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Abstract

We classify the centroaffine space curves with constant
centroaffine curvatures, which are centroaffine homoge-
neous curves in R3. Moreover, we can find a centroaffine
homogeneous surface on which such a space curve lies.
This surface gives rise to a centroaffine minimal surface if
the centroaffine second curvature of the curve vanishes.

1. Introduction

THE fundamental theorem of curves in centroaffine ge-
ometry is obtained by Gardner and Wilkens [2]. In that

paper they used the classical Cartan approach to moving
frames in order to find the formulation of the local rigidity
theorem for curves that is amenable to direct application to
problems in control theory.

2. Basic notions of Centroaffine space curves

Definition 2.1 Let I = (a, b) be an interval in R, ϕ : I → R3

a C∞ map. ϕ(t) is called a centroaffine curve in R3 if
[ϕ(t), ϕ̇(t), ϕ̈(t)] 6= 0, for all t ∈ I, where [, , ] is the standard
volume form of R3, that is, the determinant.
Definition 2.2 A centroaffine curve ϕ is called nondegener-
ate if [ϕ̇(t), ϕ̈(t),

...
ϕ(t)] 6= 0, for all t ∈ I.

Definition 2.3 A nondegenerate centroaffine curve is said
to be parameterized by centroaffine arc-length parameter if

ε(s) :=
[ϕ̇(s), ϕ̈(s),

...
ϕ(s)]

[ϕ(s), ϕ̇(s), ϕ̈(s)]
= ±1, for all s ∈ I, where ε is called

the signature of ϕ, s is called the centroaffine arc-length
parameter of ϕ.
Remark 2.4 Any nondegenerate centroaffine curve has a
reparametrization by centroaffine arc-length parameter.
We use ” · ” as the differential operator with respect to the
general parameter and ” ′ ” as the one with respect to the
centroaffine arc-length parameter.
Definition 2.5 For a nondegenerate centroaffine curve pa-
rameterized by centroaffine arc-length parameter, we de-
fine the centroaffine first curvature by

κ1(s) := −[ϕ(s), ϕ′′(s), ϕ′′′(s)]
[ϕ(s), ϕ′(s), ϕ′′(s)]

and the centroaffine second curvature by

κ2(s) :=
[ϕ(s), ϕ′(s), ϕ′′′(s)]
[ϕ(s), ϕ′(s), ϕ′′(s)]

.

Remark 2.6 The centroaffine curvatures κ1(s) and κ2(s) are
centroaffine invariants and from the definition of κ1(s) and
κ2(s) we get ϕ′′′(s) = ε(s)ϕ(s) + κ1(s)ϕ′(s) + κ2(s)ϕ′′(s), that
is

d

ds

 ϕ(s)
ϕ′(s)
ϕ′′(s)

 =

 0 1 0
0 0 1
ε(s) κ1(s) κ2(s)

 ϕ(s)
ϕ′(s)
ϕ′′(s)

 =: Ω

 ϕ(s)
ϕ′(s)
ϕ′′(s)

 .

(1)

3. Method

Without loss of generality, we assume ε = −1, the case ε =
1 can be studied similarly. From the fundamental theorem
for centroaffine space curves, the centroaffine space curves
are uniquely determined by the centroaffine curvatures up
to a centroaffine transformation in R3. In the following, we
obtain the curve by solving the ODE: ϕ′′′ = −ϕ+κ1ϕ

′+κ2ϕ
′′

with constant coefficients. First, using Shengjin’s formula in
[1] we get the eigenvalues of the coefficient matrix Ω in (1)
which is a one variable cubic equation:

∣∣λI − Ω
∣∣ =

∣∣∣∣∣∣
λ −1 0
0 λ −1
1 −κ1 λ− κ2

∣∣∣∣∣∣ = λ3 − κ2λ
2 − κ1λ + 1 = 0, (2)

whose discriminants of multiple root are:A := κ2
2 + 3κ1,

B := κ1κ2 − 9,

C := κ2
1 + 3κ2,

(3)

and principal discriminant is:

∆ := B2 − 4AC = 3(−4κ3
1 − 4κ3

2 − 18κ1κ2 − κ2
1κ

2
2 + 27), (4)

then using the eigenvalues to get the fundamental system
of solution of this ODE.

4. Centroaffine space curve with constant
centroaffine curvatures

Theorem 4.1 Any nondegenerate centroaffine space curve
with constant centroaffine curvatures and signature −1 is
centroaffinely equivalent to one of the following curves:
(1) ϕ(s) = {se−s, e−s, s2e−s + e−s}, if A2 + B2 = 0,
(2) ϕ(s) = {eς1s, eς2s, seς1s}, if A2 + B2 6= 0 and ∆ = 0,

(3) ϕ(s) = eκ2s/3{eρ1s sin(ρ2s), e
ρ1s cos(ρ2s), e

−2ρ1s}, if A2 +
B2 6= 0 and ∆ > 0,
(4) ϕ(s) = eκ2s/3{e−2σ1s, e(σ1+σ2)s, e(σ1−σ2)s}, if A2 + B2 6= 0
and ∆ < 0,
where ςi, ρi and σi (i = 1, 2), A, B, ∆ are constants with
respect to centroaffine curvatures.

