Variation formulas for principal functions (11)

Sachiko Hamano

In [1] and [2], we showed the variation formulas of second orderLfoand Ly principal
functions withlogarithmicpoles on Riemann surfac®gt) moving smoothly with one complex
parametett in a disk B. Then we apply them to a simultaneous uniformization problem of
Schottky coverings of compact Riemann surfaces and to the variation of harmonic span. In this
talk, we shall show the variation formulas for principal functions with poléﬁt{%}. Then we
apply them to the variation @nalyticspan from the several complex variables view point.

LetR : t € B — R(t) be aC* smooth variation of unramified domaifgt) overC, with C¢
smooth boundargZ(t),...,C,(t) in R(t) ( R(t)). We set

R = U(t, Rt) and 6R= U(t,aR(t)).

teB teB

We assume thaR containsB x {0}.

Definition 1 (Principal functiong(t, 2) andq(t, 2)).
For eacht € B, theL,-pricipal function (t, ) for (R(t), {0}) is a harmonic function oR(t) \ {0}

such that
1 (o8]
p(t,2 = R {E} +0+R {nzz; An(t)z”} nearz = 0,

constanta;(t) on Cj(t)

p(t,2 = f op.(t, 2 Z) ds,
i® an

_0 foreachCi(t), j=1,...,v.

For eacht € B, the Lo-principal function dt, z) for (R(t), {O0}) is a harmonic function on
R(t) \ {0} such that

qt,2 =R {%} +0+R {i Bn(t)z”} nearz = 0,
n=1

oq(t, 2)
on,

=0 oneaclCjt), j=1,...,v.

Then we shall prove

Lemma 2. Assume that each(8,t € B is an unramified domain ovél,. Then

PRIAM) 1 ap(t.2) ff #plt.2)
D(t)

ot Japg ooz
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Lemma 3. Assume that each(i,t € B is an unramified planar domain ove€y,. Then

2 2
@) TREM) 1 )' 4 f f TAD)| gy
otat 7T Jap(t) m JJow | otoz
In (1) and (2),
8¢ |0l 0 dpdp)  |9¢|? 3%\ |d¢]®
ke(t,2) = Red =22+ || —= /| =
At2) = (atat oz e{ataz ot 8z}+ at azaz)/ oz

on R, which does not depend on the choice of defining functipits) of IR, andds; is the
arc length element @fR(t) atz. The functionk;(t, z) on 9R is due to Maitani-Yamaguchi in [3].

For eacht € B, we have thanalytic span $t) with respect toR(t), {0}) which is defined by
S(t) := By(t) — Ag(t) > 0.
We putU(R(t)) the set of all univalent functiont on R(t) such that

f(2) = % +> cZ nearz=0,
=1

ThenZS(t) represents the maximum of the Euclidean area of the complemédigR()) in P,
of all f € U(R(t)) (cf: p.45-46 in [4]).

Then we have the following main result in this talk which suggests that analytic$fpan
with respect toR(t), {0}) has a certain significant meaning in several complex variables as well
as in one complex variable.

Theorem 4. LetR : t € B — R(t) be a C* smooth variation of planar Riemann surface@)R
with C smooth boundary iR(t) (> R(t)). We seiR = Ug(t, R(t)). If R is a two-dimensional
pseudoconvex domain inxBR(t), thenlog S(t) is a subharmonic function on B.
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Sobolev homeomorphisms and nonnegativity of the jacobian

Stanislav Hencl

The talk is based on a joint result with Jan Mfl]. Suppose tha® c R"is a domain and that
f 1 Q — R"is a homeomorphism of the Sobolev cla¥5 (Q; R"). Is it true that the jacobian
Js (the determinant of the matrix of derivatives) is either non-negative almost everywhere or
non-positive almost everywhere? We show this conjecture in dimemsien3 and we also

discuss what is known in higher dimensions.
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Upper and lower estimates for parabolic Green functions in Lipschitz
domains

Kentaro Hirata

The Green functions play important roles in several areas. In this talk, we shall introduce
known results about estimates for the Green functions for the Laplace operator and the heat
operator (cf. [1]-[8]). The main aim is to present upper and lower estimates for the Green
function for the heat operator in a bounded Lipschitz dongainin this case, the boundary
behavior of the Green function is complicated, so we need to introduce an auxiliary set: for

xeQandO<t<T,
1
By(x 1) = {b cQ: Ix-b < Vis Kag(b)}.

Let gao(X) = Ga(X, Xo) A 1, whereGq(X, Xo) is the Green function a2 for the Laplace operator
with a fixed polexy,. Denote byl'g the Green function of2 x R for the heat operator. Then we
can obtain the following upper and lower estimates.

Theorem 1. Let Q be a bounded Lipschitz domain k' (n > 2) and let T > 0. Then there
exists a constant G 1 depending only on 2 and T such that the following upper and lower
estimates hold forall )y e Qand0O<t < T:

. ga(X)galy) C I — yII?
Lol tY.0) = 0 Y aalby) 172 exp{‘ Ct }

. ga(X)ga(y) 1 ClIx - yiI?
O e

where i € Bp(x,t) and b € B,(y, ).

Lety e 0Q andTy = T + 1. We observe that a kernel function gt@) normalized atX, To)
is given as a limit of the ratid'o(X, t; yj, 0)/T'a(Xo, To; Yj, 0) for somey; € Q converging toy.
Therefore we can obtain the following.

