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In 1980’s, the modulation spaces MP? were introduced by Feichtinger. We first
give the definition of modulation spaces. Let ¢ € S(R™) be such that supp ¢ is
compact and

Sp—k)=1 forall €R".
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Then the modulation space MP?(R™) consists of all f € §'(R™) such that
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We remark that M??(R") = L*(R"), and M°>!(R?") is called Sjostrand’s symbol
class, because he proved that

Op(M*!(R™)) C L(L*(R")),

where Op(M°>'(R?*")) is the class of all pseudo-differential operators with symbols
in M°1(R?*"). For a symbol o(z,&), the pseudo-differential operator o(X, D) is
defined by
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for f € S(R™). For the sake of simplicity, we assume that 1 < p,q < co. As the
generalization of Sjostrand’s boundedness, Grochenig and Heil proved that

Op(M>!(R*")) C L(MP4(R")).
Then, since S§, C M>!'(R*"), as a corollary, we have
Op(Sp) C LIMPI(R™)),
where S7; consists of all o € C*°(R" x R") such that
0050 (,€)] < Cap(L+ [g])mrlal+ol

for all multi-indices a, 3. We remark that this boundedness was first proved by
Tachizawa. On the other hand, Calderén and Vaillancourt proved that

Op(S55) C L(L*(R™)),



by reducing Op(Sjs) to Op(Sy,), where 0 < § < 1. Then, since we already have
Op(S§) C L(MP4(R™)), by reducing S35 to S, in the same way as the case of
L*(R™), we can expect that
Op(S35) C L(MPI(R™)),

where 0 < 6 < 1. At least, Op(S5;) C L(MP9(R")) is true if p = ¢ = 2, since
Op(S§s) C L(L*(R™)) and M**(R") = L*(R").

In Harmonic Analysis and its Applications at Tokyo (2007), we considered the
problem

“Are pseudo-differential operators with symbols in Sg’ s MP9-bounded?”,

and stated

Theorem 1.1 ([1]). Let 1 < p,g <oo,m € Rand 0 <6 < 1. Ifm > —|1/q —
1/2|6n, then there exists a symbol o € ST such that o(X, D) is not bounded on
MPA(R™).

We note that, Theorem 1.1 with g # 2 says that there exists a Calderén-Zygmund
operator which is not bounded on M??(R"), since pseudo-differential operators with
symbols in S?’é are Calderon-Zygmund operators. Moreover, our counterexample
satisfies (X, D)(P) = o(X, D)*(P) = 0 for all polynomials P, where o(X, D)* is
the transpose of o(X, D) ([2]).

Conversely, in this talk, we will consider the index m for the boundedness
Op(Sy75) C LIMPI(R™))

to be true.

REFERENCES

[1] M. Sugimoto and N. Tomita, A counterexample for boundedness of pseudo-differential oper-
ators on modulation spaces, Proc. Amer. Math. Soc., in press.

[2] M. Sugimoto and N. Tomita, Boundedness properties of pseudo-differential operators and
Calderén-Zygmund operators on modulation spaces, J. Fourier Anal. Appl., in press.



