ON A RAMIFICATION BOUND OF TORSION
SEMI-STABLE REPRESENTATIONS OVER A LOCAL
FIELD

SHIN HATTORI

ABSTRACT. Let p be a rational prime, k be a perfect field of charac-
teristic p, W = W (k) be the ring of Witt vectors, K be a finite to-
tally ramified extension of Frac(W) of degree e and r be a non-negative
integer satisfying r < p — 1. In this paper, we prove the upper num-
bering ramification group G%) for j > u(K,r,n) acts trivially on the
p"-torsion semi-stable G k-representations with Hodge-Tate weights in
{0,...,7}, where u(K,0,n) =0, uw(K,1,n) =1+e(n+1/(p—1)) and
u(K,r,n)=1—-p "+en+r/(p—1) forl <r<p-1.

1. INTRODUCTION

Let p be a rational prime, k& be a perfect field of characteristic p, W =
W (k) be the ring of Witt vectors and K be a finite totally ramified extension
of Ko = Frac(W) of degree e = e(K). We normalize the valuation vy of
K as vig(p) = e and extend this to any algebraic closure of K. Let the

maximal ideal of K be denoted by mpg, an algebraic closure of K by K

and the absolute Galois group of K by G = Gal(K/K). Let G%) denote
the j-th upper numbering ramification group in the sense of [10]. Namely,
we put G%) = 71, where the latter is the upper numbering ramification
group defined in [18].

Consider a proper smooth scheme Xy over K and put Xz = Xg xx K.
Let £ O L' be Gg-stable Zy-lattices in the r-th etale cohomology group

H (Xg,Qp) such that the quotient £/L' is killed by p™. In [10], Fontaine

conjectured the upper numbering ramification group GY) acts trivially on
the Gg-modules £/L' and H (X, Z/p"Z) for j > e(n+r/(p — 1)) if Xk
has good reduction. For e = 1 and r < p — 1, this conjecture was proved
independently by himself ([11], for n = 1) and Abrashkin ([3], for any n),
using the theory of Fontaine-Laffaille ([13]) and the comparison theorem of
Fontaine-Messing ([14], see also [5] and [7]) between the etale cohomology
groups of X and the crystalline cohomology groups of the reduction of
Xk . From these results, they also showed some rareness of a proper smooth
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scheme over Q with everywhere good reduction ([11, Théoreme 1], [2, Section
7]). In fact, they proved this ramification bound for the torsion crystalline
representations of G with Hodge-Tate weights in {0,...,7} in the case
where K is absolutely unramified.

On the other hand, for a torsion semi-stable representation with Hodge-
Tate weights in the same range, a similar ramification bound for e = 1
and n = 1 is obtained by Breuil (see [7, Proposition 9.2.2.2]). He showed,
assuming the Griffiths transversality which in general does not hold, that if
e =1 and r < p— 1, then the ramification group G%) acts trivially on the
mod p semi-stable representations for j >2+1/(p — 1).

In this paper, we prove a ramification bound for the torsion semi-stable
representations of Gx with Hodge-Tate weights in {0,...,r} with no as-
sumption on e but under the assumption » < p — 1. Let 7 be a uniformizer
of K, E(u) € W/u] be the Eisenstein polynomial of 7 over W and S be the
p-adic completion of the divided power envelope of Wu] with respect to the
ideal (E(u)). Consider a category Mod72™ of filtered (¢, N)-modules over

/Soo
the ring S and a Gx-module

Tsi,ﬂ(M) = HomS,Filr,(br,N (M7 Ast,oo>

for M € Mod;’g;oN, where A o is a p-adic period ring ([6]). Then our main
theorem is the following.

Theorem 1.1. Let r be a non-negative integer such thatr < p—1. Let M
be an object of the category Mod;’g;oN which is killed by p™. Then the j-th
()

upper numbering ramification group G/ acts trivially on the G -module

Tsﬁ;,ﬂ(M) for 3 > u(K,r,n), where
0 (r=0),
w(K,rn) =1{ 1+e(n+ 515 (r=1),
1—#+€(n+pfl) (I<r<p-1).

We can check that this bound is sharp for » <1 (Remark 5.15).
From this theorem and [10, Proposition 1.3], we have the following corol-
lary.

Corollary 1.2. Let the notation be as in the theorem and L be the finite
extension of K cut out by the Gi-module T% (M). Namely, the finite
extension L is defined by

G = Ker(Gg — Aut(Tg (M))).
Let ® x denote the different of the extension L/K. Then we have the
inequality
UK(QL/K) < ’LL(K, T n)
forr >0 and vg (D)) =0 for r =0.
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Combining these results with a theorem of Liu ([17, Theorem 2.3.5]) or a
theorem of Caruso ([8, Théoreme 1.1]), we will show the corollary below.

Corollary 1.3. Let r be a non-negative integer such that r < p — 1. Then
the same bounds as in Theorem 1.1 and Corollary 1.2 are also valid for the
torsion G i -modules of the following two cases:

(1) the Gg-module L/L', where L O L' are G-stable Zy-lattices in
a semi-stable p-adic representation V' with Hodge-Tate weights in
{0,...,7} such that L/L' is killed by p™.

(2) the Gg-module H},(X g, Z/p"Z), where Xk is a proper smooth alge-
braic variety over K which has a proper semi-stable model over O
and r satisfieser <p—1 forn=1ande(r+1) <p—1 forn > 1.

For the proof of Theorem 1.1, we basically follow a beautiful argument
of Abrashkin ([3]). We may assume p > 3 and r > 1. Consider the finite
Galois extension

Fy = K(7Y%" ¢ nin)
of K whose upper ramification is bounded by u(K,r,n). Let L, be the
finite Galois extension of F,, cut out by T¢ (M)|g,, . Then we bound the
ramification of L,, over K. For this, we show that to study this Gz, -module
we can use a variant over a smaller coefficient ring ¥ of filtered (¢, N)-
modules over S. In precise, we set

% = Wllu, E(w)”/pl].

This ring X is small enough for the method of Abrashkin, in which he uses
filtered modules of Fontaine-Laffaille ([13]) whose coefficient ring is W, to
work also in the case where K is absolutely ramified.

Acknowledgments. The author would like to pay his gratitude to Iku
Nakamura and Takeshi Saito for their warm encouragements. He wants
to thank Manabu Yoshida for kindly allowing him to include the proof of
Proposition 5.6. He also wants to thank Ahmed Abbes, Xavier Caruso,
Takeshi Tsuji, and especially Victor Abrashkin and Yuichiro Taguchi, for
useful discussions and comments. Finally, he is very grateful to the referee
for his or her valuable comments to improve this paper.

2. FILTERED (¢,, N)-MODULES OF BREUIL

In this section, we recall the theory of filtered (¢,, N)-modules over S
of Breuil, which is developed by himself and most recently by Caruso and
Liu (see for example [6], [8], [17], [9]). In what follows, we always take
the divided power envelope of a W-algebra with the compatibility condition
with the natural divided power structure on pW.

Let p be a rational prime and o be the Frobenius endomorphism of W.
We fix once and for all a uniformizer 7 of K and a system {7, },ez., of p-
power roots of m in K such that mo =  and 7, = 7, for any n. Let E(u)
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be the Eisenstein polynomial of m over W and set S = (W[u]'P)", where
PD means the divided power envelope and this is taken with respect to the
ideal (F(u)), and A means the p-adic completion. The ring S is endowed
with the o-semilinear endomorphism ¢ : u +— u? and a natural filtration
Fil’S induced by the divided power structure such that ¢(Fil’S) C p'S for
0<t<p—1. Weset ¢ =p 'd|pg and c = ¢1(E(u)) € S*. Let N denote
the W-linear derivation on S defined by the formula N(u) = —u. We also
define a filtration, ¢, ¢; and N on S,, = S/p"S similarly.

Let r € {0,...,p — 2} be an integer. Set 'Mod”Y to be the category

/S
consisting of the following data:

e an S-module M and its S-submodule Fil"M containing Fil"S - M,
e a ¢-semilinear map ¢, : Fil'’ M — M satisfying

¢r(5rm) = ¢r(3r)¢(m)

for any s, € Fil"S and m € M, where we set ¢p(m) = ¢~ "¢, (E(u)"m),
e a W-linear map N : M — M such that
— N(sm) = N(s)m + sN(m) for any s € S and m € M,
— E(u)N(Fil"M) C Fil" M,
— the following diagram is commutative:

Fil" M LN M

E(u)Nl lcN

Fil" M T M,

and the morphisms of / Mod%’w are defined to be the S-linear maps preserv-
ing Fil"” and commuting with ¢, and N. The category defined in the same

way but dropping the data N is denoted by ’ Mod;’g. These categories have

obvious notions of exact sequences. Let Mod"%" denote the full subcate-

/51
gory of / Mod?’g’N consisting of M such that M is free of finite rank over Sy

and generated as an Si-module by the image of ¢,. We write Mod;’g;oN for

the smallest full subcategory which contains Modj’gl’N and is stable under

extensions. We let Mod;’g?’N denote the full subcategory consisting of M
such that

e the S-module M is free of finite rank and generated by the image of

¢7‘7
e the quotient M /Fil" M is p-torsion free.