Theorem 2. Let Q be a bounded Lipschitz domain k' (n > 2) and let T > 0. Then there
exists a constant G 1 depending only on rf2 and T such that the following upper and lower
estimates hold for alfx,t) € Q x (0, T) and ye Q:

Go(® 1 _||x—y||2}’

Ka(x t;y,0) < C

Ja(b)ga(by) 172 Ct
. 1 go(® 1 Clix - yiI?
KQ(X, t; Y, 0) > Emm eXp{—f},

where i € Bp(x,t) and € By(y, t).

2000Mathematics Subject ClassificatioB5A08, 35K05.
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Atomic decompositions on parabolic Bergman spaces

Yosuke Hishikawa

Let H be the upper half-space of the«{ 1)-dimensional Euclidean spag&** (n > 1), that
is,
H=R"XR, = {(x,t) e R™"; x e R",t > 0}.
For 0< a < 1, the parabolic operataf® is defined by
L = 8+ (-0)"

whered, = d/ot andA, is the Laplacian with respect to A continuous functioru onH is said
to beL®-harmonic ifLu = 0 in the sense of distributions. We denoteW§) the fundamental
solution of L@,

For 1< p < o anda > -1, the parabolic Bergman spabf(1) is defined by

1/p
bP(A) := {u € C(H); L®-harmonic orH, ||ull ey := ( f lu(x, t)|PtdV(x, t)) < o0},
H

wheredV is the Lebesgue volume measure ldn Here we remark thab®(2) is the Banach
space with the nort- || s). Whena =1/2, bf/z(/l) is the harmonic Bergman space of Ramey
and Yi [4].

Let v be a real number. We denote ), = (-0;)” a fractional diterential operator with
respect td (Riemann-Liouville operator). We remark thatif> — (£ + 1+ 1) £, then for each
u € bP(1), Dyuis well-defined.

Our aim is the study about atomic decompositions on parabolic Bergman spaces. When
a = 1/2, Choe and Yi [1] studied about atomic decompositions on harmonic Bergman spaces.
According to [1], the Poisson kernel plays an important role for studying atomic decompositions
on harmonic Bergman spaces. In this talk, we claim that atomic decompositions on parabolic
Bergman spaces are given by fractional derivatives of the fundamental saltion

The following definition is the main tool for studying atomic decompositions on parabolic
Bergman spaces.

DermnitionN 1. LetO<a <1,1< p< o, A > -1, andk > 0. For integer§ > 1, suppose
{(xj,t;)} is points inH, and{n;} is a sequence of real numbers. We define a funation H by
the following:

N (N 1
1.1 u X,t — I]'t-2{1+ (2(1+/l+l)pDKW(a/) X — X,t_l_t .
it t j i

J
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Whena =1/2,1 =0, andk = ke N, (1.1) becomes

k-(n+1)3
U(X, t) = Z)]jt?+ (ne )pﬂlt(P(X— Xj,t +tj),

J
whereP(-, -) = W/2)(., .) is the Poisson kernel.

The following theorem is the main result in this talk, which contains the result of Choe and
Yi[1].

TueoreM 1. LetO < @ < 1,1 < p < oo, and2 > —1. Suppose > 4 is a real num-
ber. Then there exist a sequenge;,t;)} in H and a constant C> 0 with the following
properties: for eachn;} € ¢P, the function u defined by the serigs1) belongs tob! with
lullLeyy < Il{mj}llee. Conversely, given & bY, there exists a sequenég} € ¢° such that(1.1)
holds and{n;}le < Cllulle(y.

We remark that (1.1) is regarded as a discrete representation of parabolic Bergman functions.
On the other hand, we gave the reproducing formula on parabolic Bergman spaces in [2]. It
is regarded as a continuous representation of parabolic Bergman functions. Finally, we present
the reproducing formula on parabolic Bergman spaces.

TueoreM A ([2]). LetO <@ < 1,1< p < o, andd > —1. And lety andx be real numbers
such that > _%1 andk > %1 Then the reproducing formula
(1.2) ux,t) = C,.« f DUy, DWW (x -y, t + 58 dV(y, 9)
H

holds for allu € bP(2) and &, t) € H, whereC, = 2¢/T'(x). Moreover, (1.2plso holds whenever
p=land«k=21+1.
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Dirichlet forms on the Cantor sets as the traces on the Martin
boundary of Random walks on trees

Jun Kigami

Let T is an contably infinite setand I&: T x T — [0, o) which satisfie<C(x,y) = C(y, X)
andC(x,x) = 0 foranyx € T. We call o, ..., X,), wherex € T, a path betweer, andx, if
and only ifC(x;, X,1) > O foranyi = 0,1,...,n—1 andx # X; fori # j. Assume that there
exists a unique path betwegrandy for anyx # y € T. Then ([T, C) is called aweighted tree

Let C(x.y)
P(XY) = ————.
(X y) ZyeT C(X9 y)

Then{P(X,y)}xyer Is the transition probability of the natural random walKq{}n-o, { Px}xet) ON
T. The associted Dirichlet forn€( ¥) is given by

1 (u(x) = u(y))(V(x) — v(¥))
E(u,v) = =
x,yeT;(;gybO C(X’ y)
F={uu:T - R,&(U,U) < +oo}.