5. Groups of centroaffine space curves with
constant curvatures

As it is known, the homogeneous curves which are pre-
cisely the orbits of certain one parameter subgroups G of
GL(3; R), it is easy to check the nondegenerate centroaffine
spaces curve with constant centroaffine curvatures are cen-
troaffine homogeneous curves in R3, their groups are the
following, respectively

G1 := {

 e−s se−s 0
0 e−s 0

2se−s s2e−s e−s

 | s ∈ R}, (5)

which acts on the point t(0, 1, 1);

G2 := {

 eς1s 0 0
0 eς2s 0

seς1s 0 eς1s

 | s ∈ R}, (6)

which acts on the point t(1, 1, 0);

G3 := {eκ2s/3

 eρ1s cos(ρ2s) eρ1s sin(ρ2s) 0
−eρ1s sin(ρ2s) e

ρ1s cos(ρ2s) 0

0 0 e−2ρ1s

 | s ∈ R},

(7)
which acts on the point t(0, 1, 1);

G4 := {eκ2s/3

 e−2σ1s 0 0

0 e(σ1+σ2)s 0

0 0 e(σ1−σ2)s

 | s ∈ R}, (8)

which acts on the point t(1, 1, 1).

6. Centroaffine homogeneous surfaces on which
space curves with constant curvatures lie

First, we review the following fact in [4],
Theorem 6.1 (H.L.Liu and C.P.Wang) Let x :M → R3 be a
nondegenerate centroaffinely homogeneous surface. Then
x is centroaffinely equivalent to one of the following surfaces
in R3:
(i) x2 + y2 + z2 = 1;
(ii) xαyβzγ = 1, α 6= 0, α + β + γ 6= 0;

(iii) exp(−α arctan
x

y
)(x2 + y2)βzγ = 1, α2 +β2 6= 0, 2β+ γ 6= 0;

(iv) z = −x(α log x + β log y), α + β 6= 0;
(v) yz = ±x2 + yα, α 6= 1, 2;
where α, β, γ are constants.

6.1 The curve of type (2) and the surface of
type (iv)
The curve of type (2) lies on the surface of type (iv) in Theorem
6.1. One can choose the parameters{

α = β = 2
1
3, if κ2 = 0,

α = −2/κ2, β = −1/κ2, if κ2 6= 0,
(9)

so that α + β 6= 0. The surface can be written as

G̃2

 1
1
0

 ⊂ R3,

where

G̃2 :=



{

 eu 0 0
0 ev 0

−2
1
3eu(u + v) 0 eu

 | u, v ∈ R}, if κ2 = 0,

{


eu 0 0
0 ev 0

1

κ2
eu(2u + v) 0 eu

 | u, v ∈ R}, if κ2 6= 0,

(10)
from (6), we can easily get G2 ⊂ G̃2.

6.2 The curve of type (3) and the surface of
type (iii)
The curve of type (3) lies on the surface exp(−κ2

ρ2
arctan

x

y
)(x2 +

y2)z = 1, which is given by (iii) with

α = κ2/ρ2, β = γ = 1, α2 + β2 6= 0, 2β + γ 6= 0, (11)

in Theorem 6.1 and can be written as

G̃3

 0
1
1

 ⊂ R3,

where

G̃3 := {

 eu cos(v) eu sin(v) 0
−eu sin(v) eu cos(v) 0

0 0 e
−2u+

κ2
ρ2
v

 | u, v ∈ R}, (12)

from (7), we can easily get G3 ⊂ G̃3.

6.3 The curve of type (4) and the surface of
type (ii)
The curve of type (4) lies on the surface of type (ii) in Theorem
6.1. One can choose the parameters{
α = β = γ = 1, if κ2 = 0,

α = −2σ1 − 2A
3κ2
, β = σ1 + σ2 − 2A

3κ2
, γ = σ1 − σ2 − 2A

3κ2
, if κ2 6= 0,

(13)
so that α 6= 0, α + β + γ 6= 0. The surface can be written as

G̃4

 1
1
1

 ⊂ R3,

where

G̃4 :=


{

 eu 0 0
0 ev 0
0 0 e−u−v

 | u, v ∈ R}, if κ2 = 0,

{

 eγu 0 0
0 eγv 0

0 0 e−αu−βv

 | u, v ∈ R}, if κ2 6= 0,

(14)
from (8), we can easily get G4 ⊂ G̃4.
Theorem 6.2 The nondegenerate centroaffine space curve with
constant centroaffine curvatures and signature −1 are homoge-
neous curves written as follows:

(1)G1

 0
1
1

 ⊂ R3,

(2)G2

 1
1
0

 ⊂ G̃2

 1
1
0

 = {z = −x(α log x + β log y)} ⊂ R3,

(3)G3

 0
1
1

 ⊂ G̃3

 0
1
1

 = {exp(−α arctan
x

y
)(x2 + y2)βzγ =

1} ⊂ R3,

(4)G4

 1
1
1

 ⊂ G̃4

 1
1
1

 = {xαyβzγ = 1} ⊂ R3.

whereGi(i = 1, 2, 3, 4) are one parameter subgroups ofGL(3; R)

given by (5) ∼(8), G̃j(j = 2, 3, 4) are two parameter subgroups
of GL(3; R) given by (10), (12), (14), α, β, γ are constants with
respect to the centroaffine curvatures given by (9), (11),(13), re-
spectively.

(a) (b) (c)

Figure 1: (a) the curve of type (2) (κ1 = κ2 = 1) and the surface
z = x(2 log x + log y), (b) the curve of type (3) (κ1 = κ2 = 0)
and the surface (x2 + y2)z = 1, (c) the curve of type (4) (κ1 = 3,
κ2 = 0) and the surface xyz = 1.

Theorem 6.3 Any nondegenerate centroaffine space curve with
vanishing centroaffine second curvature is lying on a centroaffine
minimal surface which is determined by the centroaffine first cur-
vature of the curve.
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