then

wy, (U) < wy, (U) < Aw,, (U)  for any U C R",

wn(U):inf{r>0: > foralleU}.

where A depends only on the dimension n, 1, and 7y ([1, Proposition 2]). Hereafter, we
fixn, 0<n<l1.
In view of the definition of a uniform domain, it is easy to see that

(2.1) w,({r € D:0p(z) <r}) <Ar for small r > 0,

whenever D is a uniform domain.

We denote the harmonic measure of E for an open set U by wy(E) or by w(-, E,U).
We write C'(x,r) and S(z,r) for the closed ball and the sphere of center at x and radius
r, respectively. Harmonic measures and capacitary widths are related as in the following
key lemma. This lemma is implicitly proved in [1, Proposition 2].

Lemma 1. There is a positive constant A, depending only on the dimension with the
following property: if U # 0 is open, v € U and R > 0, then

(2.2) w(z,U N Sz, R),U N B(z, R)) < exp <2—A1%>.

Proof. For an arbitrary ¢ > 0 we have r, w,(U) < r < w,(U) + ¢ such that
CapB(y,Qr) (B(ya T) \ U)
CapB(y,2r) (B(y,r))

For a moment we fix y € U and let E = B(y,r) \ U and Gp the Green function for
B(y,2r). Let ug be the capacitary measure of E, i.e.

(2.3)

>n forallyeU.

(g is supported on E,

el = Cappy o (E),
Gppr =1 q.e. on F.

We claim

(24) GBHJE Z A277 on C(ya T)J
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where A, depends only on the dimension. To this end let v be the capacitary measure of
B(y,r). Then v is supported on S(y,r) and [|v|| = Capp, . (B(y,7)). By the Harnack
inequality

3
Gg(, ) =~ Gp(,y) onS(y, 57")

uniformly for z € C(y,r). Hence

() = /F G (2 2) () ~ Gz, y) s,

Gpr(z) = /S( )GB(z,x)dy(x) ~ Gp(z,y) ||V

uniformly for z € S(y, 2r). Since Gpr ~ 1 on S(y, 3r), it follows from (2.3) that

Gpur _ llnsll _ — Cappgan(E) ;
Gev vl Cappgyen(Bly,r)) —

on S(y,3r). By the maximum principle (2.4) follows.

Now let us move on to the proof of (2.2). For simplicity we write Q for w(-,U N
S(xz,R),U N B(z, R)). Without loss of generality we may assume that R/w,(U) > 2 and
let k& be the positive integer such that 2kw,(U) < R < 2(k + 1)w,(U). Take r > w,(U)
so close to w,(U) that 2kr < R holds. We claim
(2.5) sup Q< (1 — Ayn)’

unC(z,R—2jr)
for j =0,1,...,k. Since k = R/w,(U), (2.5) implies (2.2). Thus we have only to show
(2.5). Let us prove (2.5) by induction. Obviously, (2.5) holds for j = 0. We assume that
(2.5) holds for j —1 and we shall prove (2.5) for j > 1. In view of the maximum principle,
it is sufficient to show that
(2.6) sup Q< (1 — Ayn).

UNnS(z,R—2jr)
Let y € UN S(z, R —2jr). Then C(y,2r) C C(x, R — 2(j — 1)r), so that (2.5) for j — 1
implies

Gpue ~

Q< (1—Am)y~" onUNC(y,2r).
Since §2 vanishes q.e. on OU N B(z, R) D oU N B(y, 2r), it follows from the maximum
principle that
(2.7) Q< (1—Am)y'w(-,UnS(y,2r),UN B(y,2r)) on UnN B(y,2r).

Let us compare w(-, UNS(y,2r),UNB(y,2r)) and 1 — Gppup, where Gpug is as in (2.4).
Then
w(-,UNS(y,2r),UNB(y,2r)) <1—Gpug onUN B(y,2r)

by the maximum principle. In particular,
w(y,UNS(y,2r),UN B(y,2r)) <1 - Gpup(y) <1 — Az
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by (2.4). Substituting this to (2.7), we obtain Q(y) < (1 — Ayn)?. Hence (2.6) and so
(2.5) follows. The proof is complete. 0]

3. PROOF OF THEOREM 1

The proof of Theorem 1 is based on uniform estimates of the Green function. Through-
out this section we assume that D is a uniform domain and we let £ € D and R > 0. We
shall give uniform estimates independent of £ and R. All constants, implicit and explicit,
will be independent of & and R, unless otherwise specified.