Assume thatT, C) is transitent. By the classical result of Cartier, it is known thatNtaetin
boundary of the transient weighted tree coinsides with the set of infinite paths

2 = {(¢g, X1, Xo, .. (@, X4, .. ., Xn) IS the path betweep andx, for anyn > 1},

whereg¢ is a fixed reference point ili. Morevoer,X is a Cantor set, i.e. totally disconnected,
uniformly perfect and compact.
Define the traceds, ¥ Ix) of (€, ) on the Martin boundary by

Els(f, f) = E(H(f),H(f)) and Flz ={f|f : X - R,E5(f, f) < +oo}

for f : ¥ — R, whereH(f) is theharmonic function on T with the boundary valué on the
Martin boundanyx. In this talk, we will show that

E(f. )= D (D= ()

XYeT,C(xy)>0

= L ) J(w, 7)(U(w) — u())*v(w)v(7),

with the expicite formula oty,, and J(w, 7), where ), is the mean off on X,. Moreover,
under the volume doubling condition, we obtain a full on- affediagonal estimate of the heat
kernel assicated with the jump process derived fréig, Flz). As an application, the Martin
boundary of (the Sierpinski gaskatjthe line segment between two boundary points) is shown
to be the Cantor set.
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Some LPO(log L)%")-norm inequalities involving convolution potentials

Fumi-Yuki Maeda

We consider two continuous variable expongn(te andg(x) on RN such that
(P1) 1< p :=inf p(:) < p* ;= supp() < o;
(Q1) —co < :=infq() < g" :=supq() < 0.
Letting ¢y > e satisfy (1+ logcy)(p™ — 1)+ g > 0, we set
Dpy.q0) (% 1) 1= PR (log(co + 1)) 9¥

for x € RN andt € [0, ). Then®p)q(X ) is convex on [Qeo) for everyx € RN (see [5,
Proposition 5.2]) and

Lp(')(|Og L)Q(') = {f € Lljbc(RN); fq)p(.)’q(.)(X,H(X)D dx < oo}

is a reflexive Banach space with respect to the norm

. f(X
1 flloea) = 'nf{ﬂ >0; fq)p(-),q(-) (X, %) dx < 1}
G

(cf. [6]).

We can prove the following extension of a result due to D. Cruz-Uribe, A. Fiorenza, J.M.
Martell and C. Rrez [1]:

Theorem 1. Suppose @) is log-Holder continuous iRN as well as ato, and d-) is log-log-
Holder continuous iRN. Let# be a family of ordered pairéf, g) of nonnegative measurable
functions orRN. Suppose that for sonte< py < p-,

f f(X)Pw(x) dx < Cy f g(x)Pw(x) dx
RN RN

for all (f,g) € ¥ and for all A;-weights w, where £depends only ongand the A-constant of
w. Then

I llp.00) < Clldlpe).a0)
for all (f,g) € # such that g LPO(log L)%0).

Applying this theorem to known results on weighted norm inequalities (see, [7], [8], [2]) we
obtain, e.qg.,

Theorem 2.
CHIM, tllpy.a0) < e * pllpeyae) < ClIMa (llpey.ac)
and
CHIMarAllpey.a0) < IGa * tllpeyaey) < ClIMarillpey.a)

2000Mathematics Subject ClassificatioB6D10, 31C45, 46E30.
Key words and phraseszariable exponent, norm inequalities, convolution potential.

21



for nonnegative measurgson RN, where0 < a < N, I,(X) is the Riesz kernel of order, G,(X)
is the Bessel kernel of ordet,
Mo u(x) = supr®"u(B(xr))
r>0

and, forR>0
Mo rp(X) = sup re™Nu(B(x,r)).
0<r<R
We can generalize this theorem to more general convolution potentials and related maximal
functions (cf. [3], [4]).

Letk(r) be a positive nonincreasing lower semicontinous function pj@uch tha‘%1 k(r)rN-1dr <
o0, Set

K(r) = riN f KOt
— 0 —
My u(X) = supk(r)u(B(x,r)) and Mygu(x) = supk(r)u(B(x,r))

r>0 O<r<R
for nonnegative measurgson RN andR > 0. Letk(x) = k(X)) for x € RN (by abuse of

notation). Then we have

Theorem 3. (1)
CHIMyellpy.q0) < lIK* fllpgy.ae) < ClIMicllpey.a0)
for nonnegative measurgson RN,

(2) If, in addition, [~ k(r)rN-1dr < oo, then, for every R 0
1

CHIMrllpe.a0) < 1K pllpe.a0) < ClMir Allp.a0)
for nonnegative measurgson RN,
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Hardy-Orlicz space for harmonic functions and the class of bounded
harmonic funcions on a Riemann surface

Hiroaki Masaoka

Let R be a Riemann surface which admit a Green'’s function. et R, — R, be a
convex strictly increasing function sush that (i) {ime ®(t) = 0 and lim_, @ = 0. Set
he(R) = {uluis harmonic orRand® o |u| has a harmonic majorant &). We call hy(R) the
Hardy-Orlicz space for harmonic hunctionsRnLet HB(R) be the class of bounded harmonic
funcions onR.

In this talk, using the Martin Theory, we give a necessity arfigant condition foHB(R) =

he(R).
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Hardy’s inequality in Orlicz-Sobolev spaces of variable exponent

Yoshihiro Mizuta

Our aim in this talk is to deal with a norm version of Hardy’s inequality for Orlicz—Sobolev
functions with|Vu| € LPO log LPOY0(Q) for an open se© c R". Herep(-) andq() are variable
exponents satisfying the logéiter and loglog-llder conditions, respectively. We are also
concerned with the case whe@mttains the value 1 in some parts of the domain is included in
the results.
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Carleson inequality on a-parabolic Hardy spaces

Hayato Nakagawa and Noriaki Suzuki

LetR™! = {(x,t) | x € R",t > 0} be the upper half-space of the«1)-dimensional Euclidean
space i > 1). For 0< a < 1, we denote by ) the parabolic operator of orderon R"*?,
defined by

L@ = 8, + (=4,)",
where4, is the Laplace operator with respectta R" ([NSS]). The fundamental solution®
of L@ is given by

WO(x,t) = (27)™" f e 1 g gg
Rn

wherex- ¢ is the inner product ot and¢, andié| = (£-£)Y2. Note thatW¥/2(x, t) is the Poisson
kernel andW®(x, t) is the Gauss kernel.
For 1< p < o0, we set

h? = {ue CRT™) | L™u =0, |jully < oo},
where 1
g
SUp(f Ju(X, t)Ide) (1< p< ),
Rn

lullyp 2= 4 -0
sup [u(,t) (p = o).