We define full subcategories Mod;’g’l, Mod;ﬁw and Mod;’s of / Mod;’gS in a
similar way. For M € Mod7%" (resp. Mod;’g’), the quotient M /p" M has

/S
a natural structure as an object of Mod;’g;oN (resp. Mod;’goo).
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For p-torsion objects, we also have the following categories. Consider the
k-algebra k[u]/(u?) = S1/FilP’S; and let this algebra be denoted by S;. The
algebra S, is equipped with the natural filtration, ¢ and N induced by those
of S. Namely, Fil'S; = u®S), ¢(u) = uP and N(u) = —u. Let ’Mod;’gl’N
denote the category consisting of the following data:

e an gl—module M and its gl—submodule Fil" M containing u”/\;l,
e a ¢-semilinear map ¢, : Fil'’ M — M,
e a k-linear map N : M — M such that

— N(sm) = N(s)m + sN(m) for any s € S; and m € M,

— uN(Fil" M) C Fil" M,

— the following diagram is commutative:
Fil' M —2 s M

- ov

Fil" M — M,

and whose morphisms are defined as before. Its full subcategory Mod;’gl’N
is defined by the following condition:
e Asan S;-module, M is free of finite rank and generated by the image
of ¢;.
We define categories ’1\/[0d;’;~,’51 and 1\/[0d7/“7§1 similarly. Then we can show

as in the proof of [4, Proposition 2.2.2.1] that the natural functor M
M/Fil’S - M induces equivalences of categories T : Mod7 &N — Mod"¢Y

/51 /51
and T : Mod;ﬁl — Mod;ﬁl.

For r =0, let Modfwoo be the category consisting of the following data:

e a finite torsion W-module M , . B
e a g-semilinear automorphism ¢ : M — M.
Let s be the kernel of the natural surjection S — W defined by u — 0.

Since Tor} (M, S/kS) = 0 for any M € Mod’? | the proofs of [8, Lemme

/Soo?
0,6,N

2.2.7, Proposition 2.2.8] work also for the category Mod /50, and we have a

commutative diagram of categories

Mod?YN o Mod%?

¢
MOd/Woo’

where the downward arrows and horizontal arrow are defined by M —
M /kM and forgetting N respectively and these three arrows are equiva-
lences of categories.
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Let Acrys and flst be p-adic period rings. These are constructed as follows.
Put Og = O /pOfk. Set R to be the ring

R=lim(Oy — O —---).

where every arrow is the p-power map. For an element z = (2;)iez., € R
and an integer n > 0, we set

™ = lim 3. € Oc,

M50 n+m
where z; is a lift of ; in O and Oc is the p-adic completion of Op. Let
vp denote the valuation of Oc normalized as vy,(p) = 1. Then the ring R is
a complete valuation ring whose valuation of an element z € R is given by
vr(r) = vy(z(?)). We define a natural ring homomorphism 6 by

0:W(R)— Oc
(xo,21,...) — Zp"w%").
n>0

Then Aerys is the p-adic completion of the divided power envelope of W (R)
with respect to the principal ideal Ker(f) and Ay is the p-adic completion
of the divided power polynomial ring Acrys(X) over Acrys. We set Acrys oo =
Acrys @w Ko /W and /Alsnoo = Ay ®w Ko/W. Put = (ﬂ'n)nezzo € R, where
we abusively let 7, denote the image of 7, € O in Og. These rings are
considered as S-algebras by the ring homomorphisms S — Ay and Ay —
Acrys which are defined by u — [7]/(1 + X) and X +— 0, respectively. The
ring Acys is endowed with a natural filtration induced by the divided power
structure, a natural Frobenius endomorphism ¢ and the ¢-semilinear map
o = p_tqﬁ\Fﬂt Acrys® With these structures, Acrys and Aerys oo are considered

as objects of / Mod;’g. Moreover, the absolute Galois group Gk acts naturally

on these two rings. As for Ay, its filtration is defined by

. Xi
FlltASt = Z alj
>0

a; € Fil' " Agys, lima; =0
1— 00

and the Frobenius structure of Acys extends to flst by
o(X)=(1+X)P -1,
O = p_t¢|FﬂtA5t-

We write N also for the Agys-linear derivation on Ay defined by N(X) =
1+ X. The rings Ay and Ast’oo are objects of ’Mod;’g’N. The G k-action on

Acrys naturally extends to an action on Ag. Indeed, the action of g € G
on Agt is defined by the formula

9(X) = e(9)](1 + X) — 1,
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where g(m,) = en(9)m, and €(9) = (en(9))nez., € R with the abusive
notation as above. -

These rings have other descriptions, as follows. For an integer n > 1,
put W,, = W/p"W and let Wn(@f{) be the ring of Witt vectors of length
n associated to Og. We define a Wp-algebra structure on W, (Of) by
twisting the natural Wy-algebra structure by ¢=". Then the natural ring

homomorphism
Oy, : Wn(@f{) — Ok /p" Ok

n—1i

n—1
(ag,...,ap—1) — E pal
i=0

where @; is a lift of a; in Of, is W,-linear. Let us denote WP (O) the
divided power envelope of W,,(Ox) with respect to the ideal Ker(6,). This
ring is considered as an S-algebra by u +— [m,]. This ring also has a natural
filtration defined by the divided power structure, and a natural GG g-module
structure. The Frobenius endomorphism of the ring of Witt vectors induces
on this ring a ¢-semilinear Frobenius endomorphism, which is denoted also
by ¢. Then, by the S-linear transition maps

WP (0g) — WYP(Og)
(ag, ... ,ap) — (ag, e fhl),

these S-algebras form a projective system compatible with all the structures.
Using this transition map, a ¢-semilinear map

o : FI'W, P (Og) — W, (O)
is defined by setting ¢,(z) to be the image of p~™"¢(Z), where 2 is a lift of
z in FiI'WrP (Og). By definition, the maps ¢, are also compatible with

the transition maps. The S-algebra WP (O ) is considered as an object of

"Mod'§

/5" Then we have a natural isomorphism in ’ Mod;’g

Acrys/pnAcrys - WED(@I_{)
(0y -y Zn—1) — (Zom, -y Tn—1,n),

where we set x; = (xi,k)kezzo for x; € R.

Similarly, the divided power polynomial ring WP (Oz)(X) over WFP (O )
is considered as an S-algebra by u — [m,]/(1 + X). This ring has a natural
filtration coming from the divided power structure. We define a G g-action
on this ring by

9(X) = [en(g)l 1+ X) — 1.
We also define a ¢-semilinear Frobenius endomorphism, which we also write
as ¢, by ¢(X) = (1+X)P—1 and a WP (Og)-linear derivation N by N(X) =
1+ X. These rings form a projective system of S-algebras compatible with
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all the structures by the transition maps defined by the maps above and
X — X. We define ¢-semilinear maps

¢ Fil'W,P(Og)(X) — WP (0g)(X)
compatible with the transition maps as before. The S-algebra WP (Oz)(X)

is considered as an object of ’/ Mod%”N and there exists a natural isomor-

phism in / Mod;’g’N
Ast/pnfist - WED(@K)<X>
(0y .-y Tn—1) — (Tomy- -+ s Tn—1n)
X—X

which is G g-linear.
Put K,, = K(m,) and Ko = U,K,. For M € Mod”?" . we define a

/S0
G g-module T (M) to be

Ts#:c,g(M) = Hom&FilT,d)T,N(Ma Ast,oo)-

When M is killed by p”, we have a natural identification of G x-modules

T (M) = Homg pir g, (M, WP (O ) (X))
Note that the G g-module on the right-hand side is independent of the choice
of m, for k > n. Since the natural map

W, P(Og)(X) — WP (Og)
X+—0

is G, -linear, we also have a G, -linear isomorphism ([6, Lemme 2.3.1.1])

T, 2(M)lGy, — Homgpir 5, (M, WP (O)).

st,m
On the other hand, for » = 0, the proof of [8, Proposition 2.3.13] shows that

the G'x-module T§ (M) is unramified for any M € Mod(/)ﬁ;oN.

A variant of filtered (¢,, N)-modules over S is also introduced by Breuil
and Kisin, and developed also by Caruso and Liu (see for example [15],
[16], [17], [9]). Put & = W][u]] and let ¢ : & — & be the o-semilinear
Frobenius endomorphism defined by ¢(u) = wP. Let ' Mod;’g denote the
category consisting of the following data:

e an G-module 9N,
e a ¢-semilinear map M — M, which is denoted also by ¢, such that
the cokernel of the map 1 ® ¢ : ¢*IM — I, where we set ¢*M =

S ®¢,e M, is killed by E(u)",
and whose morphisms are defined as before. The full subcategory of / Mod;’(f;j

consisting of M such that MM is free of finite rank over &/p& (resp. over &)

is denoted by Mod;’gl (resp. Mod;’é’). We let 1\/[0d;’(‘(§oo denote the smallest

full subcategory which contains Mod;’g1 and is stable under extensions, as
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before. Then we have an exact functor ([9, Proposition 2.1.2], see also [15,
Proposition 1.1.11])

Mg, : Mod;’goo — Mod;ﬁm.

For 9 € Mod"?

/6., the filtered ¢,-module M = Mg__ (M) over S is defined

as follows:
o M=S5 Re,& m,

o Fil' M = Ker(M "%’ § @ M — (S/Fil'S) @ M),
e ¢, : FiI'M 1§>¢ Fil"S g M gb@;l S ®peIM=M.