To facilitate the argument we introduce the quasi-hyperbolic metric kp(z;, z2) defined
by ;

) S
kD(l'l, ZCQ) = H}}f ; (SD(m)’
where the infimum is taken over all rectifiable arcs v joining x; to z5 in D. We observe that
the shortest length of a Harnack chain connecting z; and x5 is comparable to kp(zq, x2).
Hence, in view of the Harnack inequality, there is a positive constant A3 depending only
on the dimension n such that
h(l‘l)

exp(—Askp(ry,2,)) < ()

< exp(Askp(z1,22))

for every positive harmonic function h.

For a uniform domain the following observation is important: if 6p(z1) > aR, §p(x2) >
bR and |r; — 25| < ¢R, then kp(xy,79) < A, where A depends only on a, b, ¢ and D.
Hence h(z) = h(zy) for any positive harmonic function h on D, where the constant of
comparison depends only on a, b, ¢ and D. Moreover observe that there is A4, 0 < Ay < 1
such that

AR< sup dp(x) <R
z€DNS(E,R)
for £ € 9D and R > 0 sufficiently small, say 0 < R < 8R*. Let us take (g € DN S(€,4R)
with 44,R < 0p(&r) < 4R for 0 < R < 2R*. Then, it is not so difficult to see that

(3.1) kp(z,&r) < Alog 511)0(];

where A is independent of the choice of £z. In the sequel, estimates will be independent
of the choice of &5.

In view of the definition of a uniform domain, we find A5 > 9 depending only on D
such that DN B(§,9R) is included in a connected component of D N B(£, AsR) and

(3.2) kpnpe,asr) (2, y) < kp(z,y) + A for z,y € DN B(E,9R).

For simplicity we let Dr = D N B(&, (45 + 7)R) and D%, = DN B(§, AsR). By Gg and
G', we denote the Green functions for Dy and DY, respectively. Obviously, G > G’ on
DYy x D%. Note that D% needs not be connected and so G'4(-,£g) may vanish on some
component, of D,. However, in view of (3.1) and (3.2), D N B(£,9R) is included in the
component containing &g, and hence G’ (-,£g) > 0 on D N B(£,9R).

for v € DN B(&,9R),
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Let us begin with a comparison of the Green function and the harmonic measure.
Lemma 2. Let £ € 0D and 0 < R < 2R*. Then
w(-, DNS(&2R), DN B(§,2R)) < AR"*Gp(-,&p) < AR"?Gr(,6r)  on DNB(R),
where A depends only on D.
Proof. Tt is sufficient to show the first inequality. We follow the idea of [9]. Since
C(ér,27'0p(Er)) € DN C(E,6R)\ B(&,2R) C Dy, \ B(&,2R),
it follows from the maximum principle that
GR(-,&r) < sup G (y,&r) on DN B(&2R).

y€S(ER,2710n(€R))
It is easy to see that the right hand side is comparable to R2~". Hence we can find Ag > 0
depending only on D such that AgR"?G’%(-,&r) < 1/e on DN B(&,2R). Then
(3.3) DN B(2R) =] DN B(£,2R),
j=0
where
D; ={x € D :exp(—2""") < AgR" ?G'y(,&r) < exp(—27)}.
Let Uj = (UijDk) N B(f, 2R) We claim

(3.4 wy(U,) < ARexp (—%)

with some A > 0 depending only on D. Suppose x € U;. Observe from (3.1) and (3.2)
that if z € S(€g, 30p(ER)), then

10R
op(x)

Since G'y(z,&r) &= R*™ for z € S(€g, 30p(&r)), it follows from the Harnack inequality
that

kppfeny (7, 2) < kpr (2,6p) + A < A'log

%(m))*

exp(—27) > AgR">G'y(x,€r) > AR">G'y(z, &) exp(—Askpr\(epy (1, 2)) > ( 10R

with A > 0 depending only on D. Hence
2J
dp(z) < 10Rexp <_X> .

This, together with (2.1), yields (3.4).
Now we use an inductive argument. Let Ry = 2R and
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for j > 1. Then R; | R and

= : Rj 1 — 6 20
9i+1 _ J—1 9i+1 _ -2 =z _
S (27 - ) = S (20 - e (3)) <

We emphasize that the value of the series in (3.5) is independent of R. Let wy = w(-, DN
S(€,2R), DN B(€,2R)) and

wo()

sup it D; N B(&, Ry) # 0,
g 2€D;NB(E,Ry) Rn QG/ (IL’ gR) J (g ]) 7£
=
0 if D; N B(E,R;) = 0.
In view of (3.3) it is sufficient to show that
(3.6) supd; < A < o0,
320

where A is independent of R.