(xerT+!

We discuss a Carleson inequality @fparabolic Hardy spade.

We know some results concerning to parabolic Bergman spaces. £qr & o, the para-
bolic Bergman spack’ is given by

b = {ue C(RY™) | Lu = 0, ||ullLeqvy < o0},
whereV is the Lebesgue measure Bfft. The nesessary andffigient condition for the Car-
leson inequality on the parabolic Bergman spbgéiolds is characterlized by theCarleson
measure ([NSY]). For a positive measureve say that: is ar-Carleson measure (with respect
to L) if there exists a constaf > 0 such that
u(@Q(x 1) < CHEr

holds for all , t) € R™*, wherer > 0 and

n
QDX t) = {(Yr, .-, ¥ ) [t < S 2t X = (Xa, ..., Xa), Iy — X < Y2772, j=1,....n}.

Theorem 1(Theorem 1 of [NSY]) Let1l < p < g < o andu be a positive Borel measure on
R™1. Thenu is a ¢/ p-Carleson measure if and only if there exists a constant Csuch that
the inequality

llUll o+ gy < CliUllLecy)
holds for all ue bP.

2000Mathematics Subject ClassificatioRrimary 35K05; Secondary 26D10, 31B10.
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This time we study the Carleson inequality on thgparabolic Hardy space. For a positive
measure:, we say that: is aT.-Carleson measure (with respectt®) if there exists a constant
C > 0 such that

w(T@O(x, 1)) < Ctla+r

wherer > 0 andT@(x, 1) := {(y, ) € RT** | [x - y** + s < t}.

Proposition 2. Wheng> /(5 + 1) < 7, u is ther-Carleson measure if and only ifis the T.-
Carleson measure. Whe/(5; + 1) > 7, u is ther-Carleson measure jf is the T.-Carleson
measure, but is not always the JFCarleson measure evenyifis ther-Carleson measure.

We show a theorem for the Carleson inequality ondhgarabolic Hardy space. Here we
consider the casp < @.

Theorem 3. Letl < p < q < o andu be a positive Borel measure @f**. Thenu is a
T.-Carleson measure with = % - 5- /(55 + 1) if and only if there exists a constant:€0 such
that the inequality

llUll agan+ 4y < CllUllp
holds for all ue hP.
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Capacity versus harmonic measure on Royden harmonic boundary

Mitsuru Nakai

The purpose of this talk is to exhibit an instructive exam{plef a Riemann surface with various
interesting but pathological and abnormal properties cropprd up in our recent collaborative study
on the inverse inclusion problem in the classification theory of Riemann surfaces with Professor
Hiroaki Masaoka at Kyoto Sangyo University. Among the above mentioned properties our
central concern in this talk is the validity of the following inequalities

(1) (hm(K))? < CycapK) £ C:hm(K)

for compact subsets in the Royden harmonic boundasgW of W carrying infinite dimen-
sional spaces of bounded and Dirichlet finite harmonic function®\prwhere hmK) and
capK) are the harmonic measure and the capacitik pfespectively, calculated foN less

a compact parametric disc afilgd andC, are constants depending only updh Here the first
inequality of (1) is generally true (cf. [3]) and the second of (1) is the special one only true for
the present particulai.

Recall that an fiorested surfac® := (P, (T,)nav, (0n)naw) introduced in e.g. [4] (cf. also
[5] and [6]) consists of three ingredients: a Riemann urfaecalled a plantation, a sequence
(Tr)naw Of Riemann surfaces, called trees, and a sequeneg )y Of slits o, commonly in-
cluded inP and in eachr, called the roots oT,, or root holes inP. Then an &orested surface
Ris the Riemann surface given by the following formula

) Ri=--(((C\ Viaro) [x],, (T1\ o)) [, (T2 \ o) - .

Here we have denoted b¥X (| y) @Y(Y \ 7) the Riemann surface obtained from two Riemann
surfaces< andY by pastingX\y andY\vy crosswise along the common slitontained inX and

Y. Specifically the root sequence . is given as follows: leV, = {|Z < 1} be parametric

discs commonly contained iR and T, for eachn € N such thatv, NV, = 0 (n £ m) fixed

in advance and-, c V, such thato, = [-s,, 5] (0 < s, < 1/2) for eachn € N. Afforested
surfaceR are convenient and usefull tools to construct various examples of Riemann surfaces
with certain required properties.

We now give the exampl®/ mentioned at the begining as a suitalfi®eested surface/ .=
(P, (To)naw, (0n)nerr), Where the plantatioP = C, the complex plane, the tre@g = D for all
n € N which is the Sario-Bki disc (cf. e.g. [1], [7]) so thaD := D/Q is the quotient space
of an equivalece relatio® for D with Q = id. on {|Z < a} for some O0< a < 1, with |Z
which is univalent orD, and with only constant positive harmonic functionsionAs V, we
takeV, = {|/| < 1} with ¢ := z/ain T, = D and alsoV, := {Icl < By with = z-4nin
P = C. We denote byM; the Harnack constant of the compact suli€¢ty 6V, considered
in C for eachj € N with respect to positive harmonic functions 6n\, Uy(1/2)Vi in C. Let

2000Mathematics Subject ClassificatioRrimary 30F25; Secondary 31A15, 30F20, 30F15.
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on = [-Susl+4nc Vo c P=Candoy = [-S,S] € Vo € T, = D (n € N). Then the
required surfac®V is given as anféorested surface by := (C, (D)new, (07n)nexr) With

3) S = exp[—Z” Z Mj| (neN).