We write Mg for the functor Mod;’g — Mod;’g defined similarly.

3. FILTERED ¢,-MODULES OVER X

In this section, we define another variant Mod;’Eoo of the category Mod;’goo
over a subring ¥ of the ring S, and prove that they are categorically equiv-
alent.

Let p be a rational prime and r be an integer such that 0 < r < p — 1.
Consider the W-algebra ¥ = W[, Y]]/(E(u)P? — pY) as in [6, Subsection
3.2]. We regard ¥ as a subring of S by the map sending Y to E(u)P/p.
Then the element ¢ = ¢1(E(u)) € S* is contained in ¥*. We define on ¥ a
o-semilinear Frobenius endomorphism ¢ by ¢(u) = u? and ¢(Y) = pP~1cP.
Put Fil'S = (E(u)!,Y) for 0 < ¢t < p — 1 and Fil’Y = (V). Then we have
H(Fil'S) C p'S for 0 <t < p— 1. We put ¢y = p~'¢|pys. We also set
Y, = X/p"E and put on this ring the natural structures induced by those
of 3.

We define a category ’Mod;’E of filtered ¢,-modules over X to be the

category consisting of the following data:
e a Y-module M and its 3-submodule Fil"M containing Fil"> - M,
e a ¢-semilinear map ¢, : Fil"M — M satisfying ¢, (s,m) = ¢,(s,)p(m)
for any s, € Fil"¥ and m € M, where we set ¢(m) = ¢ "¢, (E(u)"'m),
and whose morphisms are defined in the same manner as ’ Modr’g. This cat-
egory has a natural notion of exact sequences. We define its full subcategory

1\/Iod7§1 to be the category consisting of M which is free of finite rank and

generated by the image of ¢, as a ¥1-module. We also let Mod}"’g’oO denote
r’¢

the smallest full subcategory of 'Mod /5 which contains Modj’g1 and is stable
under extensions. Moreover, we define a full subcategory Mod;’g of / Mod;’;5

to be the category consisting of M such that

e the Y-module M is free of finite rank and generated by the image of

or,
e the quotient M /Fil"M is p-torsion free.
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Then we see that for M € Mod;’g, the quotient M / p”M is naturally con-

dr»(]s
2N ~
The natural ring isomorphism 3 /Fil’Y; = S| defines a functor Ty :

Mod;’gl — MOd;’g1 by M + M/Fil’>; - M. Then just as in the case of the

. T1¢ 7”7¢
functor Ty : Mod/s1 — 1\/[od/g1

following lemma.

sidered as an object of Mo

([4, Proposition 2.2.2.1]), we can show the

Lemma 3.1. The functor Tpy : Mod;’gl — Mod;’éZS is an equivalence of
1
categories.
On the other hand, [6, Proposition 2.2.1.3] and Nakayama’s lemma show
the following.

Lemma 3.2. Let M be an object of Mod;’g1 of rank d over ¥1. Then there
exists a basis {e1,...,eq} of M such that FiI"'M = ¥1u"e1 ®---®Xiu"deq+
FilPYy - M for some integers ri,...,rq with 0 < r; < er for any i.

Then we can show the following lemma just as in the proof of [6, Lemme
2.3.1.3].

Lemma 3.3. The functor
M +— HomE,Filr,gbr (M, Acrys,oo)

from Mod;’gm to the category of G -modules is exact.

/r’¢
For M € Mod/Zl,

there is an isomorphism of G'x,-modules

HomE,FﬂT,(br (M’ (@K)PD) — Homgl,Fi1T7¢r (TO’Z(M), @K),

we can show as in the case of the category Mod;’g)1 that

r,iz)
/51

(@K)PD/Fﬂp(@K)PD — @K'
Thus [6, Lemme 2.3.1.2] implies the following,.

where O i 1s considered as an object of 'Mod'/¢ by the natural isomorphism

Lemma 3.4. For M € Mod;’gl,

#Homs, pyr g, (M, (Ox)™P) = p,
where d = dimy, M.

we have

For the category Mod;’goo, we have the following lemma.

Lemma 3.5. Let M be in Mod;’goo. Then there exists aq,...,aq € FiI"M
such that FiI'M = Yaq + --- + Yag + FilPY - M and the elements e =

oOr(ar),...,eq = ¢r(ag) form a system of generators of M.
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Proof. By induction and Lemma 3. 2 we may assume that there exists an
exact sequence of the category Mod"? .

0—-M —>M-—->M'—-0

such that the lemma holds for M’ and M". Let of,...,a} (resp. of, ..., o)
be elements of Fil"M’ (resp. Fil"M") as in the lemma. Let oy € Fil"M be
a lift of . Then the elements o, ..., ), a1,..., o satisfy the condition
in the lemma for M. O

Corollary 3.6. Let M be an object of Mod;goo and C € My(X) be a matrix
satisfying

(Oél,...,Oéd) = (61,...,6d)c
with the notation of the previous lemma. Let A be an object of ’Mod;g

Then a X-linear homomorphism f : M — A preserving Fil” also commutes
with ¢, if and only if

¢r(fler, -, ea)C) = (fler),. .., flea)).

Proof. Suppose that the latter condition holds. Then we have ¢,(f(a;)) =
f(@r(a;)) for any i. We only have to check the equality ¢, o f = f o ¢, on
FilPY- M. Suppose that this equality holds on the submodule p! ' FilPY - M.
For m € M, we can take m’ € Fil’Y - M such that E(u)"'m =", sijo; + m’.
Let s be in Fil’Y. Then we have

f(¢T(p sm)) = l¢r Z¢ 5i) f(or(cui)) +pl¢r(3)ci7qf<¢r(m/>)-

Since ¢, (FilPY) C pX, this equals to ¢,.(f(p'sm)) by assumption. Thus the
lemma follows by induction. O

Corollary 3.7. Let M and A be as above and J C Fil" A be a X-submodule
of A such that ¢r(J) C J. We can consider the ¥X-module A/J naturally as

an object of ’Mod;g Suppose that for any x € J, there exists t € Z>o such

that ¢L(x) = 0. Then the natural homomorphism of abelian groups
Homy; piir ¢, (M, A) — Homy; piir ¢, (M, A/ J)

s an isomorphism.

Proof. The proof is similar to [3, Subsection 2.2]. We consider the -

submodule J as an object of the category "Mod /’g by putting Fil"J = J.

By devissage, it is enough to show that, for any M € Mod? , we have

Ext

/31’
odr¢ (M, J) = 0 and the map in the corollary is an isomorphism. For
/s

the first assertion, let

0 J & M 0
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be an extension in the category ’ Mod;’g. Let e;, a; and C' be as in Corollary

3.6 such that eq,...,eq form a basis of M. Let ¢; € £ be a lift of ¢; € M.
Then we have (é1,...,é4)C € (Fil"€)®¢ and

ng((él, o ,éd)C) = (él +61,...,6q+ 5d)

for some 41,...,04 € J. On the other hand, there exists a unique d-tuple
(z1,...,2q) € J¥¢ satisfying the equation

(ﬁT((él +w1,...,éd+xd)C) = (él —i—l‘l,...,éd—f—xd).

Indeed, the d-tuple
t
2 (61(01),, 6, (02)$(C) - ()¢ (C)
i=0
is stable for sufficiently large ¢ by assumption and this limit gives a unique
solution of the equation. Then we have

(p(é1+z1),...,p(€q + xq)) = ¢r(p(é1 + 1), ..., p(a + 24))B(C).

Since the d-tuple on the left-hand side is contained in J¢, we see that this
d-tuple is zero and e; — ¢é; + x; defines a section M — £. We can prove the
second assertion similarly. O

Next we show that the two categories Mod"¢ and Mod”¢ are in fact

equivalent. For M € Mod;’goo, we associate to it an S-module M by setting
M =5 ®x M. We also define its S-submodule Fil" M by

Fil’ M = Ker(M = S ®x M — S/Fil'S @5 M/Fil" M ~ M/Fil" M),

where the last isomorphism is induced by the natural isomorphisms of W-
algebras

Wiu]/(E(u)") — X/Fil"Y — S/Fil"S.
These associations induce two functors from Mod’}goo to the category of S-

modules, M — M and M +— Fil" M. Since the rings S and W{u]/(E(u)")
are p-torsion free, we have Tor} (X1, S) = Tory (21, /Fil"Y) = 0 and thus
Tory (M, S) = Tory (M, X /Fil'S) = 0 for any M € Mod;’gm. Hence we see
that these two functors are exact.

We define ¢, : FiI'’M — M as follows. Note that Fil"'S @y M C M
and Fil"M is equal to Fil'S ®yx M + Im(S ®y FiI'M — M). Set ¢, :
Fil"S ®@x M — M to be ¢ = ¢, @ ¢.

Lemma 3.8. The map ¢ ® ¢, : S @y Fil'M — M induces a ¢-semilinear
map ¢ : Im(S @y FiI'M — M) — M.

