The singularities of Gauss maps and evolutes

of hypersurfaces in Euclidean n-sphere
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Height function
H:Ux S >R

1 Basic notations |
Hu,V) = z(u)-V
Let §7+1 := {V = (2°,0!,...,0" ") € R"2 | V.V =1} be an (n+1)—dimensional h=nhy :U—=R
Euclidean sphere , U be an open set in R™ and (u!,...,u") is coordinate of U. h(U) - H(u’ %)

where Vg € Sn+1: fized

o Hypersurface in Euclidean sphere

— @ :U—=8"" .  embedding | » Diseriminant set Bifurcatlon sek
(or M :==x(U)) S(H) = {(u, V) eUxS"“‘H(fu V)=Hi(u,V)=0 (i=1,...,1n)}
(H; = %ﬁ%)
S $-uuss minp of My persysiace Dg:={Vest|uel, (v,V)ec X(H)} discriminant set
e: U — Sntl
e(u) (AL (u)AL 2 (u)A A, (1) .
|| ()AL (u) AT 2 (w) A AT, (1) || C(H) = {(u, V) e U x S H (u, V) =0 (i = 1,___,-;1)}

where x;(u) 1= 2% (u)

By = {V € S"tYJue U st (u,V) € C(H) and rk (a B (u, V)) < n}
i

o Curvature

Sp = —de(u) : TpM - T,M shape operator of M at p Aliciit Diseiiminas o
ki(u) : eigenvalue of S, principal curvature of M at p H(w,V)=Hiu,V)=0 & a(u) -V =a(u) V=0
K, :=det S, Gauss — Kronecker curvature e

Dy = {+e(u) |uc U}

o Umbilic
p is an umbilic point & 3k, € R s.l. S, = Ky - idy, 01 A Blfurcatlon set
M is totally umbilic < Vp € M are umbilic 4 1 )
! —e(U
{ \/m ( ) 1o () ( )

k(u) #0 : a principal curvature at m(u)}

o Hypersphere
V. ey ={Ve 8|V . V' =g}
c=0 : greal hypersphere

& i Small B . + = ) L )
& 2 small hypersphere We denote BV (u) := i\/m (:c('u) T K(u)e('“-) .
_ + — K(u) ; : n ;
N Foranyue U ,let Vo= EV=(u) , co im , then @(u) and .5'. (Vo,co)
have degenerate contact.

If M is totally umbilic , then k, = 3K € R (Vp € M) , furthermore
K=0 = 3Vestst. McS(V,0)
K#0 = W e S" ! and Ic e Rs.t. M C §*(V,c)
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Germs of the height function H are Morse family at any points. Then we can
construct following immersion germs :
Legendrian immersion germ

Ly : (E(H),(ug,%)) — BI5 ( Sh= S ﬂ{V| Vo> () } Withoutlossofgenerality)
Lg(u, V) = (V, [:Bl(u)eﬂ(u) - :I:U(u)el(u) e :r:”“(u)eﬂ(u) — mﬂ(u)e”Jrl(u)] )

Let WAL#) be a wave front of L# ,then
Dz = W(=)

at the set germ. So classification of singularities of e(U) = W(L=) .

(1) Ly(1) and Lg(9) are legendrian equivalent;
(2) W(Lg(1)) and W (L s)) are diffeomorphic as set germs;
(3) H1y and H() are P — K equivalent;

(4) h() and h(g) are K equivalent;




To consider geometric meanings of above equivalence , we use the theory of contact due to Montaldi .
Contact with hyperspheres (due to Montaldi)

X, Y; Cc(R™,y) (i =1,2) : submanifold germs with dimX; =dimXs ,dimY; =dimY5.
The contact of X1 and Y, at y, is the same type as the contact of Xs and Y5 at yo
< d® : (R™, 1) — (R",ys) diffeomorphism germ
st. ®(X1,y1) = (X2,12) and ®(Y1,41) = (Y2, 12)
In this case, we white K(X;,Y1;91) = K(X2,Ys;40)

Theorem (Montaldi)
Let f; : (R™,y;) — (RP,0) submersion germs with (f;'(0),%:) = (Yz, %)
gi: (X, x;) = (R™,y;) immersion germs .
Then
K(X1, Y1) = K(X2,Y2;92)
<= fi1og1 and fs o go are K - equivalent.

By applying it to our case , we have the following .

W(L1)) and W (L)) are diffeomorphic as set germs

K(Ml ) Sﬂ(e(ul)ﬂo) - pl) = K(M2 ? SH(E(HQLO) ) P2)

where p; = ®(u;) , M; are set germs of the hypersurface around p; .



Also , germs of the height function H are Morse (hypersurfase) family at
any points. Then we can construct following immersion germs :
Lagrangian immersion germ

L(H) : ( C(H).(uoVo) ) — T*S

1

L)@ V) = (V, 2) - 2@ , -, 2741(w)  29() %)

Let C (L(H)) be a caustic of L(H) ,then
Br = C(L(H))

at the set germ. So classification of singularities of evolute < C(L=) .
If two Lagrangian immersion germs are Lagrangian equivalent , then their caustics are diffeomorphic.

Teorem

Let wi € U (i=1,2) , Hi) and L( Ha)) be corresponding germs around i .

If L{ Hi)) are Lagrangian stable , then following conditions are equivalent ;
(1) L(H@1)) and L(H)) are lagrangian equivalent
(2) H(1) and Hg) are P — R™' equivalent

(3) h¢1) and h(g) are R* equivalent




To consider geometric meanings of above equivalence , we use the theory of

contact due to S.Izumiya , D.Pei and M.Takahashi .
XNy C(B™, ;) (i =1,2) submanifold germs with dimX; =dim X,

fi : (R™, %) — (R, 0) submersion germs
g (X, z) =+ (B™,y;) immersion germs
Fr.={f'(c)| cc (R,0)} foliations
The contact of X; with Fy, at g, is the same type as the contact of X, with Fy, at yq
<= 3P : (B™, ;) — (B",y2) diffeomorphism germ
sd. ®(X1,1n) = (X2, y2) and ®(f'(c)) = f5 '(¢) for each ¢ € (R,0)
In this case we white K{X1,Fp;mn) = K(Xa, Fypi10)

Theorem (S.Izumiyva , D.Pei and M. Takahashi)
As above , let dimX; = n — 1, and we assume that z; are singularities of f; o g; : (X;,z;) — (R, 0).

Then
K(Xy, Fprimn) = K(Xa, Friu2)
«—= f, 04, and f2 o gs are R - equivalent.

By applying 1t to our case, we have the following.
Theorem  Following conditions are equivalent ;

- L(H(1)) and L(H(2)) are Lagrangian equivalent
' K(Mlafhvl;pl) - K(MQ: Fhvg;pﬂ)
where V; = EVF(u;) ,hy, : S > Vi— V.V, c¢R
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