1<jsn

We use the following standard notation in the classification theory of Riemann surfaces (cf.
e.g. [7]): H (harmonic),P (essentially positive)B (bounded) B’ (quasibounded)D (Dirich-
let finite), BD (B and D simultaneously),M, (Hardy square mean bounded}m(W) (the
set of harmonic measure functionson W characterized by the greatest harmonic minorant
WA (1-w) = 0); d4wW anddégW (the Wiener and the Royden harmonic boundary\bfre-
spectively) (cf. e.g. [2], [7]); cap (capacity), hm (harmonic measure) calculated/fless a
compact parametric disc (cf. [3]). We maintain the following result:

TueoreM. The gforested surface W with (3) enjoys the following properties:

(@ HBD(W) = HB(W) < HD(W) = HMy(W) < HB'(W) < HP(W), where< indicates the
strict inclusion relation, and the linear dimension of HBM) is infinite;

(b) 644W = 6gW although the latter is a quotient space of the former in general,

(©) SURueHmw) D(W; W) < +o0, where Ow; W) := ﬁNdW/\ xdw is the Dirichlet integral of w
taken over W,

(d) (hm(K))? £ CicapK) < C,hm(K) for every compact subset K 6zxW with constants €
and G, depending only upon W.
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Toeplitz operators of Schatten class of small exponent on the
parabolic Bergman space

Masaharu Nishio, Noriaki Suzuki, and Masahiro Yamada

We consider a parabolic operator

0
L@ 1= — + (—AQ)”
5 T (A

on the upper half spade?™ = R" x (0, ), whereA, := 651 +- 4 aﬁn denotes the Laplacian
on thex-spaceR" and O< @ < 1. The parabolic Bergman space is a Hilbert space defined by

b? := {ue C(R™); L®u = 0 in the sense of distribution € L3(RT", V)},
whereV denotes ther(+ 1)-dimensional Lebesgue measureRi*. The parabolic Bergman
space has a reproducing kerRgIBy using the kernel, we define the Toeplitz operators by
T = [ R NUN )

with symbolu, which are positive Radon measuresRIi*. In the study of the Toeplitz opera-
tors, the averaging functions and the Berezin transformations play important roles (cf. [1], [2],

[4], [5], [9]).

DermviTion 1. For a Radon measure > 0 on R, we put
AOY) = p(QU (V) M(Q(Y)).
A0 = [ RO [ RO V78V,
where () (Y) is ana-parabolic Carleson box, defined by
QE(Y) = {(Xp, -+ » %o 1); St <25 X~y <27, j=1,... n
We call them the averaging function and the Berezin transformatignrespectively.
Compact Toeplitz operators are characterized as follows.

Theorem A (cf. [5, Theorem 1]) Letu > 0 be a Radon measure dri"** satisfying

(2) f (1 +t+ X2 du(x, t) < oo

for somer € R. Then the following statements are equivalent:
(i) The Toeplitz operator Tis compact orb?;
(i) limy_#2(Y) = 0;

(iii) lim y_# Z*(Y) = 0,

whereR"* U {A} denotes the one point compactificationRif*.

2000Mathematics Subject ClassificatioRrimary 35K05; Secondary 26D10, 31B10.
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Here, we recall the definition of the Schatten calsses.

DeriniTioN 2. Let0 < o < 0. A compact operator T on a Hilbert spadé is said to be of
Schatterv-class if the sequence of all singular valugs); of T belongs to the sequence space

|”, where the singular valuek of T mean the eigenvalue[@f := VT*T. We denote b§” (H)
the totality of compact operators o of Schattenr-class.

In this talk, we give a characterization for the Toeplitz operator to be of Schatten class. In
[7], we obtain the following result.

Theorem B. Let1 < o < co. For a Radon measure > 0 on R satisfying(1), the following
three statements are equivalent:
(i) T, e8;
(i) 71 € L7(RYE V7Y,
(III) 'p(a) e L(T(RT:L,V*),
where dV(X) := t-&+DdV(X).
We mainly treat the remainder case when 6 < 1.

Theorem 1. LetO < o < 1. For a Radon measurg > 0 on R™! satisfying(1), the Toeplitz
operator T, on b? is in the Schatterr-classS”(b?) if and only ifi® e L7(V*). Moreover, both
norms are comparable.
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Regularity and Free Boundary Regularity for the p-Laplace Operator
in Reifenberg Flat and Ahlfors Regular Domains

Kaj Nystrém

A classical result concerning the harmonic measyrdue to Lavrentiev, states thatif c R?
is a chord arc domain, them is mutually absolutely continuous with respect to the surface
measurer, i.e.,dw = kdo wherek is the associated Poisson kernel. Moreover, Lavrentiev
proved that lod is in the space of functions of bounded mean oscillation, defined with respect
to o, on9Q. Furthermore, later Pommerenke proved fdat R? is vanishing chord arc if and
only if log k is in the space of functions of vanishing mean oscillation, defined with respect to
ondQ. Concerning higher dimensional analogues of the results of Lavrentiev and Pommerenke,
such results have been established by Carlos Kenig and Tatiana Toro in a sequence of papers.
Furthermore, recently John Lewis and | have established appropriate versions, validger the
Laplace equation, k¥ p < oo, of the results proved by Kenig and Toro. While the results of
Kenig and Toro concern harmonic functions and harmonic measure, i.e., thp eag our
results are valid for the whole range<lp < oo and our results are completely new in the case
p# 2, 1< p< c. Consequently we have also establish versions, valid in all dimensions, for
the p-Laplace equation, k p < oo, of the classical results of Lavrentiev and Pommerenke
mentioned above. The purpose of the talk is to discuss these recent results.
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Riesz potentials and Sobolev embeddings on Morrey spaces of
variable exponent