Proof. Let z =), s;®m; be in S@xFil"M with s; € S and m; € Fil"M. Let
Z be its image in M and suppose that z = 0. Write s; = s, + s/ with s, € &
and s € FilPS. Since we have an isomorphism M /Fil"S- M ~ M /Fil"¥- M,
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we can find elements s e FiI'S and mU) € M such that the equality
doisimi =3, s@)m) holds in M. Then we have

zZ = Zl@s;mi-i-Zs;’@mi = Zs(j) ®m\) —|—Zs§'®mi
i i j i
in M. On the other hand, the element (¢ ® ¢,)(z) € M is equal to
S 19 g (sPm) + 3 o) © g (im).
j i

0

Since ¢ = p" ¢, this equals ¢.(3_; s @ml) + 3 s @m;) = 0. O
Lemma 3.9. The maps ¢ and ¢! patch together and define a ¢-semilinear
map ¢, : FiI': M — M.

Proof. Since ¢! and ¢! coincide on Im(Fil"S ®y, Fil"M — M), it is enough
to show that 1® ¢, (m) = ¢.(>_, si ®m;) for any m € Fil"M, s; € Fil"S and
m; € M satisfying 1 @ m = >, s; ® m; in M. As in the proof of Lemma
3.8, the element m can be written as m =3, sUm) for some s\7) € Fil'S:
and mU) € M. By assumption, we have 3, s; @ m; = > s @ mU) in

Fil"S @y M. Hence the lemma follows. O
Then we see that this construction defines a functor My : Mod;’goo —
r7¢
Mod /5t
Lemma 3.10. The functor Msx,__ induces an equivalence of categories Mod;’g1
T,¢
Mod /51
Proof. Consider the diagram of functors
rg Moo ro
Mod/21 —= Mod/s1
To,» J/TO
r7¢
Mod 15"

From the definition, we see that this diagram is commutative. By Lemma
3.1, the downward arrows are equivalences of categories. Thus the lemma
follows. O

Then a devissage argument as in [15, Proposition 1.1.11] shows the fol-

lowing corollary.
Corollary 3.11. The functor Mx_ : MOd;gm — Mod;’goo is fully faithful.

To show the essential surjectivity of the functor My _ , we define another

functor Mg__ : Mod;goo — Mod;’goo which is defined in a similar way to the
functor Mg, : Mod;’goo — Mod;’goo. For an G-module 9 in Mod;’gm, we

"? as follows:

associate to it a X-module M € ’Mod/2
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° M:E®¢769ﬁ,

o Fil'M = Ker(M "%’ ¥ 0s M — (L/FiI'S) @6 M),

o ¢ Fi'M "X FiI'Y 0 M Y046 M= M.
We can check that this defines an exact functor 1\/[0d7/~’§oo — Mod;’goo as
in the proof of [15, Proposition 1.1.11]. We let this functor be denoted by
Mg

oo *

Lemma 3.12. The diagram of functors

M
Mod"? 2% Mod™?

JASES /Yoo
Mg J/MEOO
7¢)
Mod;Sw

18 commutative.

Proof. For M € Mod;’goo, put M = Mg_ (M) and M = Mg_ (9). Then

M = S®x, M as an S-module. Let Fil"M and ¢, : FiI"M — M denote the
filtration and Frobenius structure defined by the functor Mg_ . We also let
Fil’ M and br Fil" M — M denote those defined by Ms_ .

The S-module Fil" M contains Fil” M. Conversely, let z be an element of
Fil" M. Note that Fil’S - M C Fil’ M. Thus, to show z € Fﬂ”M, we may
assume that z € Im(M — M). Then the commutative diagram whose right
vertical arrow is an isomorphism

M=Y®ysM _1®é, YR M —— Y/FiI'Y g M

| l |

M=S®56M —22, S@eM —— S/Fil'S @ M

implies that z € Im(Fil" M — Fil" M) C Fil’ M and hence Fil’ M = Fil" M.
From the definition, we also can show ¢, = ¢,.. This implies the lemma. [

Proposition 3.13. The functor Ms,__ : Mod"?

e Mod;’goo s an equiva-

lence of categories.

Proof. Since the functor Mg __ is an equivalence of categories for p > 3 ([9,
Theorem 2.3.1]), Corollary 3.11 and Lemma 3.12 imply the proposition in
this case. For r = 0, put ky = kN X, where k = Ker(S — W). Then, by
using a natural isomorphism ¥ ~ W {[u, u? /pl], we can show that the functor

M — M/ks; M defines an equivalence of categories Mod(/)gOo — MOd?Woo’ as
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in the case of the category Mod?’g’w. Since the diagram

is commutative and the downward arrows are equivalences of categories, the
proposition follows also for p = 2. O

Remark 3.14. We can also define a fully faithful functor My : Mod?’g —
Mod;’g in a similar way to Myx__ and prove that this is an equivalence of

categories. Indeed, the claim for p > 3 follows from [9, Theorem 2.2.1]. Let
M be in Mod%b and ey, ..., eq be a basis of M over S. Let C' € GL4(S) be
the matrix such that

¢(€1, ey €d) = (61, ceny ed)C.
Then the elements ¢(ey), ..., d(eq) also form a basis of M and

p((e1), .., d(ea)) = (d(er), . -, d(ea))$(C).

Since ¢(S) C X, the ¥-module M defined by M = Xg(e1) @ --- B Xp(eq) is

stable under ¢. Hence we see that M € Mod?gzs and M = My (M).

Proposition 3.15. Let M be an object ofMod;’goo and set M = My, (M).
Then there exists a natural isomorphism of Gk -modules
Homy; pirr ¢, (M, Acrys,o0) — Homg pirr ¢, (M, Acrys,oo)-
Moreover, this induces for any n an isomorphism of Gk, -modules
Homs: irr g, (M, WP (Og)) — Homg i 4, (M, W, P (Og)).-
Proof. By definition, M = 5 ®y M and we have a natural isomorphism
Homy: (M, Acrys,00) — Homg(M, Acrys oo)-

From the definition, we can check that this isomorphism induces the map in
the proposition, which is injective. To prove the bijectivity, by devissage we
may assume that pM = 0. Then both sides of this injection have the same
cardinality by Lemma 3.4 and the first assertion follows. Since the sequence

0—— W};D(@R) I Acrys,oo L‘ Acrys,oo —0

/r’¢

of the category ’Mod/E

is exact, the first assertion implies the second one.
O
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4. A METHOD OF ABRASHKIN

In this section, we study the Gg,-module Homy; gy ¢, (M, WPP(Or))
following Abrashkin ([3]).

Let p and 0 < r < p—1 be as before. We fix a system of p-power roots of
unity {(pn fnez., in K such that ¢, # 1 and (n = anﬂ for any n, and set

an element ¢ of R to be ((yn)nez.,- Then the elements [e] — 1 and [eV/P] -1
are topologically nilpotent in W (R). The element of W (R)

t= (el = D/ = 1) = 1+ [£7) 4 [ 4o [

is a generator of the principal ideal Ker(6). We define an element a € W (R)
to be

v

3)
2),
where ,_1Cy = (p — 1)!/(k!(p — 1 — k)!) is the binomial coefficient. Note
that the coefficient of [¢!/?]* in each term is an integer. The element a is
invertible in the ring W (R), since 6(a) = ({, — 1)?~!/p € OF and the ideal
Ker(6) is topologically nilpotent in W (R).

The element Z = ([g] — 1)P~1/p of Acrys is topologically nilpotent and we
have ¢(t) = p(Z — ¢(a)). Consider the formal power series ring W (R)[[u']]
with the (¢, u’)-adic topology and the continuous ring homomorphism W (R)[[u/]] —
Acrys which sends u’ to Z. Let A denote the image of this homomorphism.

0 { Shp (- R, G = DY (p
—1 (p

Then we see that the ring A is (t, Z)-adically complete. Since we have
Z = atP~! 4 tP/p, the element tP/p of Aeys is contained in the subring A
and topologically nilpotent in this subring. Hence we can consider the ring A
as a Y-algebra by u — [x]. Put Fil'A = (¢, Z) for 0 < i < p—1. The Frobe-
nius endomorphism ¢ of Ays preserves A and satisfies gb(Fili/l) C piA for
0<i<p—1. Set ¢, = p "¢|p; 4 Then we can consider the ring A also as
an object of the category ’Mod;’g. Put A4, = fl/p”fl and Ay = A@WKO/W.
We include here a proof of the following lemma stated in [3, Subsection 3.2].

Lemma 4.1. The natural inclusion W{R) — A induces isomorphisms of
W(f?)-)algebms W(R)/(([e] = DP7Y) — A/(Z) and Wn(R)/((le] - 1)P71) —
An/(Z).