FIGURE 1. Maximum principle over U; N B(§, Rj_1).

Let 7 > 0. Then the maximum principle yields that
(3.7) wo(r) < w(w,U; N S(E, Rj—1), Uy N B(§, Rj—1)) + dj1 R"*Glr(w, €R)

for x € U;NB(&, Rj_1). See Figure 1. If v € B(£, R;), then B(z, Rj_1—R;)NS(§, Rj_1) =
0, so that the first term in the right hand side of (3.7) is not greater than

w(x, Uj N S(.CU,R]',I — Rj), Uj N B(l‘, Rj,1 — R]))

Ri_1—R; . 27
< exp <2 — A1W> < exp <2 — Aj % exp (X))
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by Lemma 1 and (3.4). Moreover, AgR">G'y(x,Er) > exp(—2711) for & € D; by defini-
tion. Hence (3.7) becomes

2J
wo(z) < exp (2 — Aj %exp (X)) +d; \R"Gy(w,ER)

, 27
< (AS exp (2 + 27— A exp <X>> + djl) R"2G(,&R)

for z € D; N B(&, R;). Dividing both sides by R™ 2G',(x,&x) and taking the supremum
over © € D; N B(&, R;), we obtain

. 21
dj < Agexp (2 + 29T — A5 2 exp (—)) +d;jq

A
and hence
- e (¥
digAﬁjZIexp 2427 — Aj “exp oy + dy < o0
by (3.5). By definition dy < Age?. Thus (3.6) follows and the lemma is proved. O

We need an estimate for the Green function which will substitute the Carleson estimate.
We have

Grlz,y) < AR*™ uniformly for z € DN B(£,2R), y € DN B(£,9R) \ B(£,3R),

where A is independent of R, since the diameter of Dy is bounded by R up to a multi-
plicative constant. It is important to localize the Green function. If we replace G by G,
then the above inequality holds for n > 3, but not for n = 2 in general.

Lemma 3. Let £ € 0D and 0 < R < R*. Then

GR(‘/'CJ y) ~ GR(xa yl)
GR("I’Ja y) GR('IIa yl)

with the constant of comparison depending only on D.

Proof. Let us take z* € DN S(&, R) and y* € DN S(&,6R) such that AyR < dp(z*) <R
and 6A4R < dp(y*) < 6R. It is sufficient to show

Gr(z*,y)
Grla*,y")
forx € DNB(,R) and y € DN S(£,6R).

First we show that the left hand side of (3.8) is not less than the right hand side of

(3.8) up to a multiplicative constant. To this end we fix y € D N S(£,6R) and observe
that

(i) wu(z) = Ggr(x,y) is a positive harmonic function on Dp \ {y} with vanishing q.e.
on 0Dg;

forx,' € DN B(§,R) and y,y' € DN S(&,6R)

(3.8) Gr(z,y) ~ Gr(z,y")



12 HIROAKI ATKAWA

(ii) v(x) = g:g:;i)) Gr(z,y*) is a positive harmonic function on Dpg \ {y*} with van-

ishing q.e. on 0Dgp.
Since y* € DN S(£,6R) and 6A4R < op(y*) < 6R, it follows that B(y*,34A4R) C
DN B(E,9R) \ B(£,3R).

3R 6r IR

FIGURE 2. kp,\fy-1(2,2%) < A for z € S(y*, A4R).

Let us prove u > Av on S(y*, A4R). Take z € S(y*, A4R). Then kp () (2,2%) < A,

so that
(3.9) v(z) = MGR(z,y*) N 2GRzt y*) = Gr(z*,y) < AR*™,
GR('I*ay*) GR(-'L'*,y*)

If y € B(y*,244R), then u(z) = Ggr(z,y) > AR?>™", so that u(z) > Av(z). If y €
D\ B(y*,2A4R), then

kpp\f) (2,77) <kpg(z,2%) + A <kp(z,27) + A" < A",

~ GR(‘T*a y)

so that

v(z) = Gr(z",y) = Gr(z,y) = u(z)
by (3.9). Hence we have u > Av on S(y*, A4R) in any case. By the maximum principle
u > Av on D\ B(y*, A4R) D DN B(&, R). Thus the left hand side of (3.8) is not less
than the right hand side of (3.8) up to a multiplicative constant. See Figure 2.