Yoshihiro Mizuta, Eiichi Nakai, Takao Ohno, and Tetsu Shimomura

Let G be a bounded open setRi'. We denote byls the diameter of5. For a measurable
functiona(-) : R" — (0, n), we define the Riesz potential of ordgf) for an integrable function
f onG by

o 09 = [ =y ey

In what follows we assume thdt= 0 outsideG.
For0 < v < nandp > 1, we define the Morrey spade’”(G) to be the family of all
f € L? (G) for which there is a positive consta@tsuch that

loc

)[ [f(X)Pdx< CPr™” wheneverze Gand0<r < dg,
B(zr)

wherefg(m is the integral mean ove3(z r). The norm off € LP"(G) is defined by the infimum
of the constant€ satisfying the inequality.

For this spaces, we know the following Morrey version of Sobolev’s type inequality for Riesz
potentials of functions i.P(G).

Tueorem A([2, Theorem 1.2], [3, Theorem 3.2], [1, Theorem 3.1pt0 < a < v < n,e >0
andp > 1. Let f be a nonnegative measurable function@with the norm off € LP'(G) is
less tharl. Suppose thap < v/a. Then there exists a const&ht- O such that

(1) incasep =1,
L, F(Q)P (log(e + 1, f (X)) **dx < Cr(log(e + 1/r))*
B
forallz € C(Szgmdo <r <dg, wherel/p* =1/p-a/v;

(2) in casep > 1,
f I, f(X)Pdx<Cr
B(zr)

forallze G and0O <r < dg.

Our aim in this talk is to show the following Sobolev’s type inequality for Riesz potentials
of functions in Morrey spaces of variable exponent. For this purpose, we consider continuous
exponentg(-) andq(-) on R" such that

(P1) 1< p- = infyern P(X) < SUPRn P(X) = Py < o0;

(P2) Ip(x) — p(y)l < C/log(e+ 1/|x—¥l) wheneverx e R" andy € R";

(P3) —c0 < g = infyern Q(X) < SURRn A(X) = G4 < o0;

(P4) 1g(x) — a(y)| < C/ log(e + (log(e+ 1/|x—Vl))) wheneverx € R" andy € R".

We consider a measurable functibsatisfying the Morrey condition :

1) f 1f(y)[PY(log(e + | ()™ dy < r*(log(e + 1/r)) ¥
B(x,r)

2000Mathematics Subject ClassificatioB1B15, 46E30.

Key words and phrasedVlorrey spaces of variable exponent, Riesz potentials, Sobolev embeddings, Sobolev’s
inequality.

35



forall x e Gand O< r < dg, wherey(:) : R" - (0,n] andg(-) : R —» R are bounded
measurable functions. We denote Ib}-90050(G) the family of all measurable functiorfs
onG such thatf /A satisfies the condition (1) for some constant 0. If 1/p(x) —a(X)/v(X) > O,

then we set
P(x, 1) = tP O (log(e + t))P M@/PEI+a(BO/ 1)

where ¥p*(X) = 1/p(X) — a(X)/v().

Tueorem 1( [4, Theorems 2.1, 3.1 and 4.5])et f be a nonnegative measurable functiorGn
satisfying(1). Supposer_ > 0 andess inf.c(v(X)/p(X) — a(x)) > O.

(1) Futher suppose th&t®-(log(e + t))%> is almost increasing anp. = 1. Then there
exists a constar@ > 0 such that

WX, Loy F (X)) (10g(€ + lagy T(¥))) ") dx < Cr@(log(e + 1/r)) 7@~
B(zr)
forallze GandO <r < dg;
(2) Futher suppose that there exists a constgnt 0 such that”?™-(log(e + t))3-% js

almost increasing anpl. = 1. Then there exists a constdht- 0 such that
P (X, Lo F(Q))(10g(€ + Loy F (X)) dx < Cr@(log(e + 1/r))#?

B(zr)
forallze GandO<r < dg;
(3) Futher suppose that > 1. Then there exists a const&ht- 0 such that

J( W(X, lago F (X)) dx < Cr@(log(e + 1/r))*®
B(zr)
forallze GandO <r < ds.
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Bergman kernel and asymptotic geometry

Takeo Ohsawa

It is widely recognized that reproducing kernels often encode substantial information on geo-
metric or physical objects. The Bergman kernels, which naturally arise in complex analysis,
complex geometry and mathematical physics, are known as such examples. At first we shall
review several important breakthroughs in the study of the asymptotics of the Bergman kernels,
including the following achievements.