Proof. For a subring B of Ays, put
I¥1B = {z € B| ¢'(x) € Fil*Acyys for any i}

as in [12, Subsection 5.3]. Then we have IF1W (R) = ([g] — 1)*W (R) and the

natural ring homomorphism

W(R)/TFW (R) — Acrys/T™ Acrys
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is an injection ([12, Proposition 5.1.3, Proposition 5.3.5]). Since the element
Z is contained in the ideal [ [p_l]AcryS, this injection factors as

W(R)/IP~UW(R) — A/(Z) = Acrys/TP U Acrys.
Hence the former arrow is an isomorphism and the lemma follows. U

Therefore A/Filei is p-torsion free and p"Fil"A = Fil"A N p"A. Thus

we can also consider A,, and A as objects of the category ’ Mod;’g. The

absolute Galois group G, acts naturally on these 3-modules.
Lemma 4.2. We have a natural decomposition as an R-module
A =R/ & (2).
Proof. Consider the natural inclusion W(R) — A. We claim that this in-
duces an injection R/(#”) — A;. Let x be in the ring R. If the element

[x] € W(R) is contained in pA, then its image in Acys/pAcrys is zero. We
have an isomorphism of R-algebras

R[Yl, Yo, .. -]/(tpa lep’ sza .- ) - Acrys/pAcrys

which sends Y; to the image of ' /p'l. Thus the element x is contained in
the ideal (7). Conversely, if vg(x) > p, then we have

[2] = w([e] = 1)~ + pu’

for some w,w’ € W(R) and this implies [2] € pA. Now we have the com-
mutative diagram of R-algebras

R/(t) A
N
A1/(Z)

and the map f : R/(t?) — A1/(Z) is an isomorphism by Lemma 4.1. Hence
the lemma follows. U

Since r < p — 1, from this lemma we can show the following lemma as in
the proof of [6, Lemme 2.3.1.3].

Lemma 4.3. The functor
M — HOIHZ,Fﬂ",m (M, Aoo)

from 1\/Iod7/4’§oo to the category of Gk -modules is exact.

Corollary 4.4. For any M € Mod":?

S the natural map

Homy; pijr 6, (M, As) — Homs: pirr . (M, Acrys o)
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is an isomorphism of Gk -modules. Moreover, for any n, we have an iso-
morphism of Gx__ -modules

Homy: wir ¢, (M, A,) — Homy, piir ¢, (M, Acrys/P" Acrys)-

Proof. Let us prove the first assertion. By Lemma 3.3 and Lemma 4.3, we
may assume pM = 0. Consider the commutative diagram of rings

~

A1 - Acrys/pAcrys

|

R/(t77)

whose downward arrows are defined by modulo Fil?~! of the rings Ay and
Acrys/PpAcrys, respectively. Since r < p — 1, we have d)r(Filp_lfll) = 0 and
similarly for the ring Acrys/pAcrys. Thus these two surjections induce on
the ring R/(tP~!) the same structure of a filtered ¢,-module over . By
Corollary 3.7, we have a commutative diagram

HomE,FilT,qﬁr (M7 Al) > HomE,FiIT,gZ)T (M, Acrys/pAcrys)

T

Homy gy g, (M, R/(tP71))

whose downward arrows are isomorphisms. This concludes the proof of the
first assertion. Since we have an exact sequence

(0

p o

0 A, Ay Ay 0

in the category ’ Mod;’g, the second assertion follows. ]

Since the ideal (Z) of A, satisfies the condition of Corollary 3.7, the -

algebra A, /(Z) is naturally considered as an object of / Mod;’g. We also give

the ring W, (R)/(([g] —1)P~1) the structures of a $-algebra and a filtered ¢,-
module over ¥ induced from those of A,,/(Z) by the isomorphism in Lemma
4.1. The map

S = Wa(R)/(([e] - 1))

sends the element u € ¥ to the image of [r] in the ring on the right-hand
side. Put v =t/E([x]) € W(R)*. As for the element Y € ¥, the equality

Y = —av 'E([z])Pt +0v7PZ

holds in A. Hence the above homomorphism sends the element Y to the
image of —av~'E([x])P~L.
Consider the surjective ring homomorphism
R— O

x = (x0,21,...) — Tp
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and the induced surjection £, : W,(R) — W,,(Og). Let
J ={(z0,...,xn-1) € Wp(R) | vr(z;) > p" for any i}
be the kernel of the latter surjection.

Lemma 4.5. The ideal J is contained in the ideal (([g] — 1)P~1) of the ring

Wi(R).

Proof. Write the element ([g] — 1)P~! also as © = (z0,...,7p_1) € Wn(R)
with vr(zo) = p. Take an element z = (2o, ..., z,—1) of the ideal J. We con-
struct y € Wy, (R) such that xy = z. By induction, it is enough to show that
if zo=---=2-_1=0"forsome 0 <i<n-—1and (zg,...,2;)(0,...,0,y;) =
(0,...,0,2) in Wit1(R), then z(0,...,0,y;,0,...,0) € J. Let us write this
element as (0,...,0,w;, ..., w, 1) with w; = z;. We have vg(y;) > p"—p*tl.

In the ring of Witt vectors Wy, (F,[Xo, ..., Xn-1,Y0,...,Yn_1]), the k-th en-
try of the vector

(Xo, ..., Xn-1)(0,...,0,Y;,0,...,0)

is X,fi_i}{ipkii for any k > 4. Thus we have vg(wg) > p". O

Note that the elements [(yn] —1 and [(,n+1] — 1 are nilpotent in W,,(O).
By the above lemma, we have an isomorphism of rings

Wa(R)/(([e] = 1)) = WalOg)/(([Gr] = DP7H).

We let A, ,—1 denote the ring on the right-hand side and give the ring A,, ,—1
the structure of a filtered ¢,-module over 3. induced by this isomorphism.
For an algebraic extension F' of K, we put

brp ={z € Op |vk(x) >er/(p—1)}.

Note that the ring Op/bp is killed by p. We consider the ring of Witt
vectors W, (Or/br) as a W, (Op)-algebra by the natural ring surjection
Wn(Ofr) — Wy, (Or/br) and as a Wy,-algebra by twisting the natural action
by 07", as before. For a ring B and its ideal I, we define an ideal W,,(I) of
the ring W,,(B) to be

W, (I) = {(xg,...,xn—1) € Wy(B) | &; € I for any i}.

Put F,, = K,({n+1). For an algebraic extension F' of F}, in K, the
elements [(yn] — 1 and [(yni1] — 1 of Wy, (mp) are topologically nilpotent
non-zero divisors in W, (Op). Let the ring

Win(Op/br)/([Gpn] = 1) Wi(mp/bF)
be denoted by A, g,+. We also put A, 4 = fln’KH.

Lemma 4.6. The ideal ([(pn] — 1)"Wy(mp) of W, (OF) contains the ideal
Wi (bp) for anyr € {0,...,p—2}. We also have (([(n]—1)P~1) D W, (pOr).



20 SHIN HATTORI

Proof. The proof is similar to the proof of Lemma 4.5. Let us show the
first assertion. Since this is trivial for r = 0, we may assume r > 1. Put
z = (zg,...,xn—1) = ([(r] — 1)" € Wp(Op). Then we have v,(xg) =
r/(p"~(p—1)). By induction, it is enough to show that for 0 <i < n—1, if
(2oy -, 2:)(0,...,0,y;) € Wit1(bp), theny; € mp and 2(0,...,0,y;,0,...,0) €
Wy (br). By assumption, we have

T (1- 1
p—1
Put (0,...,0,w;,...,wp—1) = x(0,...,0,9;,0,...,0). We show w; € bp for
any [ by induction. Indeed, let us suppose that w; € bp forany ¢ <1 < k—1
with some i + 1 < k < n — 1. We have the equality

) > 0.

vp(yi) > pnfifl

. k—1i k k—1 . k—i . k—i—1
Pyl (af +paf e ptan) = 0w Tl ).
Since r > 1, we have (pF* = 1)r/(p —1) > k—1for 0 <1 < k — 1. This

implies vp(plwfkil) >k+r/(p—1)for 0 <! <k—1. The valuation of the
left-hand side of the above equality also satisfies this inequality. Thus we
have vy,(wy) > r/(p — 1) and the assertion follows. We can show the second
assertion similarly. ([l

By this lemma, the natural surjections of rings
Wi(Or)/([Gr] = 1) Wa(mr)
- WH(OF/pOF)/([Cp”] - 1)TWn(mF/pOF) - An,F,rJr

are isomorphisms. Then we see that the natural injection F — K induces
an injection of rings flm Frt — fln,ﬂr.

Write Z,, for the image of the element Z of Agys in WE D(@ ). Then we
have a commutative diagram of Y-algebras

An Acrys/pnAcrys

WrP(0Og)

Anp-1 WP (0g)/(Zn),

An,rJr

where all the vertical arrows are surjections satisfying the condition of Corol-
lary 3.7. Hence this is also a commutative diagram in ’Modj’g. Note
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that these rings and homomorphisms are independent of the choice of a

system {(pn}nez.,. We also note that Fil"A, .. = E([m,])"An,+ and
or(E([mn))"y) = ¢"¢(y) for any y € A, ., where ¢ denotes the Frobenius
endomorphism of A, .4 induced from that of the ring W,,(Og /b ). More-
over, let M be an object of Mod;’goo. Then, by Corollary 3.7 and Corollary
4.4, we have a natural isomorphism of abelian groups

Homsy: pirr ¢, (M, WP (O)) — Homs pirr . (M, Ay ).

Next we investigate the module on the right-hand side of this isomor-
phism, and prove this is in fact an isomorphism of Gg,-modules. Consider
the element E([m,]) € Wy(OF,/pOF,) and let us fix its lift 4 € W,,(OF,)
by the natural surjection Wy, (O, ) — W, (OpF, /pOF,). Let a € W(R)* and
v=1t/E([x]) € W(R)* as before. We let ay, t,, and v, denote the images of
a, t and v by the surjection W(R) — W,(O i) induced by [, respectively.
The elements a, and t, of the ring Wn(@[_() are contained in the subring
Win(Or,/pOF,). We abusively let them also denote their images by the

natural surjections W,(Og) — W, (Og/bg) — Apry.