For the opposite estimate of (3.8) we make use of Lemma 2. It is clear that Gg(x, z) <
AR?*™ =~ Gg(a*,y*) for € DN C(E,2R) and z € DN B(£,9R) \ B(&,3R). Regarding
Gr(z,z) as a harmonic function of z, we obtain from the maximum principle that

Gr(+,2) < AGg(z*,y")w(-, DN S(&,2R), DN B(&,2R)) on DN B(£,2R).
We obtain from Lemma 2 and the Harnack inequality that
(3.10) Gr(r,2) < AGr(z*, y*)R" *Gr(x,&r) < AGR(z,y*)

forz € DNB(,,R) and z € DN B(£,9R) \ B(£,3R). Here we have used the comparison
Gr(z*,y*) ~ R*"™ and Gg(z,&r) ~ Ggr(z,y*). Now fix x € DN B(§,R) and y €
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DNS(E6R). If 6p(y) > 27 A4R, then Gr(x,y) =~ Gr(z,y*) and Gr(z*,y) = Gr(z*,y*)
by the Harnack inequality, so that (3.8) follows. Hence, we may assume that dp(y) <
27'A4R. Then we find a point £ € 9D such that |¢' —y| < 27'A4R. Observe that
y € DAB(E,2 " A4R) € DNB(¢', R); 5R < 6R—2'A,R < | —¢/| <6R+2'A,R < TR
and B(¢',2R) C B(£,9R) \ B(&,3R). Hence (3.10) implies Gg(z,z) < AGg(z,y*) for
z € DN B(¢,2R), so that

Gr(z,y) < AGg(z,y")w(y, DN S(E,2R), DN B(£',2R)).

or  OF ¢
FIGURE 3. The case dp(y) < 27'A4R.

Let us invoke Lemma 2 with replacing £ by &'. Since | — &'| < TR, it follows that
DN B¢, AsR) C DN B(&, (A5 + 7)R) = Dg. Hence
W(y, Dn S(gla 2R)7 Dn B(fla QR)) < ARn_2GDﬂB(§’,A5R) (ya 6}{)
< AR"?GR(y, &) = AR"*Gr(&p,y)

with £, € DNS(E',4R) such that 444 R < 0p(&R) < 4R. Here we have used the symmetry
of the Green function. Hence

GR(xa y) < AGR(xa y*)Rn72GR(§}b y)
Observe that [ —y| > 6p(R) —p(y) > 44 R— AR = LAR and |z* —y| > dp(z*) —

2

dp(y) > A4R— %A4R = %A4R, so that kp,\(y} (R, %) < A. Hence Gr(&R, ) = Gr(z*,y)
by the Harnack inequality. See Figure 3. Since Gr(z*,y*) ~ R*™, it follows that

GR(‘T*a y)
GR('T*a y*)

Thus the opposite estimate of (3.8) is proved. The proof is complete. 0]

GR(xay) < A GR(ny*)
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In order to prove Theorem 1, we represent u and v as regularized reduced functions
and then as Green potentials. In general let E be a subset of Dg and let u be a positive
superharmonic function on Dg. Let ®” be the family of all positive superharmonic
functions v on Dpg such that v > v on E and let

RE(z) = inf{v(z) : v € ®F}.

The lower regularization RZ of RP is called the regularized reduced function of u to E
relative to Dp. It is known that R” = u q.e. on E and that RP is superharmonic on
Dg and harmonic on Dy \ E. For these account we refer to Helms [15, Chapters 7 and
8]. Here, we emphasize that the global positivity and superharmonicity of u over Dp is
essential. If u were positive and superharmonic only on a neighborhood of E, then the
class ®Z could be empty.

Proof of Theorem 1. We prove the theorem with Ay = As + 7. Since u is a positive

harmonic function on Dg, it follows that R NSEOR) g 5 superharmonic function on Dpg

such that Ry @ = 4 q.e. on DN S(&,6R) and harmonic on Dg \ S(§,6R). Moreover,

RIMSES® = 0 qe. on ODg by assumption. Hence u = Ry"*®*® on D 0 B(¢,6R) by

the maximum principle; and RDPNS(E6R)

DNS(,6R), ie.

u(z) = / Gr(z,y)du(y) for z € DN B(£,6R).
DNS(£,6R)

is a Green potential of a measure u supported on

Let z,2" € DN B(§, R) and y,y' € DN S(,6R). Then

GR(xa yl)