1. Quantitative solutions of the Levi problem on pseudoconvex domains and related asymp-
totics of the Bergman kernels. (1965, 79, 87, 92)

2. Solution to S.Kobayashi’'s completeness question for the Bergman metric on hyperconvex
domains. (1998, 2004)

3. Asymptotic expansions of the weighted Bergman kernels for positive line bundles over
compact complex manifolds. (1990, 98, 99, 2008)

Next, we shall present quite recent results on a conjecture of Kazhdan-Mumford-Yau for
towers of "Bergman metrized” complex manifolds. (2009, preprints)
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Removable sets for continuous solutions of quasilinear elliptic
equations with lower order terms

Takayori Ono

We consider quasi-linear second order elliptiffefiential equations with lower order terms
of the form
—div A(X, Vu) + B(x, u) =0,
whereA(x, &) : RN x RN — RN satisfies structure conditions pfth order andB(x, t) : RN x
R — Ris nondecreasing in In this talk, we investigate removable sets for continuous solutions
of such equations.
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On Hamilton-Jacobi flows and solutions of Aronsson equations

Eero Saksman

The talk, based on a joint work with Petri Juutinen @skyR), gives a characterization of
viscosity solutions for certain Aronsson type equations (e.g Athequation) in terms of the

induced Hamilton-Jacobi flows. The result answers positively a conjecture of E.N. Barron, L.
C. Evans and R. Jensen.
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A two phase free boundary problem with applications in Potential
Theory

Henrik Shahgholian

In this talk | will present some recent directions, still to be developed, in potential theory, that

are connected to a two-phase free boundary problems. The potential theoretic topic that | will
discuss is the so called Quadrature Domains.

The most simple free bounddpptential problem that we can present is the following. Given
constant®., 4. > 0 and two points¢t in R". Find a functioru such that

Au = (/1+X{u>0} - a+6x+) - (/I—X{u<0} - &6x*) s
whered is the Dirac mass.
In general this problem is solvable for two Dirac masses. The requirement, somehow implicit
in the above equation, is that the support of the measures (in this case the Dirac masses) is to be
in included in the positivity and the negativity set (respectively).

In general this problem does not have a solution, and there some strong restrictions on the
measures, in order to have some partial results.
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Liouville type theorem associate with the wave equation

Katsunori Shimomura

The well known Liouville’s theorem states that every conformal mapping in-tlienensional
Euclidean spacen(> 3) is a similarity or an inversion with respect to a sphere. The confor-
mal mapping associate with the Laplace equation in the following senseJ; \ett R™! are
domains and = (fo, f1,..., f,) : U = V aC2-mapping and a positiveC? function onU. As-
sume thaty(X) - (uo f)(x) satisfies the Laplace equation Orfor every solutioru of the Laplace
equation orV. This is possible only iff is a conformal mapping. In the talk, we consider same
type of theorem associate with the wave equation instead of the Laplace equation.

Let R™! be the (i + 1)-dimensional Euclidean space ¢ 2), and denote the point by =
(X0, X1, . . ., Xn), inner product ok andy by (x, y). We define the quadratic forf -) onR™! by

-1 0 ... 0
0O 1...0
XYy = (X Jy) = —XoYo + XaY1 + - - + Xn¥n, Whered = ' B
0O 0 ... 1

We consider the wave equation

(-2 )

Wux) :=(-5- ), +3)ux) =0

N 4= 9%

onR™1L LetU,V c R™! are domains and = (fo, f1,..., f,) : U — V aC2-mapping andr a
positive C? function onU. Assume thatp(X) - (u o f)(X) satisfies the wave equation dhfor
every solutioru of the wave equation o¥. This is possible if and only if andy satisfy the

following equations orJ:

(1) We=0,
@) eWf-2Ve,Vi)=0, (j=0.1,....n)
() (Vfj, Vi =0, (0<j<k<n)
(4) (Vf, Vi) =—(Vf, Vi), (1<j<n)
of, of;  of
whereVf; = (%6_&@ .
Let g—i(x) = (2—)2):1]:0 be the Jacobian matrix of the mappiig Then the combination of

conditions (3) and (4) is equivalent to the following condition : there exists a fung{igrn= 0
such that

of of B 5 el
<ax(x)u, a)((x)v) = AX)(u,vy V¥YxeU, Yu,ve R™.

2000Mathematics Subject Classificatio81C99, 35L05.
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We call the mapping satisfying this conditiorJ-conformal. And we calU-conformal dfine
mappingJ-similarity.

We can obtain a non-trivial-conformal mappingl-inversion

X
(X X)

There is another non-trivial-conformal mapping :
1 -1

2%+ X1) 200+ X1) Xo+ X1 X0+ X
Our main result is the following.

).

Theorem. Let f be aJ-conformal mapping. Thef is a J-similarity, or a composition of a
J-similarity with a J-inversion, or a composition of &similarity with B in the above.
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Sobolev inequalities in variable exponent Orlicz spaces

Tetsu Shimomura

In this talk, we discuss Sobolev’'s embeddings for Sobolev—Orlicz functions Viithe
LPO) log L9(Q) for Q c R".

Following Cruz-Uribe and Fiorenza [1], lgt: R" — [1, ) andq : R" — R be continuous
functions. We will be considering spaces of typg¥) log L9)(Q). For simplicity we denote the
function defining the space I, i.e. ®(x, t) = tP®¥(log(cy + t))9X.

We assume that our variable expongmtndq are continuous functions dR" satisfying:

(p1) 1< p = infyern P(X) < SURRn P(X) = P* < oo;
(P2) [p(x) — p(y)| < wheneverx € R" andy € R";

logle+ 1/Ix - y))

C
(P3) p(x) - p(y)|§ g ) whenevety| > [x|/2;
(g1) —co < g :=infyernq(X) < %UQ(eR" g(x) =: g" < oo;
(92) la() — a(y)l < whenevex e R" andy € R".

~ log(e+ log(e+ 1/|x—yl))
Moreover, we assume that

(d,) there existgy € [e, o0) such thatd(x, -) is convex on [Qoo) for everyx € R".

Note that (p,) implies the following condition:

(@,) t — t1d(x, 1) is nondecreasing on (&) for fixed x € R".