Lemma 4.7. The element

¢ _ n|—1
B = 14 [Grn] + [t 2+ Gt = [c[f)]]—l

is divisible by 4 in the ring Wy,(Og,). In particular, 4 is a non-zero divisor

of the ring Wy (Of).

Proof. 1t is enough to show the divisibility in the ring W,,(O%). Note that
the element t, is also the image of f, by the natural map W, (Of,) —
Win(Or, /pOF,). Let 0, be a lift of v, by the natural surjection W,,(Op) —
W,(Og). Then we have #,, — 40, € W, (pOg). By Lemma 4.6, there exists
gy € Wy(mg) such that tn — A0y = . Hence we have t,(1 — §) = F0y.
Since g is topologically nilpotent in the ring W,,(Of), the element 1 — ¢ is
invertible and the lemma follows. O

Lemma 4.8. The image of Y € X in the ring Ay (resp. App-1) is
contained in its subring A g, r+ (resp. Wn(Or, /pOF,)/(([¢m] — 1)P7Y)).

Proof. We have the equality
E([mn))on =ty = 1+ [(pr1] + [ ] + -+ + [Grir P!

in the ring W,,(Oz). Note that any element v/, € W, (Of) satisfying the
same equality is invertible and thus the elements (v;,) "' E([m,]) are equal to

each other. Since Y = —a,v,, ' E([r,])P~! in the rings A,, .+ and A, 1, it
suffices to construct an element v/, of the ring W,,(OF, /pOF,) such that the
equality E([m,])v), = t, holds. This follows from Lemma 4.7. O

From this lemma, we see that the natural Gg,-actions on the rings An,p,l
and A, .+ are compatible with the filtered ¢,-module structures over . In
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the big commutative diagram above, the lowest horizontal arrow and lower
right vertical arrow are G g-linear by definition. Hence we have shown the
following proposition.

Proposition 4.9. Let M be an object of Mod;’goo. Then the map

Homs, pirr g, (M, Wy P (Og)) — Homy pirr g, (M, Ay s )
s an isomorphism of G, -modules.

Let M be as in the proposition. Let ey, ..., eq be a system of generators of
M asin Lemma 3.5 and C = (¢; j) € Mg(X) be a matrix representing ¢, as in
Corollary 3.6. Consider the surjection X% — M defined by (sy,...,sq) —
sier + -+ + sqeq and let (s11,...,51.4),--.,(S¢1,---,8¢d) be a system of
generators of its kernel. Then the underlying G, -set of the G, -module

Homy; pirr ¢, (M, Ay )
is identified with the set of d-tuples (Z1,...,Zq) in AWH such that the
following three conditions hold:
® 5,11+ -+ 514Tq = 0 for any [,
® C1;T1+ +cyiTq € Fil' A, 4 for any i,
e the following equality holds:

dr(Cc11T1 + -+ €q1Tq) = T1

¢r(c1,4T1 + -+ + Cq.aZa) = Tq-
We choose lifts ¢, ¢; j and 8; ; in Wy (OF,) of the images of ¢, ¢; ; and s; ;
in A, 4+ by the natural ring homomorphism
Wn(Og) = Wa(Og) = Wi(Og/bg) = An,ry,

respectively. Recall that we have already chosen a lift 4 € W, (OF,) of
E([mn]) € Wu(OF, /pOF,).

Fix a polynomial ®; € Z[X, ..., X,_1] such that ®; = X? mod p. This
induces for any commutative ring B a map ® = (®g,...,P,_1) : W,(B) —
Wy, (B) which is a lift of the Frobenius endomorphism on W, (B/pB). In
particular, set B to be the polynomial ring Z[Xo, ..., X,—1,Y0,..., Yn_1].
Put X = (Xo,...,Xp-1) and Y = (Yo,...,Y,_1) in the ring W,,(B). Then
we see that there exists elements Uy, ..., U,_1 and U], ..., U] _; of the poly-
nomial ring B such that

DX +Y) = B(X) + (V) + (4T, -, U 1),
(XY) = (X)®(Y) + (pUg, - - -, pUp, 1)
in the ring W, (B).
Proposition 4.10. Every d-tuple (Z1,...,%4) in A, .+ satisfying the above
three conditions uniquely lifts to a d-tuple (Z1,...,%q) in W, (Og) such that
® S,1d1+ -+ 81a%q € ([Gr] — 1)"Wi(mg) for any
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® Cid1+ 4 Cqitq € Y Wi(Og) for any i,
e the following equality holds:

O((Cradr + -+ eg1da) /) =3

FO((Erair + -+ cagia) [37) = i

Proof. Fix a lift &; of z; in W,,(Of). Recall that the kernel of the surjection
Win(Og) — Ay is equal to the ideal ([(pn] —1)" Wy, (mg). The first condi-
tion in the proposition holds automatically for (Z1,...,24). By Lemma 4.7,
the element ¢ ;21 + - -+ + €424 is contained in 4"W,, (O ) for any i. Since
the map ¢, : Fil" A, ,+ — Ay, satisfies ¢, (E([1,])"Z) = ¢"¢(z) for any
T e An7r+, we have

FO((era81 + -+ + Eaada) /A7) = @1 + ([Gr] — 1)701

~

O((er,a21 + -+ Caata)/V") = Ta + ([(pn] — 1)"0a

for some 51, (5d € Wy(mp). It suffices to show that there exists a unique
d-tuple (91, ... ,yd) in Wy,(my) such that
1)

1)+ A+ éqi(@a+ ([Gn] —1)"94))/47)
= i + ([Gr] = 1)"0

¢ O((eri(@1 + ([Gpn] =

for any i. For this, we need the following lemma.

Lemma 4.11. Let N be a complete discrete valuation field and my be the
mazximal ideal of N. Letey, ..., eq beinmy. Let P, ..., Pqgand P| ..., P} be
elements of On|[Y1,. .., Y]] such that P; € (Y1,...,Yy)% Then the equation

Yi— Pi(Y1,....Yy) —ePl(Y1,...,Yy) =0

Yy — Pi(Y1,...,Yq) —eaPy(Y1,...,Yy) =0
has a unique solution in my.

Proof. By assumption, we see that for any integer [ > 1, a d-tuple (y1, ..., yq)
in my /mlN satisfying the above equation lifts uniquely to a d-tuple in

+1

my/m}y " satisfying the same equation. Thus the lemma follows. ([

Let us write as §; = (i,0,-- -, ¥i,n—1). Since the image of ®(([(,n+1] —1)")
in A, is equal to ([(y»] — 1)", we can find b € W,(Of) such that

O(([Gr] = 1)'/A") = (6] = 17D



24 SHIN HATTORI

Then there exists polynomials U;,, over O of the indeterminates ¥ =
(Yim)1<i<d,0<m<n—1 such that the equation we have to solve is

i+ ([Gr] = )G = &+ ([Gn] — 1)"0;
+ ([Gr] = )b (®(e1,) (1) + -+ + B(Cq) @ (3a))
+ PUio0(9), - - - PUin—1(9))

for any 4, where we put § = (9i,m)1<i<d,0<m<n—1- As in the proof of Lemma
4.6, we see that, for any elements Py, ..., P, of the polynomial ring O [Y],
we can uniquely find elements Q, ..., Q,—_1 of this ring such that the coef-
ficients of these polynomials are in the maximal ideal m % and the equality

(pPo, .-, pPa-1) = ([Gn] = 1)"(Qo, - - -, Qn—1)
holds in the ring of Witt vectors W,,(Ox[Y]). Therefore, this equation is
equivalent to the equation

Gi = 0; + b (®(¢1,)@(G1) + - - + (Ca)P(3a))
+ (V:i,o(:g)a ceey ‘/i,n—l(g))7

where V; ,,, is a polynomial of Y over O whose coefficients are in the max-
imal ideal mg. From the definition of ®, we see that § = (Jim)im is a
solution of a system of equations

}/i,m - Pz,m(X) - Ei,mPZ‘/7m(X) =0

satisfying the condition of Lemma 4.11 for a sufficiently large finite extension
N of K. Then, by this lemma, we can solve the equation uniquely in mg. O

Let F be an algebraic extension of F}, in K and consider the ring An’ Fort-
By Iiemma 4.8, we can_consider this ring as a X-subalgebra of A, ,. Put
Fil"A,, pr+ = E([m])"Ap Fr4. Then Lemma 4.7 implies that

An,F,r—&— N FilTAn’r+ == FﬂrAn’F,»,«_i_.
Moreover, the Frobenius endomorphism ¢ of the ring f_lmqr preserves the
subalgebra A;, g1 and thus ¢, : Fﬂ”An,rt — Apr+ induces a ¢-semilinear
map ¢, : Fil"A, pr+ — Ay prq. Hence A, gy is a subobject of A, 4 in

the category ’Mod;’g. For M € MOd;gw

T, (M) = Homy. pir o, (M, Ap Frt).