— =GR,
Galay) )

GR(‘Ta y) ~

by Lemma 3. Hence

GR(xayl) / I GR(xayl) ’
u(r) 8 ——~= Gr(2',y)duly) = ——%u(x').
(@) Gr(2, ') Jpnseeor) r(@, 1)duly) Gr(2',y") (@)
Therefore,
u(m) GR(xa I : /
~ uniformly for ¢y’ € DN S(&,6R).
u@) ~ Gl y) viory (€00
Similarly,
v(r)  Grlz,y
(@)~ G,y
Hence the theorem follows. O

Remark 2. The following Carleson estimate holds: If u is a positive harmonic function on
DN B(&, ApR), bounded on D N B(£, AgR) and vanishing q.e. on 0D N B(&, ApR), then

(3.11) u(z) < Au(€g) for x € DN B(£ R),
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where A > 0 depends only on D. In fact, let v = Gpapesaor) (-, ER) with £ € DN
S(&,240R) and 240A4R < 0p(&y) < 2AgR. Then v is a positive harmonic function
on DN B(&, AgR), bounded on D N B(&, ApR) and vanishing q.e. on 0D N B(&, ApR).
Moreover, v < AR*™ < Av(€g) on D N B(&, R). Hence Theorem 1 yields

Ur) 40 4 for e DN BER).
u(&r) v(€r)
This proves the Carleson estimate (3.11).

The Carleson estimate for the half space was proved by Carleson [11] by the ingenious
use of the exterior condition. The same proof applies to an NTA domain. The Carleson
estimate was an important step of the proof of BHP for an NTA domain ([17]). For
a uniform domain,however, Carleson’s trick is not applicable because of the lack of the
exterior condition. In the present setting, the Carleson estimate is not a tool for BHP,
but one of the results of BHP.

Proof of Corollary 1. By the compactness argument we can find a small R > 0 and finitely
many boundary points &;,...,& € 0D such that

Kn{zeD:ép(x) <R/2} | JDNBE, R),

DN B(&, AR) c DN V.
Fix z; € DN B(§;, R). Then Theorem 1 implies

@NU(%) or x ;
R for z € DN B(&;, R).

The usual Harnack principle yields

u(w) el
o(m) o(o)

~ 2 on {r € K:0p(x) > R/2}.
v

Hence

~—— forz,ye KND.

(v)

The corollary is proved. 0

u(z)  uly)

Remark 3. By a similar method we can show a (nonuniform) BHP for more wild domains,
such as Holder domains and John domains. Thus we have an analytic alternative proof
of the results of Banuelos, Bass and Burdzy ([9], [7] and [8]). Balogh and Volberg [6]
introduced a uniformly John domain, a domain intermediate between a John domain
and a uniform domain. They proved a BHP for a planar uniformly John domain with
uniformly perfect boundary. Their BHP is uniform with respect to the internal metric.
We can show such a BHP for a uniformly John domain without uniform perfectness of
the boundary. This result will be treated elsewhere.
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4. PROOF OF THEOREMS 2 AND 3
By Theorem 1 and the classical technique due to Moser [19, Section 5], we can show
the Holder continuity of u/v at the boundary. Let
u

M(r)= sup —, m(r)= inf 3
DNB(¢,r) U DNB(¢,r) v

Then oscpape,ry u/v = M(r) — m(r). Theorem 1 reads

M(r)

m(r)

1<

S A77

where A; > 1 depends only on D.

Proof of Theorem 2. We have already seen in Theorem 1 that m(r) and M (r) are positive
and finite. Observe that M (r)v—u and u—m(r)v are positive bounded harmonic functions
on DN B(&, r) with vanishing q.e. on 9D N B(&, 7). Hence Theorem 1 applied to these
functions and v yields

M — M —
sup M{rjv = u < A; inf M{rjo = u u’
DNB(E,r") v DNB(¢,r') v
sup u—m(r)v <A inf u— m(r)v)
DNB(&,r") v DNB(¢,r') v

where 7' = r/Ay. Hence

Adding the inequalities, we obtain
A -1

U

osc L= M(r")y —=m(r') < 0sc

DAB(Es) ¥ — A +1 A, +1DnBEn v
This shows (1.4) with
A +1
=1 log A
(22
The theorem is proved. 0

Remark 4. Dividing the both sides of (1.4) by m(r), we obtain
M (r) r\e m(R) ( M(R) r\e [ M(R)
= 1< A7) me <m(R) _1> <4(3) (W”)'

ap O ful) M0

x,2' €DNB(&,r) v()

Since
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it follows that

u(z) [u(z) r\® u(z) [u(z)
L8 S s (L )

This is a multiplicative form of Holder continuity.