We define the spade®(Q2) to consist of all measurable functiofison the open se® c R"

with
[ 0619 o<
o )

for somea > 0. We define the norm

I fllog. )@ = inf {/l >0 fd)(x, @) dx < 1}
Q

for f € L®(Q). These spaces have been studied in [1, 5]. In case0, L®(Q) reduces to
the variable exponent Lebesgue spaé€(Q). The Sobolev spac&/®(Q) consists of those
functionsu € L?(Q) with a distributional gradient satisfyin§u| € L*(Q). Further we denote
by W;*(Q) the closure o3 (Q) in the spaceV-®(Q).

Let

1/p"(¥) = 1/p(x) - 1/n.
Theorem. Let p andq satisfy the above conditions. pf < n, then

Ul < CullVUlloe,y@
2000Mathematics Subject Classificatiod6E30.

Key words and phrasesariable exponent, Riesz potential, Sobolev’s inequality, Sobolev embeddings, Sobolev
space.
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for everyu € Wy®(Q), whered(x,t) = (tlog(co + t)I0/PMYPX andP(x,t) := (tlog(co +
£)409/P(9)P"(x)

This extends [2, Proposition 4.2(1)] and [3, Theorem 3.4] which dealt with theqcase
This is a joint work with P. s, Y. Mizuta and T. Ohno.
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Dimension estimates for exceptional sets of Euclidean and
sub-Riemannian fractals

Jeremy T. Tyson

Potential theory is one of the primary tools useful for the computation or estimation of dimen-
sions of fractals and more general nonsmooth sets and measures. Falconer (1988) used energy
estimates to compute almost sure dimensions of generic representatives in parameterized fam-
ilies of self-dfine Euclidean fractals. Falconer and Miao (2008) gave more precise estimates
on the size of the exceptional set. We describe a heuristic principle relatingffaedf-fiac-
tal geometry in Euclidean space and self-similar fractal geometry in sub-Riemannian Carnot
(nilpotent stratified Lie) groups. We then adapt Falconer’'s arguments to the sub-Riemannian
setting. Self-similar sets in Carnot groups turn out to be generically horizontal: they exhibit the
smallest possible dichotomy between sub-Riemannian and Euclidean dimensions.
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Sets of determination for harmonic functions in an abstract harmonic
space

Hidenobu Yoshida

The term “set of determination” was introduced by Gardiner [4] in 1993.B.bé the unit
ball in the Euclidean spad®” (n > 2). LetE C B and letu be a positive harmonic function on
B with the correspondng measurg

u(X) = fa oY) (<< B)

whereP(x, y) is the Poisson kernel fd with poley in the boundary)B of B. He characterized
the set<E of determination for which

h) . h(X)
it o = i

for all positive harmonic functions on B, i.e. if there is a positive constaaisuch thah(x) >
cu(x) on E, thenh(x) > cu(x) on B.

Before him, the special casesugk) = P(x, y) were originally considered by Beurling & 2)
[2] and Dahlberg (higher dimension) [3].

Soon after him, Aikawa [1] extended his results to sub&etsf an NT AdomainD. His
caracterizations which we are specially interested in are

Characterization (1): for alf (0 < o < 1), the “bubble” set oE

Eg = UerB(X, Qé(X))

is not minimally thin aty for u,-almost every boundary poigt whereB(x, r) denotes the ball
with centerx and radius, 6(x) = dist(x, dD) andy, is the Martin representing measurewf

Characterization (2)E includes a nontangential sequence convergiryfoo w-almost every
boundary poiny € dD, wherew is the harmonic measure at a pointDn(if D is a Lipschitz
domain, thenw can be replaced by the surface measuréohn

In his paper, Aikawa raised

Question. Can one extend these results to a general Martin space?

When the following Ranos@’s results are seen, this presentation is seemed to be natural. From
the same view points as them, Randsalso characterized the sets of determination for positive
parabolic functions satisfying the heat equatiath = dh/oton aslatR"x(0, T) (0 < T < +o0)
[8] and for positive solutionk of the Helmholtz equationh = 2ah (a > 0) onR" [7].

Characterization (1) will be connected with FatoureDoob theorem which was extended
in the axiomatic system of Brelot by Gowrisankaran [5] and also extended to a very general
setting by Sibony [9] (also see Taylor [10]). Le£, () be a measurable space adde convex
cones of functons on X valued in,([Bc0) which satisfy several hypotheses. A functloan X is
said to be “positive harmonic” i € H. In addition there is a mesurable boundary sp&;g)

2000Mathematics Subject ClassificatioB1B05, 31B25.
Key words and phrasesets of determination, abstract harmonic space.
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such that each harmonic functibne H has the integral representation by a unique positive
measurey, on B as

h(x) = f Ko(X)0ht

whereK is a minimal harmonic function fdo € B. The fine limit of a functionf on X atb is
definied by an usual way and denoted Ihing — lim f)(b).

The Fatou-Nan-Doob theorem. If u, h € H and areu,, un are their representing measures,
then

(fine—lim h/u)(b) = (dun/duy)(b) wu,—ae.

Characterization (2) will be connected with the following Fatou type theorem due &migor
and Taylor [6]. Assume thaX = X U B is a topological space. An “admissible systefafs
a functon onX\X = B with A(b) c X andb € B is a limit point of A(b). A function f on X
“converges A-admissibly” ta atb if for any € > 0 there exists a neighbourhottof b such
that|f(x) — 4| < e for all x e U n A(b). This is indicated by writingt = (A — lim f)(b).

The Fatou theorem.Let A be an admissible system and let u be a positive harmonic function
with the representing measumg. If for any positive harmonic function h

(fine—limh/u)(b)=0 = (A-limh/u(b)=0 u, - ae,

then
(A—=limh/u)(b) = (dun/du,)(b) wu—ae.

In this talk, we shall show the relations between sets of determination and these theorems.
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