CryS,Tn,

, let us set

We see that

An,?"-i- = An,f(,r—&- - U AH,F,T-F
F/Fn

in 'Mod"

/5 and thus we have a natural identification of abelian groups

T:rys,wn,f((M> = U Tctys,rrn,F(M>'
F/Fy

The absolute Galois group G, acts on the abelian group on the left-hand
side.
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Lemma 4.12. Let F be an algebraic extension of Fy, in K. Then the Gp-

fized part T:rys,ﬂn,f((M)GF s equal to T:rys,ﬂmF(M)'
Proof. From Proposition 4.10, we see that the elements of T'* = (M)

crys,mn, K
correspond bijectively to the d-tuples in W,,(O) satisfying the three condi-
tions in this proposition. The uniqueness assertion of the proposition shows
that g € G fixes such a d-tuple in W,,(Of) if and only if g fixes its image

in A, ,+. Hence an element of T:rys - (M) is fixed by G if and only if it
is contained in the image of W,,(Op). Thus the lemma follows. O

Corollary 4.13. Let L, be the finite Galois extension of F,, corresponding
to the kernel of the map

Gr, — Aut( :rysmnj((M)).
Then an algebraic extension F of F,, in K contains L, if and only if
#T:rys,ﬂmF(M) - #Tctys,ﬂn,f_(<M)'

Proof. An algebraic extension F' of F;, contains L,, if and only if the action

of Gr on T:rysw #(M) is trivial. By Lemma 4.12, this is equivalent to
T:rys»WmF(M) = Tc*rys,wn,l? (M) 0

5. RAMIFICATION BOUND

In this section, we prove Theorem 1.1. Let M be an object of Mod;’g;oN

which is killed by p™ and let L be the finite Galois extension of K corre-
sponding to the kernel of the map

G — Aut(T3 . (M)).

Then the theorem is equivalent to the inequality up /x < u(K,r,n), where
ur,r denotes the greatest upper ramification break of the Galois extension
L/K ([10]). For r = 0, the Gx-module T (M) is unramified and the
assertion is trivial. Thus we may assume p > 3 and r > 1.

Let L, be the finite Galois extension of F;, corresponding to the kernel of
the map

GF, — Aut(Tg (M)).

Since F,, is Galois over K, the extension L,, = LF,, is also a Galois extension
of K. Let M € Mod;’goo be the filtered ¢,.-module over ¥ which corresponds

to M by the equivalence My, __ of Proposition 3.13. Then Proposition 3.15
and Proposition 4.9 show that L, is also the finite extension of F) cut
out by the G, -module T C*rysmm #(M). Tt is enough to prove the inequality
ur, /k < u(K,r,n).

Before proving this, we state some general lemmas to calculate the ram-
ification bound. Let N be a complete discrete valuation field of positive
residue characteristic, vy be its valuation normalized as vy (N*) = Z and

N®°P be its separable closure. We extend vy to any algebraic closure of N.
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Lemma 5.1. Let f(T) € OnI[T] be a separable monic polynomial and
Z1y...,2q be the zeros of f in Onser. Suppose that the set {vn(zx — z;) |
k=1,...,d,k #i} is independent of i. Put

sp= > on(zk—2) and ay :kf?pva(zk*Zi)a
k=1,...d g
kb

which are independent of i by assumption. If j > sy + o, then we have the
decomposition

{z € Oneer [ on(f(2) 25} = ] {x€Oneer [ on(z—2) >j—s¢}.
i=1,...,d
Otherwise, the set on the left-hand side contains
{x € Onser | N (x — 2;) > oy},
which contains at least two zeros of f.

Proof. A verbatim argument in the proof of [1, Lemma 6.6] shows the claim.

O

Corollary 5.2. Let f(T) be as above and put B = On[T]|/(f(T)). Let
us write the N-algebra N' = B ®0, N as the product Ny X --- X Ny of
finite separable extensions Ni,...,Ny of N. If j > s; + ay, then the j-th
upper numbering ramification group ([1]), which we let be denoted by GS\J,),
is contained in Gy, for any i. Moreover, if N' is a field and B coincides

with On, then j > sy + ay if and only if G%) C Gpr.
Proof. Note that the algebra B is finite flat and of relative complete intersec-

tion over Oy . By the previous lemma, the conductor ¢(B) of the Ox-algebra
B ([1, Proposition 6.4]) is equal to sy + as. Thus we have the inequality

c(On, X ---x On,) <c(B) =s¢+ay

by the definition of the conductor and a functoriality of the functor FJ
defined in [1]. This implies the corollary. O

Corollary 5.3. We have the inequality
1
o L S -
(/S R L
where e(K((y)/K) denotes the relative ramification index of K((p) over K.

+e(n+

Proof. Since the Herbrand function is transitive and the finite extension
K(¢p) is tamely ramified over K, it is enough to show the inequality

1

UK G/ K(G) < €K (G)) (0 ).

Put N = K((p) and f(T) = TP" — (,. These satisfy the assumptions of
Corollary 5.2. We have sy = ne(K((p)) and oy = e(K((p))/(p — 1) in this
case. Hence the corollary follows. U
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Corollary 5.4. Consider the finite Galois extension Fy, = Kp(Cn+1) of K.
Then we have the equality

1
=1 —).
up, /K +e(n+p_1)
Proof. Applying Corollary 5.2 to the Eisenstein polynomial f(T) = T?" —«

and N = K shows that j > 1+ e(n+ 1/(p — 1)) if and only if G%) C
Gk, . From Corollary 5.3, we see that if j > 1+ e(n+ 1/(p — 1)), then

G%) - GK(Cpn+1)' Since GFn = GKn N GK(Cpn-H)’
l+e(n+1/(p—1)) if and only ifG%) C Gp,. O

we conclude that j >

Remark 5.5. Note that this argument also shows the equality

1
uKn(Cpn)/K =1 + 6(7’1 + ]fl)

Next we assume that the residue field of N is perfect. For an algebraic
extension F' of N, we put

o} = {7 € OF | oy (2) > j}.
Let @ be a finite Galois extension of N and consider the property

for any algebraic extension F' of N, if there exists
(Pj){ an Oy-algebra homomorphism Og — Op/al, N
then there exists an IN-algebra injection @) — F

for j € R>g, as in [10, Proposition 1.5]. Then we have the following propo-
sition, which is due to Yoshida. Here we reproduce his proof for the conve-
nience of the reader.

Proposition 5.6 ([19]).
ug/n = inf{j € Rxq | the property (P;) holds}.

Proof. By [10, Proposition 1.5 (i)], it is enough to show that the property
(Pj) does not hold for j = ug/y — (¢/)~! with an arbitrarily large ¢’ > 0.
As in the proof of [10, Proposition 1.5 (ii)], we may assume that @ is totally
and wildly ramified over N. Take an arbitrarily large integer ¢’ > 0 with
(e”,pe(Q/N)) = 1. We may also assume that N contains a primitive e’-
th root of unity. Set N’ = N(ﬂ']lv/e”) and @ = QN’. Note that we have
uqr/N = ug/n by assumption. From this proposition in [10], we see that for
some algebraic extension F' of N, there exists an O y-algebra homomorphism
Og — OF/C‘;“/N for j = ug/n—e(Q'/N)~! but no N-algebra injection Q' —
F. Since Q/N is wildly ramified, we see that e(Q/N)ug/ny —1 > e(Q/N).
Hence we have ug/n — e(Q'/N)™" > 1 > uyi/y and there exists an N-
algebra injection N’ — F also by this proposition. Thus there exists no
N-algebra injection Q — F' and the property (P;) for Q/N does not hold.
Since e(Q'/N) = €”e(Q/N), the proposition follows. O
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We see from Proposition 5.6 that to bound the greatest upper ramification
break up, s, it is enough to show the following proposition.

Proposition 5.7. Let F' be an algebraic extension of K. If j > u(K,r,n)
and there exists an O -algebra homomorphism

n: OLn — Op/a%/K,
then there exists a K-algebra injection L, — F'.
Proof. We may assume that F is contained in K. By assumption, we have

j >er/(p—1) and we see that the ideal bp = {z € OF | vk (z) > er/(p—1)}
contains afm /K Thus 7 induces an Og-algebra homomorphism

OLn — OF/bF.

Since 7 also induces an Og-algebra homomorphism Op — Op/ a]}';, K

and r > 1, from Corollary 5.4 and [10, Proposition 1.5] we get a K-linear
injection F,, — F'. Thus we see that F’ contains 7, and (,n+1. More precisely,
we have the following two lemmas.

Lemma 5.8. There ezists i € Z such that n(m,) = wnC;;n mod bp.

Proof. Since the map 7 is Og-linear, the equality n(m,)P" = 7 holds in
Op/ai,/K. Set Z to be a lift of n(m,) in Op. Then we have

pr—1
v (@ —m) = > vg(d — i) > §.
=0

Let us apply Lemma 5.1 to f(T) = T?" — 1 € Og[T]. Then, with the
notation of the lemma, we have

1 1 e
szl—ﬁ—l—neandaf:ﬁ—i-p_l.

Since j — sy > er/(p — 1) by assumption, we have

& = mn(n mod bp
for some 1. O
Lemma 5.9. There exists g’ € G such that n({m+1) = ¢'({n+1) mod bp.