Proof of Corollary 2. Let x € D. The following interior Hélder continuity is known:

osc = <A (L)’5 osc < for 0<r<R<dp(x),
DNB(z,r) U R/ DnB(z,R) v

where A and ¢ depend only on the dimension. In particular,

(4.1) osc - gA( d ) osc - for 0 < r < dp(x).
DNB(z,r) U dp(r) ) DNB(wdp(x) v

We may assume that ¢ is the same as in Theorem 2, if necessary ¢ making smaller.
The following two cases remain: dp(z) < r < R < dist(K,V°) and r < dp(z) < R <
dist (K, V°).

Case 1: 0p(z) <r < R < dist(K,V®). If r = R, then (1.5) is obvious. Hence we may
assume that r < R'/4 with R' = R/A,. By definition there is £ € 0D with |z —¢&| < 0p(z).
Observe that

B(z,r) C B(&,2r) Cc B(§,R'/2) C B(¢, AR'/2) C B(z,R) C V.
Hence, Theorem 2 yields

u u r \° u € u
osc —< osc —<A 0S¢ - <A (—) osc —.
DNB(z,r) ¥~ DNB(£,2r) U R'/2 ) DnB(&,R/2) v R/ pnB(z,R) v
Thus (1.5) follows.
Case 2: 7 < dp(r) < R < dist(K,V*°). We obtain from Case 1 with r = dp(x) that
DNB(z,0p(x))

R DNB(z,R) U
This, together with (4.1), yields (1.5).

In the same way as in Remark 4 we obtain the multiplicative form of Holder continuity,
which readily implies the second required inequality in the corollary. The remaining is
obvious. The corollary is proved. O

0SC

SHES

Let  be the family of all positive harmonic functions kA on D vanishing q.e. on 0D,
bounded on D\ B(,r) for each r > 0 and taking value h(xy) = 1. A function h in J% is
called a kernel function at & normalized at x;.

Lemma 4. There is a constant A > 1 depending only on D such that

u
ATlT< =< A for u,v € ;.
v
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Proof. Let u,v € 5% and let r > 0. Then u and v be bounded on D N B(¢',27'r) for
¢ €0DNS(r). Hence Theorem 1 yields

u(z) _ u(a')

o(@) "~ (@)
where A is as in Theorem 1. This, together with the Harnack inequality, shows that
u(z)  u(a')
o) " o)
where the constant of comparison is independent of r. Fix 2’ € DN S(&, r) for a moment.
By the maximum principle we have

u(z)  u(@)

v(z) ~ w(a')

for ,2' € DN B(&,2 'r/A),

(4.2) for z,2' € DN S(E, ),

forx € D\ B(&,r).

In particular,

ulwo) _ ulr’)

AT =A0) S @)

< A.

Hence (4.2) becomes

o(2) ~1 forzeD\BE,r).

Since r > 0 is arbitrary small and the constant of comparison is independent of r, the
lemma, follows. 0

Proof of Theorem 3. Lemma 4 actually shows that .77 is a singleton. This is proved by
Ancona [4, Lemma 6.2]. For the reader’s convenience we give a short proof below. Let

c= sup M

uWE M v(z)
€D

Then 1 < ¢ < oo by Lemma 4. It is sufficient to show that ¢ = 1. Suppose to the
contrary ¢ > 1. Take arbitrary u, v € J%. Then vy = (cv —u)/(c — 1) € H%, so that
u < cv; = c(cv —u)/(c — 1), whence (2¢ — 1)u < ¢®v on D. This would imply

u(z) c?

c= sup <
U A v(z) ~ 2c—1
zeD

<ec,

a contradiction. Thus ¢ = 1 and . is a singleton. Moreover, the function u € J is
minimal. For if / is a positive harmonic function not greater than w, then h/h(x,) € J,
so that h = h(zo)u.

Let K(z,y) = G(z,y)/G(zo,y) for x € D and y € D \ {zo}. The Martin kernel is
given as the limit of K (x,y) when y tends to a boundary point. If y — & € 9D, then
some subsequence of { K (-, y)} converges to a positive harmonic function in 7. However,
since 7% is a singleton, it follows that all sequences {K(:,y)} must converge to the same
positive harmonic function, the Martin kernel K(-,&) at . Therefore K(x,-) extends
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continuously to D \ {z}. The kernel function K (-,£) should be minimal. This shows the
first part of the theorem.
Let us show the Holder continuity of the kernel function. Take & € 9D and let
— K(. & K(. &
Ty = sy KGR
D\ B( §r K(&)  pnser) K(.€)
~ ) K(a é'l)
m(r) = inf inf
(r) = D\B(e.) K(-,f) ~ pnsten) K(-€)
for r > 2|¢ — &'|. In the same way as in the proof of Lemma 4 we can show that

b

< A,

where A > 1 depends only on D. Then the same argument as in the proof of Theorem 2
shows that

e = M = < A () (1) e =4 (5) e T

for R > r. Also we have a multiplicative form of Holder continuity,

SRR CACS BRPONTAN (R (Y L CA
I,I’GSD\I;(f,R) K(IL’,&) K(l",ﬁ) ! S <R> (:1::1: ESD\IZ? &,r) ('T g) ( g) H
0SC

Letting r = 2| — &'|, we obtain that
D\B(£,R) K (- ( ) ’

_ g €
sup / —1§A<|§ §|>
z,@' €D\B(,R) R

for R > 2| — &'|. Moreover, letting ' = 5 and observing K (zo,¢')/K(z9,£) = 1, we
obtain , ,

K _ £

@€) || o a(le=¢]

K(z,¢) R
for x € D\ B(&, R) with R > 2|§ — ¢|. This is the form of Holder continuity given by
Jerison and Kenig [17, Theorem 7.1]. The theorem is proved. O

5. PROOF OF THEOREM 4

Jerison and Kenig [17] proved the Fatou theorem for an NTA domain by using the
maximal function argument. Since the harmonic measure of a uniform domain needs not
satisfy the doubling property, the maximal function argument is not applicable in our
case. Instead we shall invoke the minimal fine limit theorem and compare the minimal
fine filter and nontangential filter. Without loss of generality we may assume that D
is bounded. Then the Martin boundary of D is the Euclidean boundary 0D and every
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boundary point is minimal (Corollary 3). For every nonnegative harmonic function h
on D there is a unique measure 1, on 9D such that h = Ku, = [, K(-,&)dus(§). In
this section a regularized reduced function I/%f is taken with respect to D. For simplicity
we write K, = K(-,£). A set E C D is said to be minimally thin at £ € 0D if the
regularized reduced function R,EQ is a Green potential, Our proof of Theorem 4 is based
on the minimal fine limit theorem (see [3, II, Appendix], [13] and [20]).

Theorem B. Let h = Kpuy, and H = Kug be positive harmonic functions on D. Then,

H/h has minimal fine limit dug /duy, for p, almost every boundary point . That is, there
15 a set B minimally thin at & such that

lim ]i—LI((x)) = C;M_H(g)

Theorem 4 will follow from Theorem B and the following lemma. Let & € 0D. We
say that {z;} is a nontangential sequence converging to & if there is & > 0 such that
zj € I'y(€) for all large j. For 0 < a < 1 we consider the union % = U2, B(x;, adp(z;)).
This is a nontangential %-set introduced by Hunt and Wheeden [16]

Lemma 5. Let % = U2, B(x;,adp(7;)) be a nontangential #-set at & € D as above.
Then A is not minimally thin at .

Proof. The proof is similar to [16]. However, we avoid the harmonic measure of D, since
it does not satisfy the doubling property. Without loss of generality we may assume that
% C DN B R) and zg € D\ B(£, AR) for small R > 0 and sufficiently large A > 0.
Let a < ¢’ < a" < 1. By the Harnack inequality K¢ ~ K¢(z;) on B(z;,adp(z;)) with
constant of comparison independent of j. Hence the regularized reduced function of K¢ to
B(xj,adp(z;)) with respect to B(x;,a"dp(x;)) is comparable to K¢(x;) on S(x;,a'0p(z;))

and so is a9 *P()),

Therefore, the Harnack inequality and the boundary Harnack
principle (Theorem 1) yield
5B

R ) ~ K on DAS(E, (1+a)|w; — €)),

since Eﬁg’”f’“‘b(m]‘” is a positive harmonic function on D\ C(x;, adp(x;)) vanishing q.e. on

0D. By the maximum principle
(51) A—l — A_lKg(l‘o) < Riglj,aJD(mj))(mO) < A.

Now let %, = UX, B(x;,adp(x;)) and hy = Eﬁ’g Then hy,(zo) > R,’@i’”’““‘b(“”(:ﬂo) >
A > 0by (5.1). Hence hy reduces to a positive harmonic function h on D with h(z) > A.
Observe that h/h(xy) is a kernel function at {. Hence h/h(zy) = K¢ by the proof of
Theorem 3. It is known the balayage operation is idempotent ([13, Section VL3 (h)]), so
that

S5 58 B
th = Rﬁgzk = RKg = hy.
Ke
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Letting £ — oo, we obtain R# = h and hence Rﬁg = K. Thus £ is not minimally thin
at &. O

Proof of Theorem /. Observe that the harmonic measure wp of D is given by dw$(§) =
Ke(x)dp (§), where p1y is the representing measure of the constant function 1. Hence wp
and pq are mutually absolutely continuous. It follows from Theorem B that » has minimal
fine limit at £ € 0D a.e. wp. Take such £ € dD. Let us prove that u has nontangential
limit at &. If u failed to have nontangential limit at £, then there would exist nontangential
sequences {z;} and {7’} converging to £ such that limsup, , u(x;) < liminf;_, u(a%).
By the Harnack inequality

limsupu(z) < liminfu(z),
T—E T
TER TER

where # = US2, B(v;, adp(z;)) and B’ = U, B(z}, adp(’;)) with sufficiently small a > 0.
Lemma 5 says that % and %' are not minimally thin at £. This would imply that u fails

to have minimal fine limit at &, a contradiction. 0

Remark 5. The above proof says that if h = Ky, and H = Kug are positive harmonic
functions on D, then, H/h has nontangential limit dpg/dpy, for py, almost every boundary
point.

Proof of Proposition 1. The construction of D and F is easy. Consider the unit ball
B(0,1) with Whitney decomposition U2, Q; (see [21, Chapter VI]). Let y; be the center
of Qj and let D = B(0,1) \ U, {y;} and E' = U2,{y;}. We can easily observe that D is
a uniform domain. In fact, suppose x1,x, € D. If these points lie in the same Whitney
cube, then it is easy to find a curve 7 connecting z; and x, satisfying (1.2) and (1.3). If
these points lie in two different Whitney cubes, say )1 and ()2, then the boundaries of
(1 and Q2 can be joined by a curve v satisfying (1.2) and (1.3); and then each z; can be
connected with the boundary of (); with an appropriate curve. See Figure 4.

Now let us construct a harmonic function u on D. By differentiating the fundamental
harmonic function j + 2 — n times, we obtain a harmonic function H;(z) on R" \ {0}
homogeneous of degree —j for j > n — 1. Let r; be the distance from y; to the boundary
of Q; and let M;(8) = supg( g, |H;(z)| for 0 < f < 1/2. By the maximum principle
|Hj(z — y;)| < M;(B) for x € R* \ C(y;, Bry). Let

—~ Hj(r —y;)
"= 2 )

j=n—1

Then u is a harmonic function on D such that

(5.2) lu(z)| < Z % < 2]—12 <oo on D\ Uo(yj,ﬁrj)-
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FIGURE 4. D = B(0,1) \ U2, {y;} and ['4(¢).

Let a=""'=2>0. Ifx € T,(&) for £ € S(0,1), then
rj <ly; =&l <z -yl + [z =&l < |z —y;[ + (1 + a)dp(z)
< (2+a)lr -yl =0~y

whence = & C(y;, frj). Hence (5.2) means that u is nontangentially bounded on S(0,1) =
0D \ E. Obviously, Uz2,{y;} is of harmonic measure 0. Hence u is nontangentially
bounded a.e. wp on dD. On the other hand we have

|Hi(v — ;)| M;(8/2)

sup = =2
S(yi,Bri/2) M;(B) M;(B)
Hence .
2 1
sup  |u(7)] > & — Y 5 =00
S(yi,Pri/2) t izi )

as i — 0o. For every £ € S(0,1) we find a subsequence {y;,} nontangentially converging
to & with respect to B(0,1). Then U;S(y;,, Brj,/2) is nontangential at £ with respect to D.
Hence u fails to have nontangential limit at every £ € S(0,1) = 0D \ E. The proposition
follows. O

Remark 6. Let 0 < p; < r;/2 be sufficiently small. Then B(0,1) \ U2,C(y;, p;) is a
bounded regular uniform domain for which the local Fatou theorem does not hold.
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