Proof. Set N to be the maximal unramified subextension of K((yn+1)/K.
Since the map Ox — Oy is etale, there exists a K-algebra injection go :
N — F such that n(z) = go(x) mod a%/K for any © € Oyn. Let @ be a
uniformizer of K ((yn+1) and f(T) € On|[T] be the Eisenstein polynomial of
w over On. We let f99(T) € On|[T] denote the conjugate of f by go. Then
f9° satisfies the conditions of Lemma 5.1. By definition we have sts0 = sy
and ayfe = ay. Since the roots of f9(T') are conjugates of w over K,
Lemma 5.1 implies as in the previous lemma that there exists ¢’ € G such
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that ¢'|ny = go and n(w) = ¢'(w) mod a;_/‘;g. Since O ) is generated

Cpn+1

by w over Oy, we see that 7({yn+1) = g'({yn+1) mod ai:/;g.
Thus it is enough to check the inequality j — sy > er/(p — 1). Note

that sy is equal to the valuation UK(QK(gan)/N) of the different of the

totally ramified Galois extension K ((,n+1)/N. To bound this, put G =
Gal(K (Gyn+1)/N(Cp)) and €' = e(N((p)/N). We have

v (T(@) = @)) <ok (T(Gpri1) = Gprin)

for any 7 € GG and thus

VK (DK (C 1) ING)) < Z Vi (T((pnt1) — Gpnt1) < me.
T#1€eG

We also have the equality vk (D (c,)n) =1 — 1/e’ and hence we get

sf= vK(DK(Can)/N) <1-1/€¢ + ne.
Since €’ < p — 1, the inequality j — sy > er/(p — 1) holds. O
Corollary 5.10. There ezists g € Gi such that n(m,) = g(m,) mod br and
n(Gpn+1) = g(Gpr+1) mod by

Proof. Let ¢ € Z and ¢’ € Gk be as in Lemma 5.8 and Lemma 5.9, re-
spectively. Since K, N K((yn+1) = K (see for example [17, Lemma 5.1.2]),
we can find an element g € Gk such that g(m,) = TrnCZi)n and g((pn+1) =

g/(Cp"+l)' ‘:’
Lemma 5.11. For m € Z>o, set an ideal b(g:) of Or,, to be
er
Ty
pr(p—1)

and similarly for F. Then the Og-algebra homomorphism n induces an
Ok -algebra injection

bs-j:) ={zx €O, |vk(z)>

0™ Oy, /6f" — Op b}
for any m.
Proof. We may assume that L, is totally ramified over K. We write the
Eisenstein polynomial of a uniformizer 77, of L, over Ok as
P(T) =T + T " + -+ co 1T + Co,

where ¢ = e(L,,/K). Then z = n(ry,) satisfies P(z) = 0 in Op/ai,/K. Let
Z be a lift of z in Op. Since j > 1, we have v (%) = 1/€¢’. The condition
i>e(Ly)r/(p™(p— 1)) is equivalent to the condition
" e(Lp)r 1 er
v(F) > —— =
) prp—1) ¢ pnp-1)
Thus the claim follows. g



30 SHIN HATTORI

Since L,, contains F;,, we can consider the ring

ALyt = Wa(Or, /b1,)/([Gr] — 1) Wa(me, /bL,)

and similarly A, g,4 for F'. We give these rings structures of X-algebras
as follows. The ring An,Ln,H is considered as a X-algebra by using the
system {7, }necz., we chose of p-power roots of 7, as in the previous section.
On the other hand, using g € Gk in Corollary 5.10, put 7, = g(m,) and
5pn+1 = g((yn+1). Then we consider the ring Ay pry as a Y-algebra by using
a system of p-power roots of 7 containing 7,,. We define Fil” and ¢, of these
rings in the same way as before.

Lemma 5.12. The induced ring homomorphism
n: An,Ln,r—l— - An,F,r+
is a morphism of the category ’Mod;’g.

Proof. Firstly, we check that 7 is X-linear. By definition, this homomor-
phism commutes with the action of the element v € 3. To show the com-
patibility with the element Y € 3, let us consider the commutative diagram

WH(OLn/bLn) L} Wn(OF/bF)

! |

An,Ln,rJr 2 An,F,r+,
where the horizontal arrows are induced by 7. Note that we have 1, ([m,]) =
(7] and 1, ([(pn+1]) = [(pn+1]. Let a € W(R)* and v = t/E([x]) € W(R)*
be as in the previous section. Let a, and v, denote the images of a and
v in Wy(Op, /br, ), respectively. Then the element v, is a solution of the
equation
E([m))vn = 1+ [Grar] 4 -+ [Gpraa P

Similarly, we define elements a,, and ©,, of W,,(Op/bF) using 7, and 5pn+1.
By definition, the element 9, is a solution of the equation

E([#))on = 1+ [Guir] + -+ + [Gnia [P
Now what we have to show is the equality
(anvy E([m))P ") = anty  B([7])P

in the ring A, p,+. Since the element a, of W, (Or, /br,) is a linear com-
bination of the elements 1, [(yn+1],.. ., [(pn+1]P~1 over Z, we have 7j(an) = an
in A, pr+. The elements @, and 7j(vy,) satisfy the same equation in A, .
Since these two elements are invertible, we get 7(v,) "L E([7,]) = 9, *E([7n))
and the equality holds. Since the diagram above is compatible with the
Frobenius endomorphisms, we see from the definition that 7 also preserves
Fil" and commutes with ¢, of both sides. O
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Thus we get a homomorphism of abelian groups
:rys,LnJrn (M) - M)
Then the following lemma, whose proof is omitted in [3, Subsection 3.13],

implies that this homomorphism is an injection. We insert here a proof of
this lemma for the convenience of the reader.

; (
crys,F,my,

Lemma 5.13. The ring homomorphism 1 : An,Ln,H— — An,Fﬂq_ s an injec-
tion.

Proof. Let x = (x0,...,Tn—1) be an element of W, (Op, /b, ) such that
(o), - 1 (@n-1)) € ([Gn] = 1) Wa(mp/br),

where 77(0) is as in Lemma 5.11. Suppose that zop = --- = x,,_1 = 0 for some
0<m<n-—1. Let 3 € Op be a lift of n(©) (z;). By Lemma 4.6, we have

(Oa cee 701 2m7 e 72n71) = ([Cp"] - 1)7‘(3907 C) gnfl)
for some 4o, ..., Jn—1 € mp. Thuswe get Jp = -+ = Jpm—1 = 0 and v (Z,,) >
er/(p»1="(p —1)). Then Lemma 5.11 implies that x,, is contained in the
ideal b(ﬁ:l*m)/bLn and

z = ([Gn] —1)7(0,...,0,9,0,...,0) + (O,...,O,x;nJrl,...,x;%l)

for some y € mp, /by, and 2, ,...,z;,_; € Or, /by, . Repeating this, we
see that x is zero in [ln’ Ln,r+ and the lemma follows. O

Now Corollary 4.13 shows that the abelian group T . ; - (M) has the
same cardinality as T:rys . (M). This implies that the abelian group
T%ys F 7, (M) has cardinality no less than #T:rys,f(,ﬂn (M). Let g € Gk
be as in Corollary 5.10. Then we have the following lemma.
Lemma 5.14. The GF,-module T:rys,[(,ﬁ’n (M) is isomorphic to the conju-

gate of the G, -module TC*rys . (M) by the element g.

Proof. Let us consider the composite
X — An,r+ 5, An,rJr

of the ring homomorphism defined by u +— [n,] and the map induced by
g. We can check that this is the natural ring homomorphism defined by
u — [7y,] as in the proof of Lemma 5.12. Thus we have an isomorphism of
abelian groups

Homsy (M, An,r+) — Homy, (M7 An,r—i—)
fr—=golf,

where we consider on the ring flnﬂqr on the right-hand side the filtered ¢,-
module structure over ¥ defined by 7,. As in the proof of Lemma 5.12, we
can check that this isomorphism induces an injection

Homsy gy ¢, (M, Appy) — Homy pirr g, (M, Appy).
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This is also an isomorphism, for the map f — ¢~ !o f defines its inverse. O

Thus we have #T°* (M) = #T* (M). Since L,, is Galois over

crys, K 7n crys, K, mn
K, this lemma also shows that the finite Galois extension of F,, cut out

by the action on T* (M) is L,. Hence we see from Corollary 4.13

crys, K 7,
that F' contains L,, and Proposition 5.7 follows. This concludes the proof of
Theorem 1.1. U

Proof of Corollary 1.3. The second assertion follows immediately from The-
orem 1.1 and [8, Théoreme 1.1]. As for the first assertion, note that if » = 0
then V is unramified and the assertion is trivial. Thus we may assume p > 3.
Since we have the natural surjection £L/p"L — L/L', we may also assume

L' = p"L. For Me Mod;’g)’N, let us consider the G g-module

T;;Z,ﬂ('/\;l) = HomS,FﬂT,gf)r,N(M: Ast)-

By [17, Theorem 2.3.5], there exists M € Mod;’g’N such that the G g-module

L is isomorphic to T (M). Then we see that the Gg-module £/p"L

st,m

is isomorphic to S*tﬂ(./\;l /p"M) and the assertion follows from Theorem

1.1. (]

Remark 5.15. The ramification bound in Theorem 1.1 is sharp for r < 1.
Indeed, the greatest upper ramification break 1 +e(n+1/(p—1)) for r =1
is obtained by the p"-torsion of the Tate curve K* /7% (see Remark 5.5).
The author does not know whether these bounds are sharp also for r > 2